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In the paper we describe in detail a numerical method for the resistive magnetohydrodyna-
mic (MHD) equations involving viscous flow and report the results of application to a 
number of typical MHD test cases. The method is of the finite volume type but mixes 
aspects of pressure-correction and density based solvers; the algorithm arrangement is 
patterned on the well-known PISO algorithm, which is a pressure method, while the flux 
computation makes use of the AUSM-MHD scheme, which originates from density based 
methods. Five groups of test cases are addressed to verify and validate the method. We 
start with two resistive MHD cases, namely the Shercliff and Hunt flow problems, which 
are intended to validate the method for low-speed resistive MHD flows. The remaining 
three test cases, namely the cloud-shock interaction, the MHD rotor and the MHD blast 
wave, are standard 2D ideal MHD problems that serve to validate the method under high-
speed flow and complex interaction of MHD shocks. Finally, we demonstrate the method 
with a more complex application problem, and discuss results of simulation for a quasi–
bi-dimensional self-field magnetoplasmadynamic (MPD) thruster, for which we study the 
effect of cathode length upon the electromagnetic nozzle performance.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Numerical codes are indispensable tools for the investigation of electric propulsion systems. The application of such 
codes in the design of magnetoplasmadynamic (MPD) thrusters is of practical importance because they allow the aeronau-
tical engineer to understand the effects of relevant flow-field parameters which are otherwise quite hard to analyze with 
experiments. Such complex analysis can be readily handled with an adequate magnetohydrodynamic (MHD) solver with the 
possibility of capturing MHD shocks monotonically and, at the same time, being stable in the presence of strong magnetic 
fields [1].

Several shock-capturing methods have been developed for the prediction of ideal MHD flows and may be classified into 
two groups. One group of schemes incorporate the full 7-wave structure of the MHD equations [2–7], while the other 
replace the 7-wave analysis by an approximation which only takes into account the maximal wave speeds, e.g. [8–12]
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and Balsara et al. [13–15]. Such approximation normally tends to reduce the accuracy of the MHD solver, however AMR 
techniques of Balsara [16] and Keppens et al. [17] can be added to the scheme in order to increase the resolution of MHD 
discontinuities. Those two groups of schemes were developed in the framework of density-based solvers and they are usually 
applied to the solution of compressible MHD equations at moderate or high Mach number flows. However, nowadays a great 
number of numerical gas dynamics codes are able to solve the compressible Navier–Stokes equations without MHD effects 
at arbitrary Mach number regimes [18–21]. Similarly a pressure-correction solver for the all-Mach number MHD equations 
was proposed by van der Heul et al. [22]. This method starts from a Mach number-based non-dimensional formulation of 
the MHD equations and [22] demonstrated that it fulfills the requirements of Mach-uniform methods. Xisto et al. [23] have 
also proposed a pressure-based method for the ideal MHD equations at arbitrary Mach number flows, which was designed 
along the PISO algorithm arrangement ideas.

An MPD thruster, in its most basic form, consists in a central cathode surrounded by a concentric anode [24]. With such 
coaxial geometrical shape is quite hard to apply experimental visualization techniques to analyze the plasma flow. The use 
of measuring probes can also be problematic since they tend to disturb the flow. To overcome such problems Toki et al. [25]
developed a two-dimensional device with a multichannel configuration. With their approach an almost uniform current 
distribution can be obtained along the line of sight, which ensures easier optical accessibility to the discharge region. It 
is obvious that a 2D configuration does not faithfully represent the features of coaxial devices. Nevertheless, the easier 
optical accessibility makes it possible to use advanced visualization techniques in order to relate the flow data with the 
performance data [26]. The huge amount of data that can thus be collected, within a quasi–bi-dimensional system, is also 
very useful for the validation of numerical codes applied to the computation of 3D or 2D axisymmetric MPD nozzles.

Simulation of the complex physics associated with an MPD device is not a trivial task. Some of the earlier models 
assumed that the plasma flow in MPD nozzles behaves like a single conducting fluid [27,28]. However, this assumption 
leads to some ambiguity in the definition of the plasma transport coefficients, since these are usually defined differently for 
the electrons and the heavy species [29]. Nevertheless, a single fluid approach can still be useful for a better understanding 
of the main acceleration mechanisms that are generated by this kind of systems [30]. Another approach is to consider the 
plasma as a single fluid, but having different temperatures for the heavy species and the electrons [1,31–33]. With this last 
approach it is possible to compatibilize the simplicity of the single fluid approach and, at the same time, to compute the 
two distinct transport coefficients in a more realistic way.

In the present paper we describe a pressure-based MHD method, under a finite volume formulation, show validation 
results for standard MHD test case problems and present complex application results for a self-field MPD thruster. This new 
algorithm was developed for the single fluid resistive magnetohydrodynamic equations and is based on an all-Mach number 
version of PISO [21], which was previously extended and validated for ideal MHD flow gases by Xisto et al. [23]. We will 
show that our pressure-based method, coupled with AUSM-type fluxes originated from density-based methods, can handle 
a high variety of flows, ranging from the nearly incompressible to the high compressible regimes. For multi-dimensional 
MHD flows, in order to minimize errors associated with ∇ · B �= 0 we have implemented the hyperbolic/parabolic divergence 
cleaning technique of Dedner et al. [34] denoted GLM for generalized Lagrange multipliers. Several other methods exist and 
in particular it is known that the constrained transport methods are more accurate and stable [35,36], since they do not 
suffer from non-conservative problems as may occur in the GLM formulation of [34]. However we applied here the GLM 
and we have observed a satisfactory behavior during the computation of the validation cases. For future, more stringent 
problems, other methods may be envisaged, such as those of [35].

In the next section we state the governing equations and in Section 3 the numerical method is explained in detail, 
including the high resolution scheme for convective fluxes and the various algorithm steps. In Section 4 a number of 
validation test cases are addressed to verify the correct implementation of the method and serve as validation. We start with 
two nearly incompressible flow test cases, namely the Shercliff and Hunt flow problems, which are intended to validate the 
method for low speed viscous and resistive MHD flows. In what regards ideal MHD validation, three standard bi-dimensional 
problems are addressed, namely the high density cloud shock wave interaction, the MHD rotor and MHD blast wave. Finally, 
in Section 5 we consider a more complex application case involving an MPD thruster, and in particular look into the effects 
of cathode geometry on the performance of a 2D self-field MPD thruster.

