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SUMMARY

In this paper, we propose an extension of a PISO method, previously developed to solve the Euler
equations, and which is here extended to the ideal magnetohydrodynamic (MHD) equations. By following a
pressure-based approach, we make use of the flexibility given by pressure equation for calculating flows at
arbitrary Mach numbers. To handle MHD discontinuities, we have adapted the MHD-Advection Upstream
Splitting Method for our pressure-based formulation. With the purpose of validation, four sets of test cases
are presented and discussed. We start with the circularly polarized Alfvén waves that serves as a smooth flow
validation. The second case is the 1-D Riemann problem that is calculated using both 1-D and 2-D formu-
lation of the MHD equations. The third and fourth problems are the Orszag–Tang vortex and the supersonic
low-ˇ cylinder allowing validation of the method in complex 2-D MHD shock interaction. Copyright © 2013
John Wiley & Sons, Ltd.

Received 29 August 2012; Accepted 15 January 2013

KEY WORDS: finite volume; compressible flow; AUSM; PISO; MHD; all Mach

1. INTRODUCTION

Flows of electrically conducting fluids, subjected to magnetic fields, can be found both in nature
and in applications built by man. If the physical properties and characteristics of the flow field are
adequate, then the magnetohydrodynamics (MHD) equations provide a useful model to describe the
physical behavior of such flows. In metallurgic industry, we can find applications where magnetic
field is used to control the injection of melted iron; in this case, an incompressible formulation
of the MHD equations should be applied. But MHD can also be used to describe the behavior
of some plasma flows in the field of astrophysics; and in this case, a compressible formulation is
required, and the ideal MHD equations are normally used. Another application is the modeling of
magnetoplasmadynamic (MPD) thrusters used for spacecraft propulsion [1].

To calculate such variety of MHD flows, two groups of algorithms have been developed. The first
group comprises methods designed to deal with incompressible flow [2] and the second to calcu-
late highly compressible MHD flows [3–7]. However, nowadays, a great number of numerical gas
dynamics codes are able to solve the compressible Navier–Stokes equations at all Mach number
regimes. Such algorithms are important because in the field of aerospace engineering, there is often
a need to solve complex flow problems that involve a wide range of Mach numbers. This is also
true for the special case of MHD flow in realistic MPD thruster geometries. It is known that these
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devices can produce flows that range from the nearly incompressible to the hypersonic limit [8].
Despite these needs, there is still a lack of solvers capable of solving efficiently the compressible
MHD equations for the whole range of Mach number regimes.

Several shock-capturing methods were developed for the numerical calculations of ideal MHD
equations. Some of the first methods were based on the artificial viscosity technique [9, 10].
However, Falle [11] realized that such an approach does neither introduce upwind to all characteris-
tic fields involved nor is it conservative, and, because of these deficiencies, it leads to inappropriate
results in the calculation of some discontinuities.

A more complex set of methods incorporate the full seven-wave structure of the MHD equations
and were introduced by various authors [3, 12, 13]. These methods account for all types of disconti-
nuities in their formulation, and, therefore, they are the most accurate for shock wave calculations.
When these characteristic-based methods were extended to the ideal MHD equations, they were
already well established for the calculation of pure gas dynamics flows. Albeit this, their application
to MHD flows was delayed, in particular because its extension to MHD was nontrivial; in fact, the
structure of the MHD equation system is by far much more complex than the structure of the Euler
equations. One of the most successful techniques was a MHD Godunov method used by Zachary
and Collela [13]; another one was a total variation diminishing (TVD) Roe-type scheme introduced
for MHD by Ryu and Jones [3].

In contrast with the pure characteristic-based methods, some methods replace the seven-wave
structure by an approximation, taking into account only the maximal wave speed. This is still a
valid upwind concept, but it is more dissipative; however, in some cases, can be advantageous in
terms of robustness. One of such methods is the Lax–Friedrich’s TVD method that was extended to
the MHD equations by Tóth and Odstrcil [4]. Another method that uses a similar approach is the
Harten–Lax–van Leer (HLL) method. Janhunen [14] extended the HLL method with a Roe solver
for MHD. The HLL is very stable and guarantees the positivity of the thermodynamic variables in
its formulation; however, it is quite dissipative, specially in contact discontinuities, the main reason
being that it does not have a mechanism to recognize this kind of discontinuity. Linde [15] proposed
a corrected formulation of the HLL solver to account for the contact discontinuity. Li [5] adapts
the HLLC (‘C’ for contact discontinuity) method of Toro et al. [16] to MHD, and this new method
already accounts for the contact discontinuity in its formulation. Miyoshi and Kusano [6] added two
more intermediate states to the Riemann fan of the previous HLL solver and in this way developed
a more accurate HLLD (‘D’ is for discontinuity) solver. Mignone [17] adapted this HLLD method
for isothermal MHD.

