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In the current paper we investigate, using a numerical technique, a new bifurcation phenomenon for a
Newtonian fluid flowing through a two-dimensional so-called “cross-slot” geometry. A cross-slot, or
cross-channel, geometry is formed by an “horizontal” planar channel along which two incoming fluid
streams are made to impinge on each other, and an intersecting “vertical” channel which carries the out-
let flow, with the other two streams now moving away from the central section and leaving through the
vertical channel exits. At low Reynolds numbers (Re) the flow remains steady and symmetric and iden-
tical regions of standing recirculation attached to the four corners increase linearly in size with Re. At a
critical Reynolds number (=1490 + 10) a supercritical pitchfork bifurcation is observed beyond which the
unstable symmetrical solution is replaced by a pair of steady asymmetric solutions (each corresponding
to larger recirculation regions on one vertical sidewall). The dynamics of the bifurcation are investigated

in detail and a comparison made with the bifurcation observed for inertialess viscoelastic fluid flow.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Bifurcations in fluid flows occur frequently [9]. Typically, be-
yond some critical value of the Reynolds number the solution
branch of the “simple” base state, e.g. steady and/or symmetric, be-
comes unstable and is replaced with a more complex state or
states. In the current paper we are interested in a particular class
of bifurcation for internal duct flows where symmetry-breaking
bifurcations occur but the bifurcated flow remains steady. In par-
ticular we are concerned with a “cross-slot”, or “cross-channel”,
geometry formed by an “horizontal” planar channel along which
two incoming fluid streams are made to impinge on each other,
and an intersecting “vertical” channel which carries the outlet
flow, with the other two streams now moving away from the cen-
tral section and leaving through the vertical channel exits.

Perhaps the most famous, and certainly most studied, symme-
try-breaking bifurcation occurring in internal duct flows is the case
of flow through planar sudden expansions. For Newtonian fluids, as
was first documented in Abbott and Kline [1], above a critical Rey-
nolds number the flow field downstream of the expansion exhibits
a stable asymmetric flow state (or, more precisely, two stable anti-
symmetric flow states each corresponding to a shorter recirculation
region attached to one of the two downstream walls). The critical
Reynolds number at which the flow becomes asymmetric is depen-
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dent on the expansion ratio of the expansion (i.e. the ratio of the
downstream to upstream channel heights) and, for three dimen-
sional flows, the aspect ratio (i.e. the ratio of channel width to inlet
channel or step height). Indeed the asymmetry is completely absent
for expansion ratios less than 1.5. This asymmetry has been ob-
served in both experimental ([7,12] for example) and numerical
[6,11,19,21,26] investigations. Drikakis [ 11] conducted an extensive
study on the effect of expansion ratio and was able to demonstrate
that the critical Reynolds number for asymmetric flow to occur de-
creases with increasing expansion ratio. For example for a 1:2
expansion the critical Re, based on the upstream channel maximum
velocity and upstream channel height, is 216 which reduces to 52
for a 1:4 expansion and then to 28 for a 1:8 expansion. These critical
Reynolds numbers are affected by the non-Newtonian character of
the fluids, as shown by Neofytou and Drikakis [19] for Generalised
Newtonian Fluids (viscous, shear-thinning), and Oliveira [21] and
Rocha et al. [26] for viscoelastic fluids (constant-viscosity with elas-
ticity). More recently evidence has emerged that even axisymmetric
sudden expansions can also display stable asymmetric states [18],
although in this case it appears a finite-amplitude perturbation is
required to “kick” the solution onto the asymmetric branch in
comparison to the linear instability observed in the planar case
[29]. Planar sudden contractions have been significantly less studied
than their sudden expansion counterparts. Chiang and Sheu [8]
showed using a numerical technique that a supercritical pitchfork
bifurcation occurs even for planar contraction flows if the Reynolds
number is driven to high enough values. This bifurcation is related
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to the formation of lip vortices of differing size at the entrance to the
smaller channel. Although for small contraction ratios the Reynolds
numbers required appear unreasonably high for laminar flow condi-
tions to be maintained, for example at a contraction ratio (CR) of two
the critical Reynolds number for bifurcation is approximately 3080,
at higher contraction ratios the Reynolds numbers at which asym-
metric flow appears are more modest; for CR =8, Re.. = 1100 for
example.