2. Governing equations

Magnetohydrodynamic is the area of physics in the intersection of fluid mechanics and electromagnetism which is con-
cerned with the interaction of a conducting moving fluid with one or more magnetic fields. This interaction can be described 
by the MHD equations, which couple the magnetic field given by Maxwell equations, with the flow of a conducting fluid 
ruled by the Navier–Stokes equations. The resistive form of the MHD system of equations for an adiabatic electrical con-
ducting fluid is given by:

∂ρ

∂t
+ ∇ · (ρU) = 0, (1)

∂ρU + ∇ ·
[
ρUU +

(
p + B · B

)
I − BB

]
= ∇ · τ visc, (2)
∂t 2μ0 μ0
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∂ρet

∂t
+ ∇ ·

[(
ρet + p + B · B

2μ0

)
U − U · BB

μ0

]
= ∇ ·

(
B × ηj

μ0

)
, (3)

∂B

∂t
+ ∇ · (UB − BU) = −∇ × (ηj), (4)

with the magnetic field subjected to Gauss law,

∇ · B = 0. (5)

This system expresses the conservation of mass (Eq. (1)), where ρ is the fluid density, momentum ρU, where U is the 
velocity vector (Eq. (2)), total energy et (Eq. (3)), and propagation of the magnetic field B (Eq. (4)). The plasma electrical 
resistivity is denoted by η = 1/σ , the permeability of free space is μ0 and the electrical current density is j. The viscous 
stress tensor for compressible Newtonian flow is given by:

τ visc = −
(

2

3
μ∇ · U

)
I + μ

[∇U + (∇U)T ], (6)

where μ is the dynamic viscosity of the plasma. We note that the magnetic field contribution in both the momentum and 
energy equations acts as an equivalent magnetic stress tensor, which is traceless (in 2D), as the viscous stress tensor, and is 
formed by the dyadic product of B/

√
μ0 by itself. As seen in Eqs. (2) and (3), the isotropic part of this magnetic stress can be 

grouped with the pressure p to form an equivalent global pressure p + B · B/(2μ0) = p + 1
2 B2/μ0. In the present algorithm 

the thermodynamic pressure, p, is calculated indirectly via an equation assembled using both the continuity (Eq. (1)) and 
the momentum (Eq. (2)) equations, following standard practices of pressure-correction algorithms. Temperature is a derived 
quantity and can be obtained from an equation of state,

T = 1

cv

[
et − 1

2

(
U · U + B · B

ρμ0

)]
. (7)

Using Ampère’s law and some standard vector identities, the last term of Eq. (4) can be rewritten in terms of B:

∇ × (ηj) = ∇ ×
(
η

∇ × B

μ0

)
= −∇ ·

(
η∇ B

μ0

)
, (8)

thus representing a diffusion-like contribution in the equation to be solved for B (Eq. (4)). The electrical conductivity σ
may either be specified as a constant value or is calculated as a scalar field of temperature and particle density using the 
Spitzer–Härm formulation [37],

σ = 1.53 × 10−2 T 3/2

lnΛ
, (9)

where,

lnΛ = ln

(
12

√
2π(kBε0T )3/2

q3n1/2

)
, (10)

is the so-called Coulomb logarithm. In Eq. (10) kB is the Boltzmann constant, q is the electron particle charge, ε0 is the 
permittivity of free space and n is the particle density expressed in particles per cubic meter of plasma.

3. Pressure-based numerical method for multidimensional MHD

The method proposed follows the operator splitting ideas of the PISO algorithm (Issa [38,39]) to handle successive 
pressure and velocity corrections, in order to obtain a velocity field that satisfies simultaneously the continuity and the 
momentum equations. Here we need to bring also successive predictions and corrections of the magnetic field into the 
sequence of operations. In a previous effort [23] we have addressed the problem of the MHD equations under ideal flow 
and magnetic conditions. The same philosophy is now carried out for the compressible resistive MHD system of equations, 
whose solution is achieved via a sequence of segregated steps, of the PISO type, and with the global fluxes, including 
standard convection and magnetic effects being evaluated by an AUSM-type approach, as described bellow.

In order to improve accuracy and stability in the computation and resolution of the various types of MHD discontinuities 
we have adapted the AUSM-MHD flux scheme, originally proposed by Han et al. [12] in the framework of density-based 
solvers, to our pressure-correction method. The AUSM-MHD scheme is an improved version of the AUSMPW scheme [40]
for ideal MHD, where the pressure-based weight functions were modified in order to account for the magnetic pressure. An-
other issue is that, in multidimensional MHD cases, one must ensure ∇ ·B = 0 and for this purpose, the hyperbolic/parabolic 
divergence cleaning technique proposed by Dedner et al. [34] was incorporated in the present method. The code was 
developed within the Open Field Operation And Manipulation (OpenFOAM) CFD package. The OpenFOAM package is an 
object-oriented numerical simulation toolkit for continuum mechanics written in C++ language that is currently released by 
ESI Group.
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3.1. Description of the algorithm

The pressure-based algorithm uses a segregated approach consisting of successive prediction and correction steps, with 
values obtained at a previous time step denoted with n , and consecutive predictions and corrections denoted with ∗ , ∗∗ , 
∗∗∗ . In the following subsections we have choose units for B such that μ0 = 1 H/m. The convective fluxes are calculated 
with the AUSM-MHD method using the appropriate characteristic speed, U ± c. The common fast magnetosonic speed at a 
control volume face, with left and right states denoted by indices L and R , is given by:

c f = min(cL, cR), (11)

where,

cL,R =
{

1

2

[
a2

L,R + B2
L,R

ρL,R
+
√(

a2
L,R + B2

L,R

ρL,R

)2

− 4a2
L,R

B2
n,L,R

ρL,R

]} 1
2

. (12)

In Eq. (12) aL,R are the left and right states for the speed of sound and Bn = Ŝf · B is the component of the magnetic field 
normal to the cell face.

3.1.1. Prediction step
In the first step of the algorithm we assume that the nodal values for the dependent variables are known from the 

previous time level n . We will then calculate the interpolation Mach number functions (M̄±
4 , P±

5 ) that allows us to build 
the flux vectors for the three dimensional MHD equations,

∂H
∂t

+ ∇ ·F f = S, (13)

where H is the state vector for the conservative variables, the flux vectors for multidimensional MHD are given by F f and 
S represents the diffusion and source terms contributions. These are given by:

H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρ

ρUx

ρU y

ρU z

Bx

B y

Bz

ρet

Ψ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, S =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

∇ · (τxx, τyx, τzx)

∇ · (τxy, τyy, τzy)

∇ · (τxz, τyz, τzz)

∇ · (η∇Bx)

∇ · (η∇B y)

∇ · (η∇Bz)

∇ · (B × η∇ × B)

− c2
h

c2
d
Ψ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (14)

F f = c f
(
M̄+

4 Φn
L + M̄−

4 Φn
R

)+ (P+
5 Pn

L +P−
5 Pn

R

)+ 1

2

(
Φn

B,L + Φn
B,R

)
, (15)

