
Two-Plwse Flow Modelling and Experimentation 1995
G.P.Celata and R.K. Shah (Editors)
@ 1995 Edizioni ETS. All rights reserved.

421

NUMERlCAL PREDICTION OF TURBULENT DISPERSION
IN TWO-PHASE JET FLOWS

R. I. IssaQ and P. J. Oliveirab
QDepartment of Mechanical Engineering

Imperial College of Science, Technology and Medicine, London, UK.
b Departamento de Engenharia Electromecãnica

Universidade da Beira Interior, 6200 Covilhã, Portugal.
I
I
I
I
I
I

I
,

I

I
I
I
li

ABSTRACT - The paper presents the development and extension of a simple model for the
prediction of turbulent dispersion in two-phase flow, and its application to the case of
particulate co-axial jets. The model is based on the Eulerian formulation of transport equations
for each phase (the two-fluid model) together with a turbulence dosure based on an extension of
the k-t model. Turbulent dispersion effects are accounted for through phase-weighted averaging
of the equations and then relating the resulting velocity fluctuations of each phase to those of
the other via a simple partidefeddy interaction model. The model embodied in a numerical
procedure is applied to" the prediction of dispersion of partides in co-axial air jets, and the
results are compared with experimento It is shown that the turbulent Schmidt number has a
decisive influence on the dispersion rates predicted.

1. INTRODUCTION

Dispersion.phenomena in two.,phase flow, especially
of partide laden gases, are attributed to the effect.s' of
turbulence. It is therefore imperative that in the
modelling of two.,phase flow, proper account of the
action of turbulence should be taken in the formulation
of the governing equations. This paper describes the
development of such a model and its application to the
predicti~n of partide dispersion in co.,axial air jets. The
model is based on the k-t two.,equation turbulence
dosure, especially extended to two-;phase flow. This
extension entails the formulation df the averaged
coÍlservation equations for each phase and modelling
the differefit tllrbulence related correlations which arise
in the averaged equations. Central to the model is the
formulation -of a relation dei>cribing the response of a
p'artide to turbulence eddies; this relation is formulated
in'a simple manner which enables numerical solutions
to be obtained economically, unlike other models which
solve differential equations for turbúlent fluxes.

The two fluid model employed here involves the
formulation of transport equations in an Eulerian frame
for each of the phases in terms of dependent vàriables
that are averages in some sense (ensemble, time or
volume averages). There are different routes taken to
arrive at these equations, involving different averaging
procedures; In most of the derivations of the transport
equations for the two fluid model; the starting point is
the instantaneous Navier-Stokes equations for the
individual phases. The equations are then averaged
either by time, volume or ensemble averaging processes.

The time (Ishii [1]) aIid ensemble (Drew [2]) averaging
procedures usually yield phase weighted equations
which embody turbulence fluctuations; thus, the
Reynolds stresses appear in the averaged equations
automatically. Volume averaging however does not
involve turbulence fluctuations and the equations retain
their instantaneous formo In this case a second time

averaging process is necessary to arrive at the fmal
averaged formo Here there are two- routes to take, one
using phase weighted fluctuations (in the manner of
Favre-averaging that is utilised for variable density
flows) as foIlowed by eg. Politis [3], and the second
using the raw fluctuating quantities as done by
Elghobashi and Abou-Arab [4]. In the last work the
resulting equations assume a different form from the
rest of the derivations since uD.like the others they are
in terms of dependent variables that are non-weighted
by the phase fraction.

For the present work the equations are derived
following the double averaging procedure whereby
phase weighted quantities are used along the linés of
Poli tis [3]. However the modelling assuinptions made at
the final stage of the formulation differ froin the ories
made by Politis, with the result that the présênt
modelled equations become similar to those obtained
"by means of a single ensemble average. Those
assumptions which mainly affect the momentum
interaction term (in this case, the drag force) were
introduced by Oliveira [5] and Issa and Oliveira [6],
and are here extended to the treatment of the turbulent
stresses.
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Most of the turbulence models used for the closure

of the averaged equations are based on the well
established k-! model, although there are several other
modelling efforts that employ higher qr~er closJl~es.
The main reason behindthe preference óf ihetw<r
equation model is the large demand in compu ter'

resources made by the more elaborate mode~ ~~4Ach
involve many additional equations that have' ~o -be
solved. The present effort fo<:useson the development' of
a turbulence model based on the extensi()ll of the
standard k-! model to tw<rphase flow proposed by
Poli tis [3] and Gosman et ai [7]; this model has already
been subject to several refinements (Oliveira [5], Issa
and Oliveira [6]).