The emerging field of microfluidics has led to the discovery of a
novel bifurcation in an inherently three-dimensional flow. One of
the most basic microfluidic mixing geometries, which can be easily
fabricated and integrated into more complex mixing geometries,
first presented by Kockmann et al. [17], is a planar T-channel with
two square inlets and an outlet of equal combined area (i.e. main-
taining a constant bulk velocity in each channel arm). In this geom-
etry, two-opposing planar channel streams join and turn through
90°. In their numerical study Kockmann et al. [17] found that the
resulting flow in the outlet channel can be characterised by three
flow regimes during steady flow: so-called “stratified” flow, “vor-
tex” flow and “engulfment” flow. At low flowrates, so-called strat-
ified flow was observed and this flow regime was defined as being
where the flow streamlines remain primarily unidirectional and
essentially follow the curvature of the geometry. At higher flow-
rates, where inertial effects become important and Dean-like rolls
appear in the outlet channel [10], the flow was called “vortex”
flow. Finally, at a critical Reynolds number ~140 the flow breaks
symmetry, although it remains steady, and this regime was dubbed
“engulfment flow”. Since the original paper of Kockmann et al.
[17], other studies have shown this effect experimentally
[14,16,31] and probed the effect of different channel aspect ratios
on the critical Reynolds number [25,30]. Recently, Fani et al. [15]
have conducted linear stability analysis of the engulfment regime
in this T-mixer geometry with 3 arms, which is the closest in terms
of geometrical configuration to the 4-arms cross-slot arrangement
considered in the present work. For the cross-slot flow, no linear
stability analysis could be found in the literature which is not sur-
prising since the bifurcation instability we report here has not, as
far as we are aware, been reported previously.

Although a detailed literature search shows that an inertial
bifurcation has not previously been studied in a cross-slot geome-
try, such instabilities have been observed in a related class of stag-
nation-point flows formed by two counterflowing jets. For
example, Rolon et al. [28] observed multiple steady states in exper-
iments of opposed or counterflowing jets of air. For the case when
the jet mass flow rates are equal, the stagnation point is expected
to be located half-way between the two inlets. Rolon et al. [28]
illustrated the existence of two stable steady states, each having
a stagnation point on the axis of symmetry, but equally displaced
from the centre towards one or the other jet inlet. The effect was
termed “bi-stability” and the two stable flow regimes observed
were mirror images of each other indicating the possible existence
of a pitchfork bifurcation. Motivated by these experimental results,
Pawlowski et al. [23] used a numerical technique to investigate
such counterflowing jets both for planar and axisymmetric jets.
The stagnation-point flows formed in the planar case exhibit both
steady-state multiplicity and time-dependent behaviour, depend-
ing on the jet separation, while axisymmetric jets exhibited only
a steady-state multiplicity. Their stability analysis revealed transi-
tions between a single (symmetric) steady state and multiple stea-
dy states or periodic steady states. Of particular relevance to the
cross-slot geometry is the planar case when the jet separation dis-
tance is equal to one channel width (« = 1.0 in the nomenclature of
Pawlowski et al. [23]) where a critical Reynolds number of 872 is
observed. Finally, it is worth mentioning that the paper of Ait Mou-
heb et al. [2] show asymmetry in cross-slot experiments but at a
very low Reynolds number (50). Their comparator numerical

simulations exhibit symmetry and the authors attribute the exper-
imentally-observed asymmetry to experimental artefacts.

Aside from the basic interest in bifurcations in fluid flows as dis-
cussed above, an additional motivation for the current study was
our desire to support previous work on purely-elastic instabilities
in the flow of viscoelastic flow through a cross slot [4,24,27]. Moti-
vated by the steady asymmetry observed for visceolastic fluids in
inertialess cross-slot flow, a natural question one might ask is
whether, even for a Newtonian fluid, there will be a similar bifur-
cation and asymmetries at high Reynolds number, when inertial
effects start dominating the dynamics of the flow. One of the pur-
poses of the current paper is to investigate this very possibility.