Φ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρ

ρUx

ρU y

ρU z

Bx

B y

Bz

ρet + pG

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, P =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

Sx pG

S y pG

Sz pG

−B̄ f Ux

−B̄ f U y

−B̄ f U z

−B̄ f (U · B)

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, ΦB =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

−Bx B̄ f

−B y B̄ f

−Bz B̄ f

SxΨ

S yΨ

SzΨ

0

c2
h B̄ f

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (16)

Here, pG = p + B2

2 is the global pressure and B̄ f = (B f ,L + B f ,R)/2, where the magnetic flux at the face is B f =∑ Si Bi , with 
the subscript i representing the multiple components of the cell face area, Sf , and B vectors (i = x, y, z). The variable Ψ is a 
scalar field, ch is a numerical speed enabling convection of errors associated with ∇ ·B and cd is a dissipation coefficient that 
is responsible for the local damping of those same errors. These variables are related to the hyperbolic/parabolic divergence 
cleaning, see [34]. The scalar field Ψ is added to the magnetic field equation through a gradient term that enables the 
coupling between the ∇ · B = 0 constraint to the evolution equation for B,
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∂B

∂t
+ ∇ · (UB − BU) + ∇Ψ = ∇ · (η∇B). (17)

An additional equations needs to be solved for Ψ ,

∂Ψ

∂t
+ c2

h∇ · B = − c2
h

c2
d

Ψ. (18)

Where the velocity ch and the dissipation coefficient cd are determined by:

ch = CFL

�t × max( 1
h )

, (19)

CFL = max

[
(|U f | + c f )�t

h

]
, (20)

where h is the cell size and U f = c f (M̄+
4 +M̄−

4 ) is the cell face velocity. Note that with this approach ch is the maximum 
speed that is compatible with the CFL number. The dissipation coefficient is given by:

cd =
√

−�t
c2

h

ln(Cr)
, with 0 < Cr < 1, (21)

and in all calculations we set Cr = 0.9.
The PISO algorithm is a pressure-based method, which means that we need to calculate the thermodynamic pressure in 

a separated way,

pn
f = P+

5 pn
L +P−

5 pn
R . (22)

Now the full system of equations is solved in a segregated way. The first equation to be solved is an explicit version of 
the continuity equation, based on the mass flux m f that was previously assembled with the AUSM-MHD method (Eqs. (15)
and (16), first line). The solution of this equation gives a prediction value for the density ρ∗ ,

∂ρ∗

∂t
+ ∇ · (mn

f

)= 0, (23)

where the mass flux is,

mn
f = cn

f

(
M̄+

4 ρn
L + M̄−

4 ρn
R

)
. (24)

Afterwards, an explicit equation for each component of the magnetic field is solved (following Eq. (17)),

∂ B∗
i

∂t
+ ∇ · (Bn

f

)= S B , (25)

Bn
f = cn

f

(
M̄+

4 Bn
i,L + M̄−

4 Bn
i,R

)− {P+
5

[
(B̄ f )

nUn
i

]
L +P−

5

[
(B̄ f )

nUn
i

]
R

}
+ 1

2

([
SiΨ

n]
L + [SiΨ

n]
R

)
. (26)

Note that for 1D flows, with variations along the x-axis, in order to satisfy the ∇ · B = 0 condition we need to impose a 
constant value of Bx and just solve for B y and Bz . Eq. (25) is based on fluxes that were calculated previously with the 
AUSM-MHD method (Eqs. (15) and (16), fifth, sixth and seventh lines) and their solution give us predicted values of B∗

x , 
B∗

y , and B∗
z . The Laplacian term (Eq. (8)) is calculated implicity in conjunction with a fully implicit Euler scheme for time 

discretization, thus avoiding time step restriction related to an explicit representation of the diffusion term; the central 
differencing scheme is applied to discretize in space the second order derivative. For non-orthogonal grids, a correction is 
applied in the discretization of the Laplacian term, see Xisto et al. [21] for more details. Although here an implicit scheme 
has been applied for the viscous and resistive terms of the governing equations, it is worth mentioning that nowadays new 
methodologies are introduced that allow the method to remain fully explicit without the need of too small time steps, see 
the very recent papers by Meyer et al. [41,42] for more details.

The predicted velocity field, U∗ , is obtained by solving an explicit momentum equation for each direction,

∂(ρ∗U∗
i )

∂t
+ ∇ · (Un

f

)= −∇pn
f + SU , (27)
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with momentum flux:

Un
f = cn

f

(
M̄+

4

[
ρ∗Un

i

]
L + M̄−

4

[
ρ∗Un

i

]
R

)+ {P+
5

[
Si

(B · B)∗

2

]
L
+P−

5

[
Si

(B · B)∗

2

]
R

}

− 1

2

{[
(B̄ f )

n B∗
i

]
L + [(B̄ f )

n B∗
i

]
R

}
. (28)

The pressure gradient and the magnetic field terms are treated in an explicit way using the predicted magnetic field values 
B∗

x , B∗
y , B∗

z (from Eq. (25)) and the previously calculated face values of pressure, Eq. (22). The discretized momentum 
equation for U∗ , from Eq. (27), is given by,

au
PU∗ = H

(
Un)− ∇pn

f , (29)

where au
P is the central velocity coefficient and the operator H(Un) is built using convection and diffusion coefficients terms 

of neighbor cells to P , and adding the magnetic explicit terms (related to the magnetic stress in Eq. (2)) and the explicit 
part of the time derivative discretization:

H
(
Un)=

∑
aU

N Un
N + S∗

B + ρ∗Un V P

�t
, (30)

where V P is the geometrical volume of cell P . In order to remove any time step restrictions induced by explicit representa-
tions, the second order viscous term in the newtonian stress (Eq. (6)) is represented implicity with the central differencing 
scheme based on new time velocity values.

The last equation to be solved, before the PISO correction cycle, is an equation for the conservation of total energy,

∂(ρ∗e∗
t )

∂t
+ ∇ · (En

f

)= Se, (31)

with the energy flux:

En
f = cn

f

{
M̄+

4

[
ρ∗en

t + (B · B)∗

2
+ pn

]
L
+ M̄−

4

[
ρ∗en

t + (B · B)∗

2
+ pn

]
R

}
− {P+

5

[
(B̄ f )

n(U∗ · B∗)]
L +P−

5

[
(B̄ f )

n(U∗ · B∗)]
R

}
. (32)

We note that the total energy flux together with the contribution of thermodynamic and magnetic pressures are interpo-
lated by the fourth order Mach number interpolation function, while the magnetic stress is interpolated by the fifth order 
Mach number interpolation function. The second order terms on the right side are calculated explicitly using again the 
central-differencing scheme. Afterwards, the temperature field, T , is updated using the correspondent equation of state,

T ∗ = 1

cv

[
e∗

t − 1

2

{
(U · U)∗ + (B · B)∗

ρ∗

}]
. (33)

With this new temperature, updated values for the compressibility coefficient are evaluated, ψ∗ = 1/RT ∗ , and density can 
also be updated, ρ∗∗ = ψ∗ pn .