2. EQUATIONSAND TURBULENÇEMODELLlNG

2-1 The a- Weighted Equations of Motion

The phase averaged equations are formulated by
carrying out volume averaging first followed by time
.weraging. The resulting ê~ntinuity and momentum
equations, after simplification, are:

and

Pk(-&<xkUk+ v. QkUkUk)= -Qk vP + QkV. Tk +

+ V'Qk11 + PkQkg + FDk

where cxkis the volume fraction of phase k, T and Tt are
respectively the molecular and turbulent stress tensors
and FD is the drag force per unit volume, the only
interphase momentum transfer term relevant to the
present application (since Pd/ Pc ~ 1, Hinze [8]).
Densities of each phase, Pk (k=c continuous phase; k=d
dispersed phase), are taken as constant and the same
averaged pressure p acts on both phases. In Eq. (2) it
has been assumed that pressure and molecular sttesses
averaged over the interface are equal to the respective
averaged bulk values.

The velocity vector U is a phase-weighted' average
quantity, defined by:

u =U + u" =li + u'

where u is the instantaneous (volume-averaged)
velocity and u" is the fluctuating component. The
phase-weighted-averaging process used is based on the
following relations:

cxu"=O,

and

where the overbar denotes time averages. Time and
phase averaged velocity, and fluctuations, are related

by the expressions:

u" = -(cxu') / Q (6)

li =U + u"
. 'i', ..,' (7)

which wiIl be used below. As an outcome of the
derivation, the expression for the turbulent stress in the
momentum equation is:

(
" "

)~ - - PkCXk U u k (8)Tk - ,
cxk ,.

thus Tf is the phase-weighted average of the tensor
u"u" .

2.2 Main Modelling Assumptions

(1)

In order to obtain a closed set of equations in terms
of the dependent variables uk and p , ~sumptions have
to be made regél.~dingthe different correlations in the
phase rnomentllm equations (2) and, a,'>wiIl be seen
later, in the k and ! equations.

The turbulence stress tensor in Eq. (8) needs to be
modelled. Within the Boussinesq assumption, other
works formulate a relationship between Tf and the rate
of strain tensor based on the phase averaged velocity.
However, it is not clear whether that approach which is
a simple generalisation of the single-phase relationship
is applicable here since the correlation in velocity
fluctuation now contains the phase fraction cx. ln the
present work an alternative route is taken based on the
arguments of Oliveira [5] who showed that

pcx(u"u" ) -
Tf = - ==-r = - p(u'u')cx

(2)

This suggests that the turbulent stresses ought to be
related to the time-averaged velocity gradients and not
the phase-averaged ones since the correlation now
contain only u'u'. Thus, Tf is approximated by:

(9)

(3)

where 6 is the identity tensor. The time-average
velocity is related to the phase-average value by Eq.
(7), which must be introduced into (9) to obtain the
stress in terms of the dependent variable U and the
phase weighted turbulence kinetic energy kk' The
details of this operation are left for section 2.4.

The turbulence kinetic energy of the continuous
phase kc is obtained from its own transport equation
and the turbulent viscosity J.l~ is given by the k-!
model, as explained in section 2.5. The dispersed phase
turbulent viscosity and kinetic energy need to be
specified as functions of the respective continuous phase
values, as explained below.

Similar to the transport of momentum by
turbulence, correlations involving volume fraction and
velocity fluctuations, which represent transport of Ctby
turbulence, are modelled assuming the gradient eddy

(4)

(5)



diffusion hypóthesis:

(10)

(11).
I

In these equations Tlk is the turbulent diffusivity of ak
which for the continuous phase will be obtained from
TJc=v~/(J'01'with an appropriate eddy Schmidt number,
(J'01' A similar expression based on the same on the
same value of (J'01 is used for Tld'Since ac+ad=l and
Vac=-Vad' Eq. (10) can be re-written as:

(12)