The paper is structured as follows. In the following section the
governing equations and the numerical method involved in their
solution are discussed. This section is followed by information
regarding the geometry, computational meshes and boundary con-
ditions. A bifurcation parameter is then defined prior to the pre-
sentation of the results and accompanying discussion. Finally we
draw conclusions.

2. Governing equations and numerical method

We are concerned with the isothermal, incompressible two-
dimensional flow of a Newtonian fluid and hence the equations
we need to solve are those of conservation of mass

V.u=0, (1)

and momentum
ou
pa+pV~uu:—Vp+V~t, (2)

where u = (u, v) is the local velocity vector, p the fluid density (as-
sumed constant), p the pressure and t the stress tensor which, for
a Newtonian fluid is given by

T = u(Vu + vu'), (3)

where p is the dynamic viscosity. The numerical method applied in
this work is the finite volume method. The governing equations
(Egs. (1), (2) and (3)) are discretised in space by integration over
the set of control volumes forming the computational mesh, and
in time over a small time step, At. This process results in systems
of linearised algebraic equations for the equations of mass and
momentum conservation jointly with the stress equation. In these
equations all variables are evaluated and stored in the central posi-
tion of the control volumes (cells) and the computational mesh ap-
plied for the present simulations is orthogonal. As a consequence,
special procedures are required to ensure the pressure/velocity cou-
pling and the velocity/stress coupling (following the method of Oli-
veira et al. [20]). For the calculation of the convective terms in the
momentum Eq. (2) we use a high-resolution scheme called CUBISTA
[3], with third-order accuracy in space for smooth flow, and having
simultaneously both high numerical precision and good character-
istics of iterative convergence. The CUBISTA scheme is implemented
explicitly, except for the part corresponding to upwind fluxes which
are incorporated implicitly through the coefficients. The Newtonian
constitutive and the momentum conservation equations in discre-
tised form are solved using a modified algorithm based on the SIM-
PLE algorithm developed by Patankar and Spalding [22] that allows,
through an iterative process of pressure correction, to guarantee the
coupling of velocity and pressure, verifying the continuity equation.

3. Geometry, computational meshes and boundary conditions

The cross-slot geometry is shown schematically in Fig. 1. Flow is
provided in each inlet arm with bulk velocity U and channel width
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Fig. 1. Schematic of cross-slot geometry.

d, which served as velocity and length scales to define the Reynolds
number Re = pUd/p. At the plane x = 0 the two streams meet and
are turned through 90° into two outlet arms of identical width d.
At the inlets we apply a velocity distribution corresponding to
the analytical fully-developed channel-flow solution (see e.g.
[32]) and at the outlets we apply a boundary condition consisting
of enforcing overall mass conservation and prescribing vanishing
stream-wise gradients (i.e. 0¢/dy =0 where ¢ =u, v or dp/dy). At
the walls we apply the no-slip condition and impenetrability (i.e.
u = v=0). The lengths of the inlet arms are 10d and the outlet arms
60d which we confirmed was sufficient for the flow to be fully-
developed both upstream of the cross-slot and at the channel exits
for all Reynolds numbers studied [13]. We confirmed that the crit-
ical Reynolds number is independent of the arm length used.

To ensure that the results obtained were mesh-independent, a
solution at relatively high Reynolds number (Re = 1400) was ob-
tained in two consecutively refined meshes. The computational
meshes are comprised of five blocks, presented in Fig. 2, and their
geometric characteristics are provided in Table 1. Each mesh has
increasing mesh density closer to the cross-slot junction and a uni-
form cell size in the central square (Block II). The table includes the
number of cells for each block, N, along the x-direction, N, along
the y-direction and the total number of cells or control volumes
(NC) inside the computational domain. The number of degrees-

()