3.1.2. Correction step
The H(Un) operator in Eq. (29) gives an intermediate velocity field which does not take into account the effect of 

pressure. Mach number interpolation functions are evaluated once again inside the PISO cycle, with the AUSM-MHD method. 
These new functions are applied to calculate the sonic flux which is required in the pressure equation,

F ∗
s = c∗

f

(
M̄+

4 ψ∗
L + M̄−

4 ψ∗
R

)
. (34)

Then, the pressure equation is built and solved, using the previously obtained values for compressibility, ψ∗ , and density, 
ρ∗∗ , as:

∂(ψ∗p∗)
∂t

+ ∇ · (F ∗
s p∗)− ∇ ·

(
ρ∗∗

aU
P

∇p∗
)

= 0, (35)

thus giving the predicted values for a new pressure field, p∗ . The velocity field is corrected in an explicit way using the 
new pressure gradient and the first predicted velocity. The pressure gradient is again calculated with the pressure face value 
obtained with the Mach number interpolation functions,

U∗∗ =H(Un) − ∇p∗
f

aU
P

. (36)

Finally, density is corrected using the equation of state ρ∗∗∗ = ψ∗ p∗ . This cycle should be repeated until the momentum and 
continuity equations are satisfied simultaneously and, in all calculations, we have used two correction steps as is typical in 
the PISO algorithm. It is noted that at the end of a correction step, the mass fluxes based on velocity U∗∗ and density ρ∗∗∗
satisfies the continuity equation (Eq. (35)) exactly, and therefore mass conservation is guaranteed at every control volume 
and in the entire domain.
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3.1.3. Summary of the algorithm steps
The different steps of the algorithm can now be summarized:

1. All nodal values are either assumed to be known at the old time level n or are estimated at the beginning of the 
computation.

2. The interpolation Mach number-based functions M̄±
4 and P±

5 are calculated and the flux vectors for the multidimen-
sional MHD equations are assembled.

3. Predictor values for density ρ∗ and for each component of the magnetic field B∗
i are determined from Eqs. (23) and 

(25), respectively.
4. A prediction of the velocity field U∗

i is obtained from Eq. (27), the pressure gradient and magnetic field terms are also 
treated in an explicit way using the predicted magnetic field values B∗

i and the previously corrected value of pressure 
pn .

5. Total energy is predicted with Eq. (31) and temperature T ∗ is then explicitly obtained from the equation of state (33), 
where the terms of magnetic and kinetic energy were calculated with the previously predicted values of velocity and 
magnetic fields. Compressibility is estimated, ψ∗ = 1/(RT ∗), and density is updated ρ∗∗ = ψ∗ pn .

6. The PISO cycle begins. The H(Un) operator is built and an intermediate velocity, which does not take into account the 
pressure gradient, is calculated Û∗ = H(Un)/au

P .
7. The Mach number interpolation functions are calculated once again inside PISO and the sonic flux is assembled, 

(Eq. (34)).
8. The pressure equation (Eq. (35)) is assembled with the sonic flux and solved in order to give us a predicted value for 

pressure, p∗ . The velocity field is finally corrected, U∗∗ , in an explicit way using Eq. (36). The final step of PISO cycle 
gives us a correction of density, ρ∗∗∗ using an equation of state.

9. This PISO cycle should be repeated until momentum and continuity are satisfied, therefore the continuity equation is 
introduced inside the cycle. It is possible to check convergence within a time step by monitoring a mass conservation 
error with mass fluxes based on velocity predictions U∗ (from step 4) and density ρ∗∗ (from step 5).

3.2. Interpolation functions

Interpolation functions depending on the local combined sonic and magnetic Mach number, are required to obtain face 
values of the fluxes for the corresponding values of the left and right states. These functions are described in detail in 
previous works [12,21,23,43] and so it suffices to give here their expressions:

M±
(4)(M) =

{
M±

(2)(M)(1 ∓ 16βM∓
(2)(M)) |M| < 1

M±
(1)(M), |M| ≥ 1

(37)

and,

P±
(5)(M) =

{
M±

(2)(M)[(±2 − M) ∓ 16αMM∓
(2)(M)]. |M| < 1

1
M M±

(1)(M) |M| ≥ 1
(38)

with

M±
(1)

(M) = 1

2

(
M ± |M|), (39)

M±
(2)(M) = ±1

4
(M ± 1)2. (40)

The global-pressure-based weight functions are now introduced for accounting the magnetic effects and pressure fluctu-
ations in the interpolation functions:

M f = M+
4 +M−

4 ≥ 0:
M̄−

4 = M−
4 · w · (1 + f R),

M̄+
4 = M+

4 +M−
4 · [(1 − w) · (1 + f R) − f L

]
, (41)

M f = M+
4 +M−

4 < 0:
M̄+

4 = M+
4 · w · (1 + f L),

M̄−
4 = M−

4 +M+
4 · [(1 − w) · (1 + f L) − f R

]
, (42)

where f and w are functions of the global pressure defined by:
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f L,R =
{

(
pG,L+pG,R

pG,s
− 1), pG,s �= 0,

0, pG,s = 0,
pG,s = P+

5 pG,L +P−
5 pG,R , (43)

w = 1 − min

(
pG,L

pG,R
,

pG,R

pG,L

)3

, (44)

with

pG,L = pL + 1

2

(
B2

x + B2
y + B2

z

)
L, (45)

pG,R = pR + 1

2

(
B2

x + B2
y + B2

z

)
R . (46)

The Mach number, M , is calculated with the fast magnetosonic speed,

ML,R = U L,R

c f
. (47)

3.3. High resolution differencing scheme

For variable interpolation a high resolution scheme, namely the CUBISTA (Convergent and Universally Bounded Interpola-
tion Scheme for Treatment of Advection) was included in the current numerical model. This scheme was devised by [44] in 
order to improve the iterative convergence properties, while retaining accuracy. It is based on QUICK (Quadratic Upstream 
Interpolation for Convective Kinetics) and it is composed by three segments: a TVD limiter on the left, Ψ (r) = 3r/2, and a 
TVD limiter on the right, Ψ (r) = 3/2. The implementation of this scheme in the NVD diagram is the following:

φ̃ f =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

7
4 φ̃P 0 < φ̃P < 3

8
3
4 φ̃P + 3

8
3
8 ≤ φ̃P ≤ 3

4
1
4 φ̃P + 3

4
3
4 ≤ φ̃P ≤ 1

φ̃P elsewhere.