Equation (11) shows that Tld is the diffusivity of ad
transported by turbulent fluctuations of the dispersed-
phase velocity, whereas Eq. (12) shows that the
diffusivity Tlc is related to the transport of ad by
continuous-phase velocity fluctuations. In previous
work (Issa and Oliveira [9] and [6]) a value of unity

i ',wasassigned to the eddy Schmidt number. However a
review of the literature reveals that (J'01 is typically
below 1. Hinze [8] reports from data of Forstall and

( Shapiro a value of (J'01=0.71 for the spread of helium in
.\a round free jet of air. For a plane jet, Hinze reports
.' from the data. of Van der Hegge Zijnen considerable

variation of (J'01 across the jet with local v<i.luesas low
as 0.42. Subramanian and Ganesh [10] measured an
eddy Schmidt number, based on diffusivities averaged
over the cross section of a jet, of 0.47 arid their analysis
shows local values as low as 0.125. Values ilsed in
predictions are also typically around or below 0.7 (Lee
& Chung [11]); Simonin [12] used a value of 0.67, as
well as 0.5 which he recommends (Simonin [13]) for
large heavy partides. McTigue [14] used values as low
as 0.15 to match nieasured data of solid sedimentation
in water, and remarked that the turbulent Schmidt
number tends to decrease substantially away from the
wall. From this evidence it appears that the eddy
Schmdit number may vary significantly and this
justifies the parametric study of its influerice on partide
dispersion presented in section 3. .

. In the model.of Gosman ti ai. [7], alI the remaining
correlations are;' calculated from a partide response

function Ct' which liriks the instantaneous velocity
fluctuations of the dispersed phase to the velocity
fluctuations of the coritinuous phase as:

(13)

.
This iS.a key assumptiori of the model since it enables
~ côrrelation to be easily worked out; for example
udu~ wôuld beéorrie CtU~U~ = Ctil~u~. From the aoove
it follows that:

where k is the turbulence kinetic energy, and that:

..
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However the work of Issa and Oliveira [6] reveals that
such a modelling approach is not completely
satisfactory. This is because when Ct is small as is the
case in the present study, very low dispersed phase
kinetic energy and eddy viscosity are predicted from the
aoove relations contrary to experimental evidence. The
standard model therefore underestimates the rate of
dispersion of a particulate jet considerably.

A stildy (to be published elsewhere) in which the
model of Ct is compared with the theory developed by
Tchen (cited by Hinze [8]) reveals that it is more
appropriate to consider Ct as the ratio of the root mean
square values (hence Ct == udlu~, where the r.m.s is
u' = ";u' . u'), and to' consider different response
functions for the various correlations. To this aim, the
following definitions are introduced:

--,-,-
C - ud,udk--

u~.u~
(14)

C
vt

,,= !!vtc
-,-

C, - ud' u'I ---E-u' .u'c c

(15)

(16)

which will suffice for the present turbulence mode!. The

response function Ct' relating the phase r.m.s.
velocities, can be viewed as ";Ck and is formulated in
section 2.5.

2.3 Modelling the Drag Force

Drag is modelled assuming that the dispersed phase
is a doud of small spherical partides. It can generally
be written in a linearised form as:

(17)

with

(18)

where the drag coefficient is given as a function of the

partide Reynolds number (Rep=urdp/v c' v c=Jl.c/pc) by
the standard formula:

CD = Re24 f(Rep) =R24 (1+0.15Re~.687).
p ep

In the expressions above, ur is the Ielative velocity

(ur=nud-ucl~ and dp is the pârticie diaineter. After
averaging and making use of the gradient diffusion
assumption for Ó:(Oliveira [5]), the drag force becomes:

Fric= Cf (adacCud-uc) + ( ii"cTlc+adTld)Viid -
-,,-

)- adadur.

(19)

(20)

2.4 Modellingthe P~Weighted Turbulent Stresses

The stress for the contin:uous phase is defined in
Eq. (8) and 'is niodelled using the Boussinesq. eddy
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viscosit.y ~sumption, given 1:>YEq. (9). With the help of
Eqs. (6) and (7), and the eddy diffusivity (10), the
Reynolds stress tensor becomes:

T;,= Jl~(Vue + V u'D .".~ (Jl~V'ue + pJ. e)5 +

. + Jl~17e(c-2 (Vãd)(Vãd) + ~ (Vãd)' (Vãd)5)/ Q~ (21)

An eq,uation lik~ .(21) will l1Ç>ld(or t.pe dispersed phase
as well, after substitut~ng disperse.d phase quantities for
the c;ontinuous phase ones.

