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Abstract

In this numerical study we present a systematic investigation of the flow of a FENE-CR liquid in a
planar sudden expansion having an area ratio of 1:4. The governing equations are solved with a finite
volume method and the interest is confined to steady state solutions in two dimensions. Symmetry
about the ducts centre plane is not assumed. In terms of parametric variations, both the Reynolds
number, characterising the inertia of the flow, and the Weissenberg number, characterising its
viscoelasticity, were varied in a wide range. On the other hand, the extensibility parameter of the
FENE-CR model was kept constant, at the value L=10. The results given comprise flow patterns,
vortex size and strength, and pressure and velocity distribution along centreline.

1. INTRODUCTION

From a fundamental point of view, viscoelastic fluid flow through ducts with abrupt change of
cross section, either expansions or contractions, are important as they highlight many of the unusual
phenomena brought about by elasticity. These include complex recirculation patterns, not found with
Newtonian fluids, vortex enhancement or suppression, stress behaviour near geometrical singular
points, etc. In addition, expansion and contraction geometries are relevant in engineering applications,
namely in processing industries, for example the channel feeding an extrusion die is unavoidable
endowed with such localised perturbations in cross-section in order to achieve the desired extruded
shape. A survey of the specialised literature shows that contraction flows of viscoelastic liquids have
received a lot of attention during the past 10-15 years, but studies (both numerical and experimental)
of expansion flows are rather scarce.

Examples of this kind of problems we envisage, with both Newtonian and non-
Newtonian fluids by Boger and Walters [1]. Numerical studies of sudden expansion flows
have been undertaken by Oliveira [2] with viscoelastic fluids and using an expansion ratio
1:3, and by Drikakis [3] with Newtonian fluids and using several expansion ratios. In two-
dimensions such studies have established that the size of the recirculating flow region
increases linearly with increasing Reynolds number.

While in Newtonian flows the shear stress is proportional to the velocity gradient,
non-Newtonian fluids have a shear stress which is not simply proportional solely to the
velocity gradient. These fluids may not have a well-defined viscosity and another
characteristic is due their viscoelastic properties, making then behaving as either an elastic
solid or as a viscous fluid. For laminar flows of Newtonian or non-Newtonian fluids through
plane sudden expansions, it is well known that, when the expansion ratio E exceeds 1.5, the
flow field downstream of the expansion becomes asymmetric above a critical Reynolds
number. In our case that does not happen because we are here concerned with low Reynolds
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number flows and for that reason we do not reach these critical Reynolds numbers. That kind
of behaviour is analysed in the articles dealing with numerical simulations of Drikakis (1997)
and Oliveira (2003).

Here we present a systematic numerical investigation of the flow of a FENE-CR liquid in
a planar sudden expansion having an area ratio of 1:4. The governing equations are solved
with a finite volume method and steady state solutions are sought in two dimensions.
Symmetry about the ducts centre plane is not assumed. In terms of parametric variations, both
the Reynolds number, characterising the inertia of the flow, and the Weissenberg number,
characterising its viscoelasticity, were varied in a wide range. On the other hand, the
extensibility parameter of the FENE-CR model was kept constant, at the value L=10. The
results given comprise flow patterns, vortex size and strength, and pressure and velocity
distribution along centreline.

2. CONSERVATION AND CONSTITUTIVE EQUATIONS

In this paper we consider the two-dimensional isothermal flow of an incompressible
liquid flowing from a straight channel of height d=1 to a larger channel of height D=4. The
upstream channel has a length @£20d and the downstream channel a lengths0d, as
shown in figure 1. This problem is governed by the usual equations of continuity and motion,
which can be written as:

Leu=0 (1)