Table 1
Main characteristics of the computational meshes (NC = total number of cells).
Blocks Ny Ny fx fy AXmin = AYmin
M1
I 50 51 0.928810 1.0 0.02
11 51 51 1.0 1.0 0.02
11 51 300 1.0 0.987882 0.02
1\ 51 300 1.0 1.012267 0.02
\% 50 51 1.076646 1.0 0.02
NC=38,301 DOF=217,806
M2
I 100 101 0.963748 1.0 0.01
11 101 101 1.0 1.0 0.01
111 101 600 1.0 0.993922 0.01
\Y% 101 600 1.0 1.0061146 0.01
\% 100 101 1.037616 1.0 0.01

NC=151,601 DOF = 909,606

of-freedom (DOF), for each mesh, is obtained through the multipli-
cation of NC for the six variables (two velocity components, pres-
sure and three stress tensor components) which compose the
two-dimensional geometry. The minimum cell size (AXmin = AYmin,
these values are normalised with d) is also provided in Table 1, as
are the expansion or compression factor (f; = Ax;/Ax;_1 or f, = Ay
Ay;_1) for the cell size. Most of the results to be presented in this
study were calculated using the base mesh (M1), and the finer
(M2) mesh was obtained by doubling the number of cells along
the x- and y-direction, so as to enable quantification of numerical
accuracy. The tabulated data, however, were obtained with the fi-
ner mesh M2 to provide high-quality benchmark data of high accu-
racy. In Fig. 3 we plot the magnitude of the non-dimensional
streamwise velocity along the horizontal centreline (i.e. y = 0) ob-
tained in both meshes M1 and M2 at Re = 1400. As can be seen
the agreement between the two meshes is excellent. Quantita-
tively, the negligible differences in the two meshes are highlighted
by a difference of less than 0.7% in the length of the recirculation
zones. As it is an integral quantity, a slightly larger difference in
the two meshes is observed for the maximum strength of the recir-
culation (~3.5%). At higher Reynolds number, beyond bifurcation,
the differences in recirculation lengths determined using M1 and
M2 rise to about 4%. Since the spatial discretisation of the numer-
ical method is second order (shown in a number of previous works,
e.g. [3,21]), the numerical error reduces by a factor of four when
mesh spacing is halved (i.e. as is done between mesh M1 and
M2), therefore we estimate the results of mesh M2 to be accurate
to better than 1%.

Additional evidence regarding convergence with mesh refine-
ment is provided in Fig. 4 which shows convergence plots for the
vortex sizes (Y,) and intensities (i) at a particular value of the

v

I Tx

I

(b)

Fig. 2. (a) Mesh illustrating concentration of cells close to cross-slot (-2 < x/d, y/d < 2) and uniform cell distribution in central square; (b) naming convention for

computational blocks.
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Fig. 3. Effect of mesh refinement on the magnitude of the non-dimensional
streamwise velocity along horizontal centreline through the cross slot at Re = 1400.
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Fig. 4. Convergence with mesh refinement at Re = 1700: (a) vortex lengths (open
symbols, left y-axis) and vortex intensities (closed symbols, right y-axis) as a
function of minimum mesh spacing; (b) convergence rate of overall pressure drop
(Ap) in log-log scale (symbols - data; line - power law fit).

Reynolds number. Here we chose Re = 1700 for which the flow has
already bifurcated (see Figs. 8 and 9), having a small and a larger
eddy on either side of the vertical walls, and therefore offering a
more stringent test than the situation at lower Re, prior to bifurca-
tion. In this figure the finest mesh (M3) has 4 times more cells than
M2 of Table 1, namely NC = 603,201, DOF = 3,619,206, with a min-
imum mesh spacing of Aymin = AXmin = 1/200 = 0.005. There is
clearly a strong indication of convergence in Fig. 4(a), but it should
be remarked that since both Y, and i, are not yet in the so-called
asymptotic convergence range (¢ = ¢ + CAy®, ¢ being any solution
functional), the estimated rates of convergence are either below or
above the expected p = 2. The overall pressure drop (Ap), between
inlet and one of the outlets, shows however second-order conver-
gence rate as illustrated in Fig. 4(b) where we plot the error of Ap
calculated as Eap=|Ap — Apexirap.|, With the extrapolated value
from Apexirap. = (4Aps — Ap>)/[3; the rate of decay is: p =log ((Ap;
— Ap2)[(Apz — Aps))/log 2 =2.01 (Ap; are a the Ap predicted on
the 3 meshes M1, M2 and M3 fori=1, 2, 3).