2.5 J'he k and E EquatioDS and the Modelling of the
Additional Terms

The a-weighted equations for the transport of
turbulence kinetic energy (k) and its rate of dissipation
(E), for the continuous phase, are written as:

P~gt Qeke + V. ãeueke) =
t

= V. (Qe ~~ vke) + Qe(G - Pe{e) + S~

(ô-- +V ---
)Pcôt ae Ee .aeUeEe=t -

= V. (Qe ~e We) + Qe,:,e(CIG - C2Pe{e) + Sd' (23)
( ke

These equations represent a generalisation of the single-
phase k-E model (Jones & Launder [15]) applied to the
continuous phase except for the additional terms Sd
which account for the interaction between dispersed
particles with the continuous phase turbulence. The
turbulent viscosity and the generation of k are
computed from:

. ,..J.

t ke .'

/le=C,. (".c

G = Jl~VUç{VUe + V1Ç)

and the constants used in the present work

standard ones (C1=1.44, C2=1.92, C,.=0.09,
<7(= 1.22).

The additional source term in the k equation arises
from the time average of the inner product between the
instantaneous external forces and the fluctuating
continuous-phase velocity (Favre [16]). The external
forces are drag and gravity (see Eq. 2) and the
additional term is:

are the

<7k=1.0,

Sk= (F + P a g) . u" =
d De c c c

which after the introduction of the model assumptions

in section?-2 becomes:
S~ = -Cí\ 17e(UrUe)'V Qd+ 2QeQdke(1-C;)). (26)

The main contribution for S~ is given by the last term
in (26), which constitutes a sink of turbulence energy

because for particle flow C;::; 1. It will induce a
dissipation equal to the term divided by the turbulence
time scale (k/E). Hence the additional source in the E-
equation is modelled as:

where the model constant C3 is taken as unity in the
absence of aIlY knowledge of its actual magnitude.

2.6 New Ct Formulation

A model for the response function Ct is heré
derived from a simplified analysis of ,the particle
equation of motion which is written in terms of a
disturbed velocity field as:

dUd Du~ "
Pd"{d(ft = Pc"(áDt + ':D(Ue-Ud)+

1 Du~ dUd - (
,

+ 'j,Pe"(d( Dt - <It) - Pc"(dCLUrx V x ue)' (28)

(22) where D/Dt denotes material derivative with respect to
the fluid, CL is the lift coefticient. and the drag
parameter ':Dis 'to be determined from whatever drag
model used. The pressure gradient term has already
been eliminated by making use of the approximate
fluid momentum equation, PcDu~/Dt=-Vp. For
simplicity, the mean flow is assumed to be in the x-y
plane, aligned with the x-axis. The vorticity vector is
then along the z~axis, V x u~=ç k (f.=ôv~/ôx-ôu~/ôy),
and the lift term in (28) is perpendicular to the mean
flow direction, becoming

(24)

(25)

where i, j and k are base vectors and u, v and w the
velocity components, along the 3 directions. Now, from
the definition of Ct given by Eq. (13) and with the
assumption that dUd/dt ~ DUd/Dt, the particle
equation (28) becomes

ar C Du~ Du~ ,
( C )Pd' d t Dt = Pe"{áDt + Gj)Ue1- t +

~ 1 Du~
( C C - .

+ 'j,Pe"(áDt 1- t) + Pc"{d LUrf.J, (29)

where it is clear from the presence of the last term that

one needs to consider two Ct values: for the main flow
direction, Ctx' and for the cross stream directionj Ctv.
Finally, in order to obtain a closed expression for Vt
one needs to introduce an approximation for the eddy
acceleration, Du~/Dt. In the range of the energy-
containing eddies, which are assumed to give the main
contribution to the dispersion of the particles, the
theory of homogeneous turbulence gives the
approximate equation Du,2/Dt=-Au,3/le (Batchelor
[17]). hence the acceleration may be scaled as
I Du~/Dt I ~ u~2/1e. With this approximation, Eq. (29)

can be rearranged into:

C - 3+.8
tx - 1 + .8+ 2Pd/Pc

for the main flow direction, and

(30)