Du
— =-Op+0.r 2
P o p (2)
whereu is the velocity vector, « is the fluid density (assumed constaimg)the pressure, is

the extra stress tensor, am{ )/Dt=9( )/ot+u-0( ) is the substantial derivative. For a
homogeneous polymeric solution the extra stress is decomposed by the sum of a Newtonian

solvent and a polymeric soluteé €7, +7,). The Newtonian solvent component is expressed

in eq. (3), where the solvent viscosity is constant,0du’ is the transpose of the velocity
gradient, andD is the rate-of-strain tensor:
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Figure 1- Representation sketch of expansion flow
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When the fluid presents simultaneously viscous and elastic properties (a viscoelastic
fluid), the problem it is more complicated, compared with the Newtonian case. For solving
this problem we use a form of constitutive equation for finite extensibility non-linear
dumbbells [4], valid for polymeric materials, proposed by Chilcott and Rallison [5], in which
the shear viscosity is constant:

A 0
To+——Ts=21:D 4)

f(r.)

with the stretch functiorf (7,,) expressed by:

L +(A/n)tr (T
TR ®
In the previous equations, tr is the trace operator, * is a constant relaxation gighe
polymer viscosity (constant) and the extensibility parameter that measures the size of the
polymer molecule in relation to its equilibrium size. The symbah eq. (4) is used to denote
Oldroyd’s upper convected derivate:

O
=20 rou-0uTer (6)
Dt
An additional simplification is embodied in eq. (4), compared with the original

FENE-CR equation of Chilcott and Rallison. The modification is to considibDt
negligibled and the new model is denoted FENE-MCR, for modified Chilcott-Rallison model.
It has been used, for example, by Oliveira [2]. The following relation clarifies the
modification introduced into the model:

DD |:| 0 Df DD |:| 0
fTFfr+71— « OfTF T 7
0 d ot O H ")
which was useful to facilitate the utilisation of an existing numerical procedure.

The relevant non-dimensional parameters to be varied in this work are the extensibility

parameter of the FENE-CR modef, the solvent viscosity ratio given tﬁ'::'% , Where
0

the global shear viscosity ig, =n +n ,(constant), the Reynolds numbeRe= pu%
0

and the Weissenberg numbgve= MJ/d where the velocityJ is the average velocity in the
smaller channel andlis the height of that channel.

3. NUMERICAL METHOD

In the present study, a finite volume method based on the SIMPLEC algorithm for the
pressure-velocity coupling is employed to solve the system of the governing equations using
orthogonal meshes. The governing equations (Egs. (1), (2), (4) and (5)) are integrated in space
over the control volumes (cells) forming the computational mesh and are transformed into
systems of linearised algebraic equations. This discretisation method and the iterative
procedure to solve the large sets of linear equations are explained with more detail in Oliveira
et al. [6] and no further description is required here. Suffices to add that a formally third-order
accurate scheme, the CUBISTA of ref. [7], is applied to represent the all important convective
terms in both the constitutive and the momentum equations.
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4. RESULTS

At the inlet we have imposed fully developed profiles for all variables, with the velocity
profile following a parabolic shape and with an average velocity arbitrarily set to U=1. For the
FENE-MCR model, the fully developed velocity and the shear stress distributions in channel
flow are identical to those for a Newtonian fluid. In relation to fig.1, these are:

0 g ﬁ[ d (12n U 1
_ y _ u_ p yL
u=13UM-3— dr, =n,—=-0

ﬁl [F:I/Zgﬁan o npdy 0 d %H_dg

The normal stressg follows a more complicated variation given in ref. [2].

(8)

4.1. Results for Newtonian case and validation data

In the figures 2 and 3 we compare, respectively, the predicted vortex lepgktid)Xand
vortex intensities (1=+ 1= * o In symmetric flow) with existing results, for several Reynolds
numbers. For this comparison, we used the correlations proposed by Scott et al. [7] and it can
be seen that, for Reynolds numbers above 20, there is good agreement between our
predictions and their correlations. Our numerical data are given in Table 2, where a perfect
symmetry between the upper (y > 0) and lower (y < 0) parts of the channel is observed, for the
range of Re considered. Recall that we do not rely on the symmetry about the centerplane (y =
0), with simulations performed on the full domain.
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Fig 2 — Vortex length vs Reynolds number Fig 3 — Vortex intensity vs Reynolds number
Re Xa X2 * 1(x107) * 2(x107)
20 3.628 3.628 6.5039 6.5039
15 2.784 2.784 4.6578 4.6578
10 1.989 1.989 2.4580 2.4580
5 1.286 1.286 0.6645 0.6645
2 0.933 0.933 0.1741 0.1741
1 0.831 0.831 0.1029 0.1029
0.1 0.750 0.750 0.0629 0.0629
0.01 0.742 0.742 0.0597 0.0597