Han et al. [18] presented a reformulation of the Advection Upstream Splitting Method by
Pressure based Weigth functions (AUSMPW) method [19] and M-AUSMPW+ method [20] for
MHD. They have demonstrated that the base AUSMPW scheme was unstable for the calculation
of discontinuities in some 1-D Riemann MHD problems. Because of that, they have included the
effect of magnetic pressure in the calculation of the weighting functions. Like the aforementioned
Lax–Friedrich’s TVD and HLL methods, this approach does not need to know the full structure of
the MHD equations. This formulation is mainly based on the fast wave speed, and, because of that,
the level of complexibility of its implementation is not so high as in the original characteristic-based
methods. At the same time, like all AUSM-based methods, it proves to be very accurate and stable
for shock wave calculations.

A pressure-correction method for all Mach MHD equations was presented by van der Heul et al.
[21]. This method is based on a nondimensional formulation of the MHD equations that is based on
the Mach number. However, this formulation was only tested for a restricted number of test cases
and requires a more complete level of validation.

A problem that arises in the numerical calculation of multidimensional MHD is satisfying the
r � B D 0 constraint. Brackbill and Barnes [22] have shown that even if this constraint is fully
satisfied in the first time level, errors related to space and time discretization can result in a nonzero
divergence of the magnetic field later in the calculation. Several methods were introduced to handle
this question. One solution is the projection method originally mentioned by Brackbill and Barnes
[22], which is similar to the projection methods developed for incompressible fluid dynamics solvers
to ensure that r�UD 0, as imposed by the continuity equation. Another technique is the constrained
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transport method, proposed by Evans and Hawley [9], in connection with a finite difference dis-
cretization on a staggered grid that ensures that the solenoidal constraint is satisfied with machine
precision accuracy. Tóth [23] adapted this constrained transport technique to finite volume methods
that do not rely on the use of a staggered grid.

An alternative simpler approach would be the introduction of source terms proportional to r � B
in the MHD equations as in the work of Powell et al. [24]. However, Janhunen [14] have tested
this approach to low-ˇ plasmas and noticed that the introduction of these nonconservative terms in
the momentum and energy equations can lead to negative thermodynamic pressures. He suggested
that the source terms should be removed from these equations and only keep a nonconservative
formulation in the induction equation. An excellent review and comparison between all of the pre-
vious methods can be found in [23]. We have chosen a different approach that was proposed by
Dedner et al. [25]. They have found a way of coupling the r � B D 0 constraint with the induction
equation by means of a scalar function through a gradient term. After solving a hyperbolic/parabolic
equation for the new scalar function, the errors can be advected at a maximal speed and damped
locally using a proper dissipative coefficient.

In the present paper, we present and discuss an arbitrary Mach number MHD solver on the basis
of the PISO method, a well-known pressure-correction method. This new solver is an extension of a
previous method, which we have devised for the Euler equations [26], to the compressible and ideal
MHD equations.

In the next section, we present the governing equations, and in Section 3, the numerical method
is described in detail, together with the algorithm that couples all the unknown variables involved.
The special technique proposed by Dedner et al. [25] to remove the numerical errors arising from
the lack of satisfaction of Gauss law for the magnetic field is also briefly described.

In Section 4, four different sets of test cases are considered for validation. The first comprises 1-D
and 2-D circularly polarized Alfvén waves, with the purpose of validating our method for smooth
flows at low Mach number (Ma� 0.2). The second set is a 1-D Riemann problem, which is tackled
using the 1-D and the 2-D formulation of the MHD equations (obtained by rotating the flow domain).
This test case will allow us to validate the algorithm for high Mach number flows possessing discon-
tinuities in both velocity and magnetic fields. The third test case is the Orszag–Tang vortex, which
is a standard 2-D case for MHD schemes, and we use this case to compare our results with those
obtained with a density-based method. The final test case is the calculation of a low-ˇ plasma flow
over a perfectly conducting cylinder, were we can see the effect of plasma ˇ and incoming velocity
in the occurrence of exotic MHD discontinuities.