(48)

Where φ̃ is the normalized variable on the cell face, f , and cell center P .

3.4. Thruster parameters

We have used several parameters to assess the performance of the MPD thruster addressed in Section 5. The overall 
thrust force is computed from the momentum flux at thruster exit,

F =
∫

out

(
ρU 2 + p

)
dS. (49)

The volume integral of the axial component of the Lorentz force gives the electromagnetic (ELM) component of the overall 
propulsion force,

FELM =
∫
V

(j × B)xdV . (50)

The thermal contribution is easily obtained as the difference between total and ELM forces,

FTherm = F − FELM, (51)

and the thruster specific impulse can then be computed as:

Ispec = F

ṁg0
, (52)

where g0 = 9.8 m/s2 represents acceleration due to gravity and ṁ is the mass flow rate. From Eq. (52) we can conclude 
that a system producing a higher specific impulse is more efficient since it can generate more thrust for the same mass of 
gas propellant. The efficiency of a self-field 2D MPD thruster is thus given by [45]

ϑeff = F 2

2ṁI(V + V elet)
, (53)

where V and V elet are electrical potential differences and I is the discharge current. The electrical voltage across the plasma, 
V , can be calculated as the line integral of Ohm’s law from anode to cathode,
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Fig. 1. (a) Geometry used for the channel flow problem. Global (b) and detailed view (c) of the numerical grid.

V =
∫

E · dl =
∫

(ηj − U × B) · dl. (54)

The numerical model is not able to predict the potential drop due to electric sheath formation near the electrode walls. For 
that reason a constant value of V elet = 20 V was specified [45,46].

4. Validation

In the following subsections we validate the method described in Section 3 under conditions that involve resistive and 
ideal MHD flows. Five test cases are addressed, starting with the two well-known Shercliff and Hunt flow problems, which 
are adequate to check the method in low speed resistive MHD viscous flow. The three remaining cases are standard 2D ideal 
MHD problems, which are useful to assess the method in flows exhibiting complex MHD shock interaction.

4.1. Resistive MHD validation

The first set of test cases to be used for validation are related to resistive MHD viscous flow. These problems comprise 
the flow of an electrical conducting fluid with finite electrical resistivity which is driven by a constant pressure gradient in a 
duct channel. Afterwards the flow is subjected to an applied magnetic field which is imposed in the perpendicular direction 
to the fluid movement, see Fig. 1(a). The cross section of the channel is in general rectangular, with a width equal to 2b and 
height equal to 2a, but in both test cases we have assumed a = b = 1. The magnetic field is applied in the direction parallel 
to wall 2a (along z) and the flow direction is along the x-axis. Although this is a 3D flow problem, it can be converted into 
a two-dimensional problem if we only consider one cross-section of the channel with periodic boundary conditions applied 
along the flow direction. Under this simplified configuration, two distinct problems can be stated, differing from each other 
only in the type of wall boundary conditions for the magnetic field, namely the Shercliff [47] and Hunt [48] problems.

4.1.1. Shercliff flow problem
We consider first the Shercliff flow problem, in which case the channel is composed by four electrical insulating walls. 

Following the same approach as Ni et al. [49], we have chosen values for the magnetic field, electrical resistivity and 
dynamic viscosity that result in a Hartmann number (Ha = B0L

√
1/ημ, L is the characteristic length) equal to Ha = 1000

and a Reynolds number Re = 10. The constant pressure gradient ((∇p)x = −102.88) Pa/m) was calculated from Shercliff’s 
analytical solution and results in a mass flow rate equal to 4 kg/s. For the numerical solution of the Shercliff problem a 
2D N × N non-uniform grid with N = 46 was used, see Fig. 1(b). In Fig. 1(c) a zoomed view of the numerical mesh in the 
lower left corner is presented. It is worth noting that the different level of refinement along y and z is related to the two 
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Fig. 2. Comparison between numerical and analytical results for the Shercliff test case: (a) Hartmann boundary layer; (b) Velocity profile in the middle 
y = 0 section; (c) Shercliff boundary layer; (d) Velocity profile in the middle z = 0 section; (e) Electric current lines.

distinct boundary layer thickness. It is known that the thickness of the Hartmann boundary layer, formed between the top 
and bottom walls, along the direction of the applied magnetic field, is proportional to Ha−1, so we need more points in 
the z direction. The so-called Shercliff boundary layer, perpendicular to the B0 and U plane, has a thickness proportional to 
Ha1/2, which means that less points are required in the y direction.

In Fig. 2 we present a comparison between the analytical and numerical results, where the analytical solution was 
obtained with the exponential equations of Ni et al. [49]. It is clear that our numerical MHD model can predict with 
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some accuracy the thickness of both boundary layers, at the side walls (y = ±1, Shercliff layer) and at the top/bottom 
walls (z = ±1, Hartmann layer); in these zones enlarged scales are employed to highlight the near-wall velocity profiles. 
In Fig. 2(e) we present the computed electric current lines. Notice how current lines are almost parallel to the applied 
magnetic field in the Shercliff layer at y = ±1. This is the main reason for the distinct boundary layer thickness, since in 
these region the axial component of the Lorentz force, −Bz j y , is significantly reduced.

4.1.2. Hunt flow problem
The Hunt problem is another well known test case for incompressible resistive MHD viscous flow. For this problem the 

channel is composed by two electrical insulated walls, placed parallel to the applied magnetic field (in this case Bz ), and two 
conducting walls perpendicular to the applied field, see Fig. 1(a). We consider again a fully developed flow with a Reynolds 
number equal to Re = 10 but in this case the variables are chosen so that the Hartmann number becomes Ha = 300. As in 
the previous case the flow is unidirectional along the x direction but it is now driven by a constant pressure gradient value 
of −300 Pa/m. For the conducting walls an electrical conductance ratio (σw · tw/(σ · a), where σw is the wall conductivity 
and tw is the wall thickness) equal to 0.1 is specified. The analytical solution can be evaluated with the hyperbolic functions 
as originally proposed by Hunt [48] or, alternatively, with an exponential version of those equations that was suggested by 
Ni et al. [49].

In Fig. 3 we present a comparison between the analytical solution and the numerical results. We see that, for both the 
sidewalls and the Hartmann boundary layers, the numerical results agree reasonably well with the analytical solution, with 
some slight disagreement in intersection between the wall and flow core layers. The side-wall jets (Fig. 3(a)) are formed 
by the in-balance between the pressure gradient and the Lorentz force. Close to these insulated walls the current lines are 
parallel to the applied magnetic field, and thus the electromagnetic braking force is significantly reduced, see Fig. 3(e). As 
a consequence the pressure gradient in these region is mainly balanced by the viscous force alone and the flow protrudes 
through the magnetic field in thin jets along the side-walls [50].