4. Bifurcation parameter

To estimate the critical Reynolds number for the bifurcation to
asymmetric flow we define an asymmetry parameter
Yr2 — le Yr4 — Yr3

DY = — - , 4
%(er + le) %(YM + Yr3) ’ ( )

where, as highlighted in Fig. 1, Y, is the length (normalised with d)
of the recirculation region attached to the west face of the south
outlet channel, Y;; is the length of the recirculation region attached
to the east face of the south outlet channel, Y3 is the length of the
recirculation region attached to the west face of the north outlet
channel and Y4 is the length of the recirculation region attached
to the east face of the north outlet channel. For a symmetric flow
|Yr1] = |Yi2| = |Yi3]| = |Yr4| and DY = 0 whereas, beyond the bifurcation,
we observe that |Y;q| = |Y;3|, |Yr2| = |Ya| and DY # 0. An alternative
bifurcation parameter is provided by the lateral displacement of
the stagnation point, DX = (x. — 0)/d. Our results indicate that the
point of zero velocity u=v=0 always remains in the horizontal
symmetry line of the cross-slot (i.e. y = 0), remaining at the centre
of the cross-slot (x =y = 0) while the flow is at Reynolds numbers
below the critical conditions, and becomes displaced to one side
or the other once the flow becomes supercritical.

5. Results and discussion
5.1. Symmetric flow prior to bifurcation

With increasing flowrate, four identical standing recirculating
bubbles attached at the four corners of the cross-slot geometry
grow significantly. In Fig. 5 the effect of increasing inertia on the
size of these recirculation regions is highlighted for
200 < Re < 1000. Only one quarter of the cross-slot geometry is
shown due to the symmetric nature of the flow field under these
conditions. In this regime the length of the recirculation regions
is found to increase linearly with Reynolds number (~0.002Re)
much as observed in planar sudden expansions for example [11].
Table 2 quantifies the growth in the length of the reattachment re-
gions and confirms that, at least for Re < 1500, the four standing
recirculation regions are equal in size. (NB: These data were based
on simulations with the finer mesh M2.) The intensity of the recir-
culation regions ,, calculated by the amount of recirculating flow
normalised by the inlet flow rate and shown in Fig. 6, also grows
monotonically with Reynolds number in this region but the rela-
tionship is not linear. Fig. 7 shows that the transverse distance of
the eye of the recirculation to the nearest wall grows rapidly for
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Fig. 5. Effect of inertia on size of recirculation region in symmetric regime
(Re < 1000). NB: Only one quarter of the geometry is shown due to fourfold
symmetry.

Table 2
Variation of recirculation zone length on each wall with Reynolds number (data based
on M2).

Re yrl yr2 yr3 yr4

200 —0.331 —0.331 +0.331 +0.331
400 —0.744 —0.744 +0.744 +0.744
600 -1.137 -1.137 +1.137 +1.137
800 -1.534 -1.534 +1.534 +1.534
1000 -1.937 -1.937 +1.937 +1.937
1200 —2.343 —2.343 +2.343 +2.343
1400 —2.751 —2.751 +2.751 +2.751
1480 -2.914 -2.916 +2.914 +2.916
1500 —2.525 —3.347 +2.525 +3.347
1520 —2.325 —3.585 +2.325 +3.585
1540 —2.209 -3.750 +2.209 +3.750
1560 -2.130 —3.884 +2.130 +3.884
1580 -2.072 —3.998 +2.072 +3.998
1600 —2.027 —4.101 +2.027 +4.101
1700 —1.901 —4.512 +1.901 +4.512
1800 —1.846 —4.837 +1.846 +4.837
1900 -1.820 -5.115 +1.820 +5.115
2000 —1.809 —5.360 +1.809 +5.360

Re up to ~800 and then it remains approximately constant at a va-
lue of 0.095d because interaction with the bubble on the opposite
wall restrains its spatial extent for further growth. In contrast the
distance of the recirculation centre to the corner grows linearly
with Re (Y, data discussed below and shown in Fig. 9). Since the
amount of recirculating flow is proportional to the area of the bub-
ble, the reduction of the rate of growth of i, seen in Fig. 6 at
Re ~ 800 is due to spatial limitations in the transversal direction.