';~----



3 + f3+ 2CLC2R
Cty = 1 + f3+ 2Pd/Pc
for the eross stream direetion. The additional term in
the numerator for the cross stream direction was

obtained from the approximation ç=C2v~/le' and the
factor R relates the mean relative veloeity to the lateral
r .m.s. fluctuation, R ==ur/~' In the above equation
f3=2GJJle/PcardU~which, for spherieal particles, becomes:

f3 - 12 GJJ(1.)2 L
- 1TddJ.lcdd Ret'

where Ret=u~le/lIc is the turbulenee Reynolds number.
For particle flow the density ratios are of the order

Pd/ Pc ~ 2 X 103 and therefore Ct is always smaller than
1. The response in the erosstream direetion is always
greater than in the main flow direetion, inereasing with
the ratio R, however, this effeet is small for particle
flow.

2.7 Numerical Solution of the Moefel Equations

The averaged transport equations for Inomentum
and mass of each phase, and for the turbulenee kinetic
energy and turbulenee dissipation of the continuous
phase, are solved by a finite-volume numerieal
methodology. The equations are discretised on a non-
staggered me;h and the sets of diseretised equations are
solved iterativ'ely in a sequential manner. The
algorithm developed utilises the pressure-eorrection
technique extended to two-phase flow and applied in a
time-marehing fashion whereby the velocity, pressure
and sealars at a new time levei are eómputed from their
valueS at the pr'ev~oustime leveI. .

3. RESULTS

The model .is applied to the prediction of dispersion
in a particle laden jet. Experimental data were
obtained by Hishida and Maeda [18] who give a full
deseriptionof the experimental set up which is shown
in Fig. 1. It eonsistfi,.of a jet of air laden with solid
particles issuing :y;ertically downwards from an inner
pipe of 13 mm dijl,Ipeter (D)j the latter is enclosed by a
larger pipe of 30 mm diameter carrying a eonfining
particle-free air stream.

air+ paiticles

a

r
' 1 D rir- _H:f_L y

wall

D2

i
Figure 1 Sketch af the experimental geametry.
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~25
E'-"

20

::) 15

10

X/D

Figure 2 Centre-line decay ofaxial mean ve/ocity for the
continuaus (iíJ and dispersed (iíd) phases. Comparison
with the data.

The particles have a mean diameter of 64.4 J.I and a
density of 2590 kg/m3 whieh corresponds to a Stokes
relaxation time of 33 ms for a free falI velocity of 28
em/s. Air velocities at inlet are 29 m/s, for the
primary jet at the axis, and an approximately uniform
value of 15.6 m/s for the seeondary stream. The
measured inlet particle veloeity is smaller than the air
veloeity with a value of 23 m/s at the axis for a
eoneentration of IXd =2.5 10-4; hence, due to their
weight, particles ~celerate until their velocity
eventually surpasses that of the air stream. From that
point, the veloeity of the particles relative to the fluid
will first increase due to their large inertiaj
subsequently, due to drag, it will approach the free fall
veloeity. This behaviour is illustrated by Fig. 2, which
shows the axial variationof the predieted mean
streamwise velocity for the fluid and the particles,
where data eorresponding to the 3 axial measuring
stations are plotted (x/D=5, 10 aIld 20).

It has already been shown (9) that predietions of
the mean axial velocity agreed fairly well with the
experimental data. The main focus here is in the
prediction of particle dispersion which is better assessed
by the variatión of the ~particle tiux (fd=PdIXild)'
Figure 3 shows the radial variation of the measured
and predieted particle riux ato two stations, x/D=lO
and 20. These predictions were obtained with the new
Ct formulation developed in 2.6"which was used for Ck
and Cio According to the fii1dings of the previous work
[6] the eddy viseosity of the dispersed phase was here
set equal to tl,1e eontinuous phéise one,h,ep.ce Cv=1.
This is in agreernent with Tehen's theQry for long
dispersion times (lIínze [8]) which is vaI,iç!,wheJ:!,~~~reis
no crossing-trajectorieS effect (Csap.aày [19])~ 'I'he
parameter which is vari~ in Fig. 3'dis the ~~~~uleIJ.t
Schn1i<,lt p.tlrnber (O'o)aD~)t is' seen th~~ th~
preçlictioiis becOD;lecloser to the data as O'o is decreéLSed
(for. a value of O'0=0.2 t~e agreern.ent is ver,ygoo~n~ 4-
reduction of the, Schmidt number corresponds' to" an
inereased rate of transport of paJ1;i<;lesby turbulent
fluctuations, signified b~.. the correlations O!du~ ap.d
C1:dud'J.I~nce the spreading rate of the partl~les is
directly linked. witq the .turbulent drag. term given in
2.3, similar to what McTigue [14] found for the
sedimentation of solid particles in water: It is not clear,
at present, whether 0'0'=0.2 is too low; Simonin [12], for