4.2. Ideal MHD validation

Three standard problems involving only the ideal version of the MHD model are tackled in this section, namely the 
cloud–shock interaction, the MHD rotor and the MHD blast wave. In these two-dimensional MHD simulations we have 
chosen units for B such that the vacuum magnetic permeability (μ0) becomes equal to unity.

4.2.1. Cloud–Shock interaction
The first test case is related to a well-known problem in astrophysics, see [51]. It comprises the interaction between a 

strong shock wave and a high density cloud while subjected to a given initial magnetic field. The computational domain is 
a square box with x, y ∈ [0; 1] which is discretized with three successively refined N × N uniform grids (N = 200, N = 400
and N = 800). The initial conditions, which are presented in Fig. 4(a), show a discontinuity parallel to the y axis that lies at 
x = 0.6 with the following left and right states for the dependent variables:⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ρ

Ux

U y

U z

p

Bx

B y

Bz

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3.86859

0

0

0

167.345

0

2.18262

−2.18262

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

L

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

−11.2536

0

0

1

0

0.564190

0.564190

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

R

. (55)

In this problem the adiabatic index is equal to γ = 5/3 and ideal MHD conditions are achieved by setting the fluid electrical 
resistivity to zero. Initially, the high density cloud has ρ = 10 and assumes a circular shape with centre at (x, y) ∈ (0.8; 0.5)

and radius equal to 0.15. The value of pressure inside and outside the circular cloud is p = 1, so the cloud is in hydrostatic 
equilibrium with the environment and will not deform itself without being subjected to an external body force. Regarding 
the boundary conditions, due to supersonic flow, the right side of the square box is an inlet where all variables are pre-
scribed by the fixed right-side values given in Eq. (55), and in the remaining boundaries the variables are extrapolated from 
the inside of the solution domain.

The results presented were obtained for a final time of t = 0.06, before the cloud leaves the numerical domain. In 
Fig. 4(b) we present the contour plots for density in a logarithmic gray scale and in Figs. 4(c), 4(d) and 4(e) the magnetic 
field lines predicted on the three grids are plotted. By comparing these plots we see that the discontinuities are computed 
with a good resolution for all the grid dimensions N and no unrealistic flow patterns are observed even with the coarser 
grid. We note that this problem does not have a known analytical solution and therefore assessment can only be done by 
comparing our results against numerical results obtained by other authors, see [51,52].
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Fig. 3. Comparison between numerical and analytical results for the Hunt flow test case: (a) Side-wall boundary layer; (b) Velocity profile in the middle 
z = 0 section; (c) Hartmann boundary layer; (d) Velocity profile in the middle y = 0 section; (e) Electric current lines.

The unsteady solution computed with the N = 200 grid is presented in Fig. 5. We can see that the cloud is only deformed 
by its interaction with the strong shock wave. The solution seems to run smoothly even at the instance of collision.

In Table 1 we register a measure of the discretization error calculated as the relative difference of the pressure field in 
relation to a reference solution obtained on the finest grid,

δpref =
∑ |p − pref|∑ . (56)
pref
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Fig. 4. Results obtained for the cloud–shock interaction test case. (a) Initial conditions for density. (b) Solution for density in a gray log scale after t = 0.06
(N = 400). Magnetic field lines computed at t = 0.06 in the three grids: N = 200 (c); N = 400 (d); N = 800 (e).

In order to evaluate the pressure difference in Eq. (56) we have interpolated the pressure distribution from the coarser 
meshes into the finer mesh and the summation is taken over the entire domain, with pref calculated on the most refined 
mesh (N = 800). δpref is plotted as a function of mesh spacing, under log–log scale, in Fig. 10(a) demonstrating that the 
proposed method achieves a convergence rate in space that is between the first and second order grid convergence slopes. 
In this flow, second order convergence is not actually achieved because we are in the presence of MHD discontinuities and 
the TVD limiters act in such a way that tend to reduce the formal order of the method, for the sake of stability.
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Fig. 5. Unsteady solution for the cloud–shock interaction shows density contour plots in the time range 0–0.06 on the N = 200 grid.

4.2.2. MHD rotor
The second test case here employed for MHD validation under ideal non-resistive conditions is the so-called MHD rotor. 

This two-dimensional problem consists of a rotating cylinder with density ten times superior to that of the surrounding 
environment. It was first formulated by Balsara and Spicer [53] and allows assessment of the numerical methodology for 
the calculation of torsional Alfvén waves. The rotation speed is an initial condition of the problem and no other external 
forces are applied to the rotor. At the initial time instance (t = 0) the cylinder and the environmental fluid are subjected 
to a uniform and uni-directional magnetic field. This problem is solved in a square domain x, y ∈ [0; 1] with three uniform 
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Fig. 6. Numerical results for the MHD rotor with the N = 200 grid at t = 0.15; contour plots of: density (a); thermodynamic pressure (b); Mach number (c); 
and magnetic pressure (d).

grids having the same number of grid points along x and y (N = 200, N = 400 and N = 800). The initial conditions for the 
magnetic field and thermodynamic pressure are uniform,

B y = 0; Bx = 5/
√

4π ; p = 1; γ = 1.4. (57)

Since this is an ideal MHD problem, the electric resistivity is assumed to be zero. The initial conditions for the rotating 
cylinder of radius r0 = 0.1, centered at (x, y) = (0.5, 0.5), are the following:

ρ = 10; Ux = −U0
(y − 0.5)

r0
; U y = U0

(x − 0.5)

r0
. (58)

Notice that Ux and U y are functions of the radial distance from the initial cylinder center position r < r0, with r = [(x −
0.5)2 + (y −0.5)2]1/2, and the dimensionless speed at the periphery of the cylinder is U0 = 2. The environment is stationary 
(Ux = U y = 0) with a density (ρ = 1) ten times lower than inside the cylinder and is defined by the region r > r1 (r1 =
0.115). In order to obtain a soft transition between the rotating cylinder and the environmental fluid another region was 
created, with linear profiles for density and velocity,

ρ = 1 + 9 f ; Ux = − f U0
(y − 0.5)

r
; U y = f U0

(x − 0.5)

r
; (59)

where,

f = (r1 − r)/(r1 − r0). (60)

For the two first grids having N = 200 and N = 400 we have used the CUBISTA interpolation scheme. However, due to 
convergence problems, for the most refined grid (N = 800) the Minmod limiter was used instead.
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Fig. 7. Numerical results for the MHD rotor with the N = 400 grid at t = 0.15; contour plots of: density (a); thermodynamic pressure (b); Mach number (c); 
and magnetic pressure (d). (e) Magnetic field lines.