2. GOVERNING EQUATIONS

Magnetohydrodynamics is related to the interaction of a conducting moving fluid with one or more
magnetic fields. This interaction can be described by the MHD equations, which couple the magnetic
field, given by Maxwell equations, with the flow of a conducting fluid, ruled by the Euler equations.
The MHD equations for a perfectly conducting fluid, written in a conservative form, are given by
the following:
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with the magnetic field subjected to the following Gauss law:

r �BD 0. (5)

This system expresses the conservation of mass (1), momentum (2), total energy (3), and prop-
agation of the magnetic field (4 and 5). We have chosen units such that the vacuum magnetic
permeability (�0) becomes equal to unity. A global pressure can be defined by the sum of the
mechanical and magnetic pressures as follows:

pG D pC
B �B
2

. (6)

In the algorithm proposed here, the mechanical pressure, p, is calculated indirectly via an equation
assembled using both the continuity (Equation (1)) and the momentum (Equation (2)) equations,
following standard practices of pressure-correction algorithms. Temperature is a derived quantity
and is obtained through an equation of state as follows:

T D
1

cv
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²
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�

³�
. (7)

3. NUMERICAL METHOD FOR MULTIDIMENSIONAL MAGNETOHYDRODYNAMICS

In the following subsections, we describe the method devised for solving the multidimensional
MHD equations of the previous section. Firstly, we explain how the set of conservative fluxes
are calculated using a modified version of the AUSM method especially developed for the MHD
equations. Secondly, we briefly describe the numerical technique used to guarantee that the con-
straint given by r � B D 0 is satisfied at all times. Finally, all the steps of the solution algorithm
that couples the dependent variables are outlined and discussed in detail. We make use of the Open
Field Operation and Manipulation package as a developer tool for our new code. The Open Field
Operation and Manipulation code is an object-oriented numerical simulation toolkit for continuum
mechanics, written in C++ language, released by Silicon Graphics International Corporation. The
main advantage of this tool is that it is open source, thus allowing the user to modify the source code
and take advantage of contributions from a worldwide community.

3.1. Conservative fluxes

The AUSMPW-MHD [18] technique allows us to calculate the set of conservative fluxes that
are then assembled as the MHD system of discretized equations. For 3-D flow, exhibiting varia-
tions along the x�, y� and ´�directions, the system of equations can be written in the following
conservative form:
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, (8)

where H is the state vector for the conservative variables and Fx,y,´ represents the flux vectors in
each direction. These are given by the following:
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with Fy and F´ obtained by permutation of indices. The global pressure and total energy are given
by the following:
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, (10)
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Using the AUSMC method of standard gas dynamics, we can calculate the flux function at any cell
face (index f ) as follows:

Ff D af
�
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�
, (12)

where af is the common speed of sound, � D .�, �U, �e/T and P D .0,p, 0/T . The subscripts
L and R denote the left and right-side face contributions, and M˙

4 and P˙5 are the Mach number
interpolation functions. In a previous paper, dealing with pure fluid flow without magnetic interac-
tion [26], we described a method that use these interpolation functions to obtain cell face values of
velocity and pressure, and a PISO-type algorithm was then applied to the Euler equations at arbi-
trary Mach numbers. The purpose here is to devise a similar method of assembling the fluxes for the
MHD system of equations.

The AUSM method was developed specifically for gas dynamics, using the appropriate charac-
teristic speeds, and it is not readily applicable to MHD flow. The main issue is that the ideal MHD
equations have seven different characteristic speeds, instead of three as in Euler equations. So, to
properly scale the Mach number interpolation functions, we adapted to our method the weighting
functions of Han et al. [18], which take into account the magnetic field. The scaled NM˙

4 are then
given by the following:
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where f and w are functions of the global pressure defined by the following:
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In addition, the interface Mach number needs to be calculated with the fast magnetosonic speed,
and not with the standard sound speed as in the AUSMC method. That is, the left and right states of
the Mach number become the following:

ML,R D
UL,R

cf
, (19)

with the common magnetosonic fast speed at the cell face calculated as follows:
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where aL,R are the left and right states of the speed of sound at the cell interface, and Bn D OSf �B is
the normal component of the magnetic field.