Table 2 — Vortex length (Xand vortex intensity (#) for Newtonian case
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4.2. Results for viscoelastic case

For viscoelastic flow, there are four independent parameters in the FENE-MCR model
under considerationRg We L? ande ). In this work, the extensibility parameter was set
L? = 100 for all simulations and the solvent viscosity raticequal to 0.5; the varying
parameters were the Weissenberg number (1; 2; 5), and the Reynolds number, between 0.01 —
20. Table 3 presents some values of vortex size and intensity for the three Weissenberg
numbers here considered, at Re = 20.

We X X2 * 1(x10%) * (x10%)
1 2.59 2.59 3.556 3.556
2 2.07 2.07 2.231 2.233
5 1.47 1.47 0.851 0.855

Table 3 — Data for the viscoelastic case — effect of Weissenberg nufiEd(,» =0.5,Re=20)
4.2.1. Reynolds and Weissenberg numbers dependence

For the higher Reynolds numbers the inertial forces are seen to dominate the flow, whilst
for low Reynolds number (less than 1) the viscous forces dominate. The Weissenberg number
represents the effect of viscoelasticity on the flow and when We is small the flow is all slow
flow, approach’s the Newtonian limit, while for a large We important elastic effects set in.

In Figures 4 — 9 we present streamlines contour plots for two Reynolds numbers (10 and
20) and for increasing Weissenberg numbers.
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Fig. 4 — Newtonian case with Re=20 Fig. 5 — Newtonian case with Re=10
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Fig. 6 — Viscoelastic case with We =2, Re =20 Fig. 7 — Viscoelastic case with We = 2, Re = 10
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Fig. 8 — Viscoelastic case with We = 5, Re = 20 Fig. 9 — Viscoelastic case with We =5, Re = 10

In figure 10 we present, for low Reynolds number (Re = 0.01), the variation of the
streamwise velocity component along the central plane (y = 0), at We = 0 and We = 2
(L?>=100 and * =0.5) corresponding to the Newtonian and Viscoelastic cases, respectively. A
strong velocity overshoot is observed upstream of the expansion plane, and an undershoot
downstream.
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In figure 12 we present pressure profiles along the central plane for Newtonian and
viscoelastic fluids (E= 100, = 0.5, We = 2), at Re = 20. Although not clearly seen, the
pressure recovery after the expansion of the Viscoelastic fluid is smaller than for the
Newtonian fluid and this leads to a larger localised loss coefficient, in agreement with the
findings of [2].
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Fig. 10 — Variation of streamwise velocity Fig. 11 — Pressure profiles along central plane

along the central plane.
5. CONCLUSIONS

The planar 1:4 expansion flow of a FENE-MCR model fluid has been simulated by using
the finite volume method on a non-uniform grid system and by adopting the CUBISTA
scheme to discretize the convection fluxes in the flow and constitutive equations, where the
stress tensor can be decomposed into Newtonian and non-Newtonian parts. In this work we
only dealt with low Reynolds numbers in the range 0.01 — 20. At low Reynolds number and
low expansion ratio (1:4), the flow is almost symmetric in respect to the center plane. Hence
we see that the values of the length and intensity of the vortices are the same in the upper and
lower sides of the expansion geometry, for range values of Weissenberg and Reynolds
numbers. We can also see from results for the Newtonian fluid that for Reynolds numbers
larger than 1 inertial forces prevail in the flow, while for Reynolds numbers significantly less
than 1 the viscous forces dominate. On the other hand, we see that when We is large,
viscoelastic effects are important in the flow and it is necessary to select a viscoelastic
constitutive equation. The present results showing a significant reduction in vortex size and
intensity with viscoelasticity could not have been obtained with a generalised Newtonian fluid
because here the shear viscosity was kept constant.
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