In Figs. 6, 7 and 8 we present the results obtained at t = 0.15, before the torsional waves reach the computational do-
main boundary and after the cylinder has completed about half a full rotation. These plots show contours of: density (a); 
thermodynamic pressure (b); Mach number (c); and magnetic pressure (pB = B ·B/2) (d). It is clear from this demonstration 
problem that the method proposed is able to simulate and resolve torsional Alfvén waves, which are particularly visible in 
the plot of magnetic pressure, Figs. 6, 7, 8(d). The Mach number distribution (Figs. 6, 7, 8(c)) allows us to observe that 
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Fig. 8. Numerical results for the MHD rotor with the N = 800 grid at t = 0.15; contour plots of: density (a); thermodynamic pressure (b); Mach number (c); 
and magnetic pressure (d).

Fig. 9. Three-dimensional plot of ∇ · B computed on the N = 400 grid. Notice that the numerical errors of significant magnitude appear only in the regions 
of discontinuity.
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Table 1
Relative differences of pressure from the reference solution for the MHD cloud-shock and MHD rotor test cases.

Test-case Nx × N y h δpref

Cloud-shock 50 × 50 0.02 0.00493
100× 100 0.01 0.00301
200× 200 0.005 0.00202
400× 400 0.0025 0.00038

Rotor 50× 50 0.02 0.01070
100× 100 0.01 0.00611
200× 200 0.005 0.00237
400× 400 0.0025 0.00106

Fig. 10. Convergence plot for the pressure difference relatively to a reference solution, as a function of cell spacing h. Two test cases: (a) cloud–shock 
interaction; (b) MHD rotor.

the rotor is still rotating, up to a certain radial distance, with a uniform angular velocity. Beyond that distance the rota-
tional speed decreases because the rotor exchanges angular momentum with the environment. All plots show a somewhat 
deformed cylinder as it is expected since the magnetic pressure will compress the cylinder on the upper and lower sides 
(along y), a phenomenon that is particularly visible in the density plot.

In Fig. 7(e) we present the magnetic field lines superimposed on the contour plot of pressure. It is clearly seen that, 
outside the region of influence of the Alfvén waves, the magnetic field basically maintains its initial value and direction, 
being oriented parallel to x-axis. However, inside the region of influence, the magnetic field is continuously refracted by 
each of the MHD discontinuities. A three-dimensional plot of the ∇ · B computed on mesh N = 400 is presented in Fig. 9. 
As expected the numerical errors associated with the non-zero divergence of B only appear with some expression in the 
regions of discontinuity.

To evaluate convergence with mesh refinement we have again computed the difference between the pressure field on 
any given mesh and on a reference mesh, as indicated by Eq. (56), and the relative errors are listed in Table 1 as a function 
of mesh spacing h = 1/N . The reference solution was computed on the finest mesh (N = 800) and the corresponding results 
are plotted in Fig. 10(b). The slope of this error measure decay falls again between the first- and second-order convergence 
slopes because, as the previous test case, the presence of strong MHD discontinuities switches off the second-order accuracy 
of the high-resolution TVD schemes.

4.2.3. MHD blast wave
The final ideal MHD problem considered for validation was the MHD blast wave, in which a circular pressure pulse 

(relative magnitude 104) expands outwards into a square region having a strong uniform magnetic field. This problem was 
introduced by Balsara [54] and was later retaken by the same author in a more thorough analysis [53,55]. It is a flow 
configuration known to cause positivity problems in several numerical hyperbolic methods if they are not developed with 
positivity-preserving properties. Negative pressures normally appear near the strong magnetosonic shock front, where there 
is a large discontinuity in pressure that could cause severe numerical problems when the plasma parameter β = 2p/(B · B)

is sufficiently small. We have solved this problem in a 200 × 200 uniform mesh with x, y ∈ [0; 1] and we have specified 
the same initial conditions as Balsara [55] for all variables except the initial value of the magnetic field which we set to 
be half the value of [55], Bx = B y = 25/

√
2/

√
4π . For this value of magnetic field the plasma β in the region outside the 
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Fig. 11. MHD Blast wave: contour plot for density (a) and pressure (b) in a log10 scale computed at t = 0.012. (c) Magnitude of the magnetic field for 
t = 0.012. (d) Contour plot showing the negative values of temperature for an initial β = 0.001005.

initial pressure pulse is equal to 0.004021, while in [55] it was 0.001005. We have reduced the value of B by half because 
we found limitations in the numerical method at very low beta, with the appearance of negative temperatures as illustrated 
in Fig. 11(d), where negative values of T occur at t = 0.007 when the plasma β is set to 0.001005. These negative values 
appear in the shock front and, it should be remarked, were also observed with other numerical methods (see e.g. [56,57]). 
However, with our solution methodology this issue is more severe, leading to iterative converge problems, and for that 
reason we chose β = 0.004021 in this test case. Regarding the initial conditions for the other dependent variables, density 
assumes a value of unity over the whole domain, while pressure is equal to 0.1 outside a central circular region. This circular 
region is centered at x, y = 0.5 and has a radius of 0.1. Pressure inside this circle was set equal to 1000. The adiabatic ratio 
used for the calculation of other thermodynamic properties was γ = 1.4. In Figs. 11(a) and 11(b) we show the contour plots 
of density and pressure, respectively, in a logarithm scale, at the time instant t = 0.012. Fig. 11(c) shows the contour plot 
for the computed magnitude of the magnetic field. The main point to notice is that both density and pressure have positive 
values and, furthermore, the resolution of shocks seen in the figures is satisfactory.

5. Numerical modeling of a 2D MPD thruster

The MHD model we have tested and validated in the previous sections is now applied to compute a two-dimensional 
self-field MPD thruster. In particular, in this section we intend to study the effect of cathode size on the performance of 
such an MPD thruster. This type of analysis has been done both experimentally [58,59] and numerically, see e.g. [28,30,31,
46]. We will illustrate how some of the geometrical characteristics of the cathode have a strong influence on the discharge 
current pattern, which can result in an increase of the electro-thermal component of thrust.

Regarding the physical MHD model, equations of Section 2, several assumptions were made. The propellant gas is argon 
and we assumed that it is injected into the discharge chamber in a state of total ionization. It is then accepted that the 
plasma can be treated as a single, quasi-neutral fluid, in a state of thermal equilibrium (T = Te = Ti , were the index e and 
i refers to electrons and ions, respectively). Several phenomena are also neglected, namely: viscous transport momentum; 
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Fig. 12. Two-dimensional self-field MPD thruster geometry and boundary conditions: (a) Flared Anode Short Cathode (FASC); (b) Flared Anode Long Cathode 
(FALC).

heat conduction; electrical sheath; Hall effect; and radiation processes. Electrical resistivity is given by Spitzer–Härm for-
mulation, see Eq. (9). The plasma flow is assumed to be purely bi-dimensional in the xy-plane, which means that the only 
non-vanishing component of the magnetic field will act in the z direction.