3.2. Treatment of the r �BD 0 constraint

In multidimensional MHD flow simulations, special care needs to be taken to ensure that the
r � B D 0 constraint is satisfied or, at least, that its value is small. It has been demonstrated by
Brackbill and Barnes [22] that, even if the solenoidal condition is satisfied at the initial time step,
numerical errors related to time and space discretization are magnified, as a result of the following
evolution equation for r �B:

@

@t
.r �B/D 0CO .�xm,�tn/ , (23)

with m,n > 1. To handle this problem, we apply the hyperbolic/parabolic divergence cleaning
method suggested by Dedner et al. [25]. Their proposal was to couple the r � B D 0 constraint to
the evolution equation for B by means of a scalar function ‰, through a gradient term,
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So, an additional equation needs to be assembled and solved for this scalar ‰; in our case, we have
implemented the following hyperbolic/parabolic equation:
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This equation implies that the errors associated tor�B are convected by the ch speed and, at the same
time, are damped by the dissipation coefficient cd . The ch speed is determined by the following:
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where d is the cell size and Uf D cf
�
NMC
4 C

NM�
4

�
is the cell face velocity. With this approach, ch

is the maximum speed that is compatible with the CFL number. The dissipation coefficient is given
by the following:

cd D

s
��t

c2
h

ln.cr/
, with 0 < cr < 1, (28)

and in all calculations, we set cr D 0.9.

3.3. Description of the algorithm

The algorithm proposed is based on the PISO method of Issa [27]. In a previous paper [26], we
described the first version of the algorithm that was then applied to solve the Euler equations at
arbitrary Mach numbers. In the present work, we explain the steps required to extend that algo-
rithm to the solution of the ideal MHD equations. A segregated approach is followed consisting of
successive prediction and correction steps, with values obtained at a previous time step denoted with
n, and consecutive predictions and corrections denoted with *,**,***.

3.3.1. Prediction step. In this first step, all nodal values are assumed to be known at the previous
time level n. The interpolation Mach number functions are calculated at the beginning of each time
step using Equations (13) and (14). With these functions, we calculate the fluxes for the following
3-D MHD equations:
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Here, Bf D SxBx C SyBy C S´B´, with Sx , Sy , and S´ being the cell face area components, and
NBf D .Bf ,L C Bf ,R/=2; see [18] for more details. Because we are using PISO as the base pres-

sure/velocity algorithm, we need to remove the magnetic pressure from the global pressure. In this
way, we can obtain the face value of the thermodynamic pressure, which is required in the pressure
gradient term of the following momentum equation (see [26]):

pnf D PC5 pnLCP�5 pnR. (31)

The first equation to be solved is an explicit version of the continuity equation, on the basis of the
mass flux mf that was previously assembled with the AUSM-MHD method (Equations (29) and
(30), first line). The solution of this equation gives us a predicted value of density,
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After this, an explicit equation for each component of the magnetic field is solved,
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where the subscript i represents the multiple components of vector B (i D x,y, ´). For 1-D flows,
with variations along the x-axis, to satisfy the r � B D 0 condition, we must impose Bx D const .
To obey this condition, we neglect the Bx equation and just solve for By and B´. Equation (34) is
based on fluxes that were calculated previously with the AUSM-MHD method (Equation (35)) and
their solution give predicted values of B�x , B�y , and B�´ .

Predicted values of the velocity field, U�, at the present time step are obtained by solving explicit
momentum equations for each direction,
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The pressure gradient and the magnetic field terms are treated in an explicit way using the pre-
dicted magnetic field values B�x , B�y , B�´ (from Equation (34)), and the face values of pressure are
calculated with Equation (31). The discretized momentum equation for U� is given by,

aUPU� DH.Un/�rpnf , (38)

where aUP is the central velocity coefficient and the operator H.Un/ is built using the convective
terms of neighbor cells to P , the magnetic explicit terms, and the explicit part of the time derivative
as follows:
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The last equation to be solved, before the PISO correction cycle, is an equation for the total energy,
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followed by a temperature, T , update using the equation of state,
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With this, this new temperature, new values of the compressibility coefficient are evaluated,  � D
1=RT �, and density is updated, ��� D  �pn.
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3.3.2. Correction step. The H.Un/ operator gives an intermediate velocity field that does not take
into account the effect of pressure (see [26] for more details). Mach number interpolation func-
tions are calculated once again inside the PISO cycle, with the AUSM-MHD method. These new
functions serve to calculate the sonic flux to be used in the pressure equation,
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�
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�
LC
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4 
�
R

�
. (43)

This pressure equation is built and solved using the previously obtained values for compressibility,
 �, and density, ���, as follows:

@. �p�/

@t
Cr �

�
F �s p

�
�
�r �

�
���

aUP
rp�

�
D 0, (44)

and gives the predicted value for the pressure, p�. The velocity field is corrected in an explicit
way using the new pressure gradient and the first predicted velocity. The pressure gradient is again
calculated with the pressure face value calculated using interpolated Mach number functions,

U�� D
H.Un/�rp�

f
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. (45)

Finally, density is corrected again using the equation of state ���� D  �p�. This cycle should be
repeated until the continuity equation is satisfied, and in all calculations, we have used two correction
steps.