5.2. Bifurcated asymmetric flow

Beyond Re = 1500, as shown by the streamline images in Fig. 8,
the flow loses stability and breaks symmetry about the vertical
centreline plane (x = 0). The symmetry-breaking bifurcation is re-
flected in the asymmetrical growth of the two recirculation regions
and is especially noticeable at Re = 1600 (and beyond, not shown).
Although symmetry is broken about the vertical centreline, sym-
metry is retained about the horizontal centreline (i.e. y=0). As a

v, (x107%)
\

0 T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T
0 200 400 600 800 1000 1200 1400 1600
Re

Fig. 6. Effect of inertia on intensity of recirculation region in symmetric regime
(Re < 1500).

consequence of this partial symmetry only half the geometry is
shown in Fig. 8 to better highlight the asymmetry. In addition, as
shown in Table 2, the partial symmetry is reflected in the fact that
Y;1 = —Y3 and Y, = —Y4. Thus the nature of the symmetry-break-
ing bifurcation in this inertial Newtonian case is significantly dif-
ferent to the purely-elastic asymmetry observed in the
viscoelastic cross-slot flow where the bifurcated flow retains par-
tial symmetry about the cross-slot diagonal planes (i.e. y = +x) [24].

The bifurcation is further illustrated in Fig. 9 where the varia-
tion of the length of the recirculation region with Reynolds number
is shown. Due to the (partial) symmetrical nature of the results
data is only shown for Y,3 and Y,4. The pitchfork nature of the bifur-
cation is clearly apparent. Also shown in Fig. 9 is the length of
recirculation for a quarter cross-slot geometry in which symmetry
is imposed on the flow through the boundary conditions. Very
small graduations in Re close to the bifurcation point allowed us
to identify the critical Reynolds number as Re . = 1490 + 10. Below
Re.;, as expected, the recirculation regions in the full and symme-
try-imposed geometries are identical. Beyond Re.;, the symmetric
solution branch is unstable in the full cross-slot and two stable
asymmetric branches appear (corresponding to the shorter recircu-
lation region attached to either the west or east side downstream
walls). By contrast in the symmetry-imposed geometry the recir-
culation regions grow linearly (and symmetrically) with increasing
inertia for all Reynolds numbers studied.

The variation of the bifurcation parameter DY (Eq. (4)) with
Reynolds number is shown in Fig. 10. Below Re, DY = 0. Close to
Re., DY varies like ~+/Re — Re,, typical of supercritical pitchfork
bifurcations. Fitting the relevant data close to critical conditions
indicates DY = Av/Re — Re,, with A= 0.06, shown by the solid line
in Fig. 10. Beyond Re., the symmetric solution branch - shown in
Fig. 10 by dotted lines — becomes unstable and is replaced by
two asymmetric branches (corresponding to +DY). Since the two
larger vortices stay attached to the same side of the vertical walls,
the “central” stagnation point must be shifted to the opposite side,
which may lie on either the negative or positive portions of the
x-axis, depending on conditions that are not controllable a priori
(our numerical technique was able to capture both branches
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Fig. 8. Size of recirculation zones close to critical conditions (a) Re=1500;
asymmetric growth of recirculation regions beyond bifurcation: (b) Re = 1540; (c)
Re = 1580 and (d) Re = 1600.
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depending on initial conditions). This situation is shown in Fig. 11
which also exhibits a perfect pitchfork variation for the alternative
bifurcation parameter DX = x./d in a very similar fashion to that of
DY shown in Fig. 10. For Re < Re,,, the stagnation point remains at
the geometrical centre of the cross geometry; for conditions be-
yond the critical condition, Re > Re,, it is shifted to one or the other
side, albeit the relative displacement being relatively small (on the
order of 1% of the channel width). It may be argued that it is this
imperceptible displacement of the stagnation point which eventu-
ally triggers the asymmetric stationary state. Analogous to the
well-known Coanda effect in planar expansions, initial perturba-
tions brought about by the impinging action of the two incoming
streams, may result in a lateral displacement of the stagnation
point which, in turn, leads to a concomitant smaller recirculation