For the purpose of comparison with other studies we have used the same boundary conditions as Funaki et al. [28]. At 
inlet (Fig. 12), because the flow is in the subsonic regime, a mass flow rate of 2.5 ×10−3 kg/s is specified and a temperature 
of T = 5000 K is fixed. Since the flow is supersonic at outlet, all variables are extrapolated from the inside of the solution 
domain to the outlet plane. On the electrode walls a slip condition is imposed for the velocity field and a perfectly electrical 
conducting wall is specified for the magnetic field. For both the insulated wall and the symmetry plane the magnetic field 
is fixed to zero. At inlet the magnetic field is calculated as a function of the discharge current with the expression,

B0 = μ0 I

2W
, (61)

where I is the discharge current and W represents the width of the thruster, in this case W = 84 × 10−3 m.
The two thruster configurations are presented in Fig. 12. Both geometries are composed by flared anodes (FA) and the 

only difference between the two devices is related to their cathode length. The first configuration, that we refer as FASC, is 
composed by a short cathode with a length equal to 13 × 10−3 m, while the second geometry (FALC) is composed by a long 
cathode with 40 × 10−3 m of length.

In Figs. 13(a), 13(c) we present the computed contour plots for the magnitude of velocity, for an imposed discharge 
current of I = 8000 A. The FASC configuration is able to achieve a higher exhaust velocity (12000 m/s against 7000 m/s). 
The same trend was observed experimentally by Funaki et al. [26] and numerically by different authors [28,30,46]. The 
electrical current distribution, obtained for a discharge current of I = 2500 A, is plotted in Figs. 13(b), 13(d). We can see 
that, due to the cathode geometrical shape, the current lines have a tendency to accumulate near the cathode tip and that 
the concentration is more noticeable in the short cathode configuration. Such concentration of current near the tip of the 
short cathode will generate an increase of the Joule heating effect, which will consequently increase the electro-thermal 
component of thrust, and thus resulting in higher exhaust velocity.

We compare now our method against experimental [26] and numerical results from different authors [28,30]. In Fig. 14(a) 
results for the axial velocity distribution along the section y = 0.009 m, for the FASC configuration, are compared with the 
solution obtained by two groups of authors. This section is shown in Fig. 13 (indicated as section a-a) and the velocity 
profile was calculated for an inlet discharge current of I = 8000 A. This comparison illustrates that our computed velocity 
is only slightly lower at the thruster outlet but the trend of the axial velocity variation is well captured by the present 
predictions. A more realistic validation would require a comparison against experimental data. For that purpose, in Fig. 14(b), 
the numerical results obtained for the momentum thrust in the FASC configuration are compared with the experimental 
ones of Ref. [26]. It is seen that the present MHD model over-predicts the measured propulsion force. Nevertheless, the 
trend is the same and when our predicted solution is compared with numerical results obtained by others authors [30], 
who have employed a similar numerical model, we observe a much better match and the curves follow each other very 
well.

We turn now our attention to several of the thruster parameters defined in Section 3.4 in order to ascertain the possible 
effects of cathode length on the plasma flow. In Fig. 15(a) we compare the predicted thrust values for the two cathode 
configurations, as a function of discharge current. We see that the short cathode configuration allows us to reach higher 
values of thrust, which is advantageous.

In order to understand the discrepancy between the overall thrust for the two devices it is useful to decompose the 
total force in their electromagnetic (FELM) and thermal components (FTherm) (Eqs. (50)–(51)). Fig. 15(b) shows that the ELM 
component of thrust is almost the same for both cathode lengths, but a significant discrepancy appears in the thermal 
component of thrust. We have already pointed out that this instance is related to the geometrical shape of the cathode, 
which allows a larger concentration of discharge current lines around its tip, and therefore tends to an increase of the 
electro-thermal component of thrust. Fig. 15(b) also reveals that in the computed range of discharge current, the thermal 
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Fig. 13. Contour plots for the velocity magnitude superimposed on the corresponding vectors, for the FASC (a) and the FALC (c) configurations. The plots 
(b) and (d) show the electric current distribution as a percentage of the inlet value.

Fig. 14. Comparison between experimental and numerical results. (a) Axial velocity profile along the y = 9 mm line. (b) Momentum thrust as a function of 
inlet discharge current.

component of thrust is superior to the electromagnetic component until a discharge current of I ≈ 13 kA is reached for the 
FASC configuration, or a discharge current of I ≈ 12 kA for the FALC device, Eqs. (50)–(51).

The results for thruster efficiency and specific impulse are presented in Fig. 16. The FASC configuration can achieve the 
highest efficiency for the computed range of discharge currents. This could be expected since, for the same mass flow rate 
and discharge current, that configuration results in higher values of thrust.

6. Conclusions

In this paper a numerical method for resistive and viscous MHD flow is explained and applied to a number of demonstra-
tion test problems. This method is here validated for viscous and resistive MHD flows in particular by using the analytical 
solutions valid for the Shercliff and Hunt flow test cases. It was also validated for complex shock wave interaction using 
three standard two-dimensional ideal MHD problems. From the results obtained with the various test cases here considered 
we reach the conclusion that our method is able to handle a large variety of MHD flows, ranging from the near incompress-
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Fig. 15. MPD numerical results for thrust with the FASC and FALC configurations (a). The thermal component of thrust (b) is the main responsible for the 
discrepancy between FASC and FALC configurations.

Fig. 16. MPD thruster results for efficiency (a) and specific impulse (b). As expected, the FASC configurations give higher specific impulse and efficiency.

ible to highly compressible regimes. However, the last test case here considered revealed a limitation when the method is 
applied to the computation of very low-β flows. We found that, for values lower than β = 0.004, the MHD blast wave test-
case results in numerical instabilities due to the absence of a positivity-preserving technique in our methodology. In order 
to properly address this issue, future developments may include a self-adjusting positivity preserving technique similar to 
that suggested by Balsara [55].

An application case is also addressed, the modeling of a two-dimensional self-field MPD nozzle. A comparison between 
the computed values for the momentum thrust and experiments shows at first instance, that the current model over-predicts 
the thrust. However, assumptions of total ionization and thermal equilibrium may lead to an over-prediction of temperature, 
thus resulting in a larger thermal component of thrust. One way of improving the results can be attained with the addition 
of ionization models, multi-specie energy equations and real gas theory.

The effect of MPD electrode geometrical parameters on the thruster performance was also analyzed. We have demon-
strated that by enhancing the electro-thermal component of thrust, higher overall thrust values will result. In a self-field 
MPD thruster this can be achieved by reducing the cathode length.
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