4. TEST CASES

In the following subsections, we present some of the test cases used for validation. First, we calculate
the circularly polarized Alfvén waves using 1-D and 2-D formulations. With this test case, we intend
to validate our solver for smooth flows. Then, we consider several MHD cases with discontinuities
in both the velocity and the magnetic fields. For that purpose, the rotated 1-D Riemann problem, the
Orszag–Tang vortex problem, and the low-ˇ cylinder are computed.

4.1. Circularly polarized Alfvén waves

The first set of test cases allows us to validate the accuracy of our method for smooth flows. These
test cases are standard problems for MHD schemes [23, 28], and they offer analytical solutions of
the MHD equations for arbitrary amplitudes. They can be calculated using a 1-D formulation of
the MHD equations in a 1-D grid. But it is also possible to rotate the geometry at an angle ˛ with
respect to the x-axis, and in this case, the problem requires a 2-D solution.

The boundary conditions are periodic with x 2 Œ0I 1� for the 1-D case, and with .x,y/ D
Œ0I 1= cos˛� � Œ0I 1= sin˛� for the 2-D case. The initial conditions are the following: � D 1;
� D 5=3; Uk D 0; Bk D 0; U? D B? D 0.1 sinŒ2�.x cos˛ C y sin˛/�; U´ D B´ D
0.1 cosŒ2�.x cos˛C y sin˛/�.

The Alfvén speed is jUAj D Bk=
p
� D 1, and, in this case, at t D 1Œs�, the flow is expected to

return to is initial state. The x and y components of the magnetic field are given by the following:
Bx D Bk cos˛�B? sin˛; and By D Bk sin˛CB? cos˛ (similarly for velocity). As expected, for
1-D flow, Bx D Bk and By D B?.

In Figure 1, we present the results obtained for the magnetic field components. These are for the
1-D case (˛ D 0) with grid resolutions of N D 128, N D 64, N D 32, and N D 16, and the
profiles of the By and B´ magnetic components are shown after five periods. We see that regarding
the wave amplitude, even the lower grid resolution results agree well with the initial reference solu-
tion, which was obtained with the finer grid. If we compare these same results with those obtained
using density-based solvers described in literature (see, for example, the results obtained by Tóth
[23]), then we can see that, for a low grid resolution, the wave damping is generally quite severe, a
feature that is absent in our case. However, our results do present a small phase error that is almost
completely removed when the grid resolution is increased.
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Figure 1. Results obtained for the By and B´ components of the magnetic field, calculated with three
different grid resolutions. The continuous line shows the initial distribution calculated on the N D 128 grid.
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Figure 2. Results obtained for the perpendicular,B?, and theB´ components of the magnetic field after five
periods projected against a vector parallel to direction of wave propagation. The full line shows the initial

distribution calculated on the N D 64 grid.

The second test is the corresponding 2-D case, which is solved on a N � N grid making an
angle ˛ D 30ı with the x-axis. We have performed this test with three successive grid resolu-
tions: N D 64, N D 32, and N D 16. In Figure 2, we present the results for the perpendicular
(B? D By cos˛ � Bx sin˛) and ´-components of the magnetic field vector projected against a
vector parallel to the direction of the wave propagation rk D x cos˛ C y sin˛. We plot the solu-
tion obtained after five periods using the three grid resolutions, and for comparison, we also show
the initial solution on the finest N D 64 grid. This figure demonstrates that, on the finest grid, the
magnetic field returns to is initial state, as expected. We can see that the wave amplitude is again
maintained. Although more tests are needed, these results are a good indicator that the all Mach
pressure-based solver, presented here for the MHD equations, is fulfilling its purpose.

To verify that the proposed algorithm achieves second-order convergence in space, we performed
a grid convergence study for the 1-D and 2-D cases. In both cases, four different grid resolutions
were used: N D 16, N D 32, N D 64, and N D 128. The order of accuracy of the method was
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estimated using the average of the relative error for the perpendicular component of the magnetic
field calculated with the L2 norm:

kehkL2 D
1

n

nX
iD1

s
.Bi �Bi ,0/2

B2i ,0
, (46)

were Bi ,0 is the value obtained with the finest grid for the perpendicular component of B at the
initial time level, and n represents the number of points that were used in the average calculation. In
Figure 3, we present the plots for the relative errors calculated with the L2 norm on a log-log scale,
where the cell spacing is given by either hD 1=