—1d)/d) distances to centre of recirculation eye in symmetric region; (b) Quantitative values of

5.5 —| —&—— complete geometry
- —©— imposed symmetry

Yr3 Y
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Fig. 9. Influence of inertia (Re) upon the size of the two eddies on the upper outlet
channel.

eddy on that side. Near the reattachment point of that recirculation
region (the “eddy”) velocities are smaller and thus pressures are
higher, compared to the opposite eddy on the other wall, initiating
a mechanism that tends to further accentuate the differences be-
tween the two eddy sizes. For sufficiently high levels of inertia this
mechanism eventually leads to two opposed eddies of differing
sizes, which do not vary with time.

In order to understand the dissipative nature of the bifurcation
in Fig. 12 we plot the pressure drop between the inlet to the west
inlet arm and the outlet of the north outlet arm. Due to the rela-
tively high Reynolds numbers considered here we choose to nor-
malise this pressure drop using an inertial scaling (pU? i.e. twice
the so-called dynamic pressure). Also included in Fig. 12 is the
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Fig. 10. Variation of bifurcation parameter with Reynolds number illustrating
appearance of supercritical pitchfork bifurcation beyond Re = 1490.
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Fig. 11. Bifurcation diagram for the stagnation point lateral displacement (DX = x./
d).

equivalent data for the symmetry-imposed case (1/4 cross-slot).
The marginal change in the dissipation is clear in Fig. 12(a) where
the two cases appear to essentially superimpose for all Reynolds
numbers: only in a zoomed section, shown in Fig. 12(b), is it appar-
ent that the bifurcated state actually leads to a slightly higher pres-
sure drop than the symmetric case and is therefore more
dissipative. Since most of the pressure drop in Fig. 12 is due to wall
friction along the channels under fully-developed flow conditions
(Apgp; e.g. for Re = 1000, the numerically determined pressure drop
is Ap/pU?=0.876 and Appp/pU?=fl/d=0.012 x 70=0.84, for a
Fanning friction factor f=12/Re=12/1000), thus masking the
amount of localised energy loss between the artificially symmetric
and the naturally asymmetric flows, we have also calculated a loss
coefficient defined as K= (Ap — Apgp)/pU? and, in Fig. 13, plot this
parameter as a function of Reynolds number. Here the incremental
pressure loss brought about by the bifurcation becomes more evi-

(a)50
- ——©—— complete geometry
—2A— imposed symmetry

7 4 4

0.0 L e B B B B
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Re

—©—— complete geometry
—24A—— imposed symmetry
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0.46 \ \ \ 1 3
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Re

Fig. 12. Pressure-drop through the cross-slot and for a quarter (symmetry-
imposed) geometry for (a) all Reynolds numbers; (b) zoomed view highlighting
effect of bifurcated flow regime.

dent, as is clearly seen by a sudden increase in the derivative of the
K vs. Re variation when the asymmetry sets in as compared to the
trend if the flow remains symmetric. This result contrasts sharply
with the asymmetry observed in inertialess viscoelastic cross-slot
flow [24] where the bifurcated state leads to a sharp reduction in
pressure drop.

The overall loss indicators, shown in Figs. 12 and 13, highlight
the increased energy input required when the flow bifurcates to
an asymmetric state, are essentially obtained from an overall en-
ergy balance where the only energy fluxes that are different at
the outlet sections are the pressure terms (the kinetic energy is
the same since the flow is fully developed at the exit). As a conse-
quence these quantities do not reflect directly the changes in flow
details inside the cross-slot domain. In order to better highlight dif-
ferences between symmetric and asymmetric flow configurations
resulting from local field variations, we choose to define a
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Fig. 13. Local loss coefficient as a function of Reynolds number for the full and the
symmetry-imposed geometries.

kinetic-energy difference (AE,) which is calculated as the sum over
the entire flow domain of the local E; minus the corresponding
fully developed value, thus