----lf---- ---_...!-----------....;;J ----------- - ---

..... data, Uc
00000 data U- Uc------

Ud
r .. -- - .-
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u- 0".=0.45

._~-- it..=0:20

0.2

4
0.0
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a) Radial profi/e at x/D = 10

1.0

X/D=20

0.8

o 0.6
""

"'-
""

'+- 0.4

. . . .. data

- 0".=1.00
- 0".=0.70
.u 0".=0.45

a.=0.20

0.0
Ó 3 42

Y/R

b) Radial profi/e at x/D = 20

Figure 3 Comparison of measured and predicted axial

particle-flux using several eddy Schmidt numbers (fdO:

in/et value at centre-line).

example, used a Schmidt number of 0.67 for the same
problem. lIowever, as mentioned in section 2.2,
experimental evidence reveals a large variation of
Schmidt/Prandt numbers together with the fact that it
is not constant acroSa the flow. This point will require
further investigation.

For the same parameters, Fig. 4 shows the
variation of particle'flux along the centre-line, where
the data clearly falI between the predictions using

ua=0.45 ana .CTa:=O.2respectively.
Accordi:tlgf#)Csanady [19] a mean relative velocity

betweeh pài'titibs and fluid brings about a reduction of
the partf orrelation and hence of the partide
diffusiô eIlt. If this coefficient is identified with

th~; .'Viscosity of the dispersed phase, then
csã'.' ... '5 crossing-trajectories effect is quantified as
1I~~~~ot1+C,8(ür/u~)2)-1/2(see also Picart et ai., [20]),
whete the eddy viscosity for zero relative velocity (II~O)
is here set equal to ihe fluid one. Csanady expression
has been approximately confirmed by experimental
measurements, for example WelIs and Stock [21]whose
data was matched by Simonin [12] with a constant C,8
-of 0.45 . In terms of the C,..formulation of 2.2, this is:

-1/2

C,.. = (1 + 0.45 (ür/u~)2 )

d 1.0~
...E 0.8

~ 0.6"'-
'-' 0.4

O.~
0.0

1.4

1.2 exp. data
0",,=1.0
a,,=0.70
a,,=0.45
a,,=0.20

o 10 20
X/O

30 40

Figure4 Effectof the eddy Schmidt nUl11beron the decáy

of the axial particl~flux along the centre-line.

However in C~anady's study the ;.m.s. particle
.. velocity yvas considered to be equal to the r.m.s. fluid

velocity; when this is not 50, as it is the case here, then
U~ in the equation above must be replaced by ud'
leading to the alternél.te C,..function:

. - - 1/2

(
ur 2 )C,.. = 1 + 0.45 (--:-r) ,

'Ct Uc

This expression indudes both effects: crossing-
trajectories (rneasured by Ur) and inertià. Figure 5
shows the centre-line variation of ,Partide flux for 3 C,..
formulations (with Ck=Cã=Ct and ,ua=0.70). .There is
almost nl> difference between Csanady's equation
without correction for inertia and Tchen's finding

(C,.. =1). The value of C,.. affects mainly the region
dose to the jet exit (up to x/D ~ 5), with the length
over which the partide flux maintains its inlet value
(the potential core for partide concentration) tending
to increase as C,.. decreases. This effect of C,.. on the
initial dispersion rate cannot be properly assessed with
the data obtained by Hishida et ai [18] for the present
case since the first measured profile of fd is only at
x/D=10.

..J
c.>

~ 0.8
...E
" 0.6
...E 0.4'-'

(33)

1.4

1.2
exp. data

-C.=l
-- C.tromeq (.32)

.C. trom eq (.3.3)
- - - C.-c.

1.0

0.2

0.0
0.0 10.0 20.0

X/O
30.0 40.0

Figure 5 Effect of the C,..-function(II~=C,..II~on the

predicted axial decay of particle-flilxalong the axis.