AE, = S22 p(u; — up)? (5)

In this expression, u; = (u;, ;) and u? = u? + »?, where index i
denotes the cell in the computational mesh; for the fully-devel-
oped velocity, in terms of vector components, we have

W = (il.SU(] - (y,-/%d)z), O) in the east and west inlet branches

and u;p = (07 +1.5U(1 - (xi/%d)2)> in the north and south outlet

branches. This parameter is shown in Fig. 14 as a function of Re
and a clear separation between the symmetric and bifurcated flow
can be observed. The rate of increase of AE, exhibits an abrupt
change when Re > 1500 (i.e. beyond bifurcation). The data exhibits

7 T T | T T | T T | T T
1 yAN JAN /\ Predictions M2 _X
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Linear fit Re>1500
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Fig. 14. Normalised excess kinetic energy as a function of Reynolds number
indicating transition to asymmetric flow at Re ~ 1500.

a linear growth of the excess kinetic energy as ~1.0(Re/1000) for
Re < Re.;, and as ~3.8(Re/1000) for Re > Re... There is thus a 2.8 rel-
ative increase in the growth rate of excess kinetic energy resulting
from flow bifurcation.

6. Conclusions

Motivated by the steady asymmetry observed for visceolastic
fluids in inertialess cross-slot flow, the purpose of the current study
was to investigate the possibility of a similar instability occurring
in Newtonian fluids but driven by inertia. Indeed a transition is ob-
served at a critical Reynolds number of Re.. = 1490 + 10 (based on
the average inlet velocity and the channel width), above which the
flow becomes asymmetric but the asymmetry is significantly dif-
ferent from the inertialess viscoelastic case. While the viscoelastic
instability exhibits symmetry about the cross-slot diagonal planes
(y = +x or y = —x), the current inertial Newtonian flow is symmetric
about the horizontal plane (y = 0). For increasing Re, four identical
standing recirculating bubbles are initially formed starting at the
four corners of the geometry; when Re > Re., the two bubbles on
one side (say, x > 0) become larger than the two bubbles at the
other side (x < 0). The flow remains steady. The asymmetry found
is reminiscent of that occurring in flow through planar expansions
(e.g. [1,11]) but occurs at higher Re. An additional difference com-
pared to the viscoelastic case is that the stagnation point does not
stay at the geometrical centre of the geometry; this is due to the
fact that the two larger vortices stay on the same side of the verti-
cal axis and therefore the stagnation point must displace to accom-
modate the change of the geometry of the vena-contracta defined
by both recirculation regions. Another difference found from the
results of the present simulations is that the excess pressure drop
for the bifurcated flow is larger than the pressure drop for a corre-
sponding symmetric-imposed case. In the viscoelastic counterpart
at Re = 0 the fact that the energy loss was smaller for a bifurcated
solution compared to the symmetric solution was used as a partial
justification for the flow, under natural conditions, to “prefer” the
former configuration [24]. By contrast, in the current study for a
flow with significant inertial contribution (Re above about 1500),
with a Newtonian fluid, we have the opposite scenario. However,
as such “minimum energy dissipation” theorems (the so-called
Helmholtz-Korteweg theorem, see e.g. [5]) apply in the limit of
creeping flows only, this latter difference is perhaps not entirely
unexpected for the inertial instability observed here for Newtonian
fluids.

Future work will be needed to extend this investigation to the
corresponding three-dimensional flow configuration, and to tackle
the linear stability analysis of this type of flow, which, as evidenced
by the recent contribution by Fani et al. [15] who analysed the re-
lated T-channel geometry (with 3 arms, instead of 4), represents a
significant task with large computational costs. We have already
started exploring 3D effects and a first important conclusion from
these preliminary simulations is that in 3D the bifurcation cannot
be sensed by comparing the lengths of the vortices on the two side
walls, but needs other more sensitive bifurcation parameter. In this
respect asymmetries in the lateral (along z) velocity profile in a line
at y = + d/2 (section on the entry to the outlet channels) may offer a
convenient alternative bifurcation parameter. We hope to report
on 3D effects in a future study.
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