4. CONCLUSIONS

Predictions of solid-partide dispersion in a two-
phase confined air jet are made using the two-fluid
model. The governing equations are expressed in terms
of phase averaged velocities and are solved by a finite-(32)

.~"t-,"

lIi



volume procedure. Turbulence of the continuous and
the dispersed phases, which is the driving force for
dispersion, is accounted for by an extension of the k-(
model.

The continuous phase turbulent stresses are
modelled by the eddy viscosity assumption in terms of
gradients of the un-weighted velocities, while turbulence
of the dispersed phase is accounted for by appropriate
response functions. A new particle response function is
derived to relate the turbulence kinetic energy of the
dispersed phase to thatof the continuous phase. For
particle flows (Pd/ Pc ~ 1) this function where the r.m.s
velocity fluctuations are used in the formulation
becomes identical to the result derived by Tchen, who
followed the statistical theory of homogeneous
turbulence.

The eddy viscosities of the dispersed and
continuous phases are considered either equal to each
other, when the averaged relative velocity is small
compared with the turbulence velocity scale, or related
by a factor similar to thé one proposed by Csanady
when crossing-trajectory effects are important. It is
shown that whén this factor is small there is a tendency
for the jet to penetrate a longer distance without
reduction in particle concentration.

It is shown that there is good agreement between
predicted and ,'measured particle dispersion if the eddy
Schmidt number is reduced from 1 to between 0.45 to
0.2. Evidence from the literature suggests that this
number is not constant but varies across the flow. Since
its effect on the rate of dispersion is shown here to be
quite considerable, there is a need to further study the
problem of the variation of O"ri across the field. It
should be recalled that in the model used there are two

Schmidt numbers for the transport of Ckd'one relates to
the fJ.uid velocity fluctuations and the other to the
particle 'fluctuations. The question of whether the same
value should be used for both, and also of the definition
of the diffusioh coefficient for each, must be addressed
in future work.
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NOMENCLATURE

i,'
~:

~,

turbule~,ç'é model constants
turbuleíi~e model constants

coIis,tant iIi <\ formulation
particle résponse function, dimensionless
ratip af turbulence kinetic energy,
dimensionless
'ratio of eddy viscosities, dimensionless
interaction response function, dimensionless
constant in Csanad,y expression '

drag coefficients, dimensionless
lift coefficient, dimensionless
pa'rticle diameter, m
diameter of inner and outer pipes, m
correction for non-Stokes drag, dimensionless
particle mass flux per unit area, kg/m2 s
drag force, kg/m2 s2
gravity acceleration, m/s2
generation of turbulence kinetic energy, kg/s3m

ij,k
k

le

p
R

Re
S~, Sd

t
u
1.1',v'
u,v,w
x;y
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Cartesian base vectors
turbulence kinetic energy, m2/s2
characteristic scale of energy-containing eddies,
m
pressure, N/m2
ratio of mean relative velocity to lateral r.m.s,
dimensionless
Reynolds number, dimensionless
source terms due to dispersed phase in the k
and ( Eqs., kg/m s3 and kg/m s4, respectively
time, s
velocity vector, m/s
velocity r.m.s. , m/s
Cartesian velocity components, m/s
streamwise and cross-stream coordinates, m

Greek and other symbols

Ck

{3

(

1]

j.I, 11

P

O"a
T

ç
':J)

'Yd
V

Superscripts

t
T

11

Subscripts

c, d
k

o

p

volume fraction, dimensionless

parameter in the formulation of Ct'
dimensionless
identity tensor
rate of turbulence dissipation, m2/s3
phase eddy-diffusivity, m2/s
dynamic and kinematic viscosity, kg/m.s and
m2/s
density, kg/m3
turbulent Schmidt number, dimensionless
stress tensor, kg/m s2
vorticity component, s - 1

general drag parameter, kg/s
volume of a particle, m3,
nabla operator == Ô/ ôXi . ii' l/m

turbulent or eddy
transpose of a niatrix, or' tensor
phase average (tilde)
time average (overbar)
fluctuation relative to time average (prime)
fluctuation relative to phase average (double
prime)

r

continuous and dispersed phase
phaSe indicator (k=c or d)
at inlet centerline
particle
relative to continuous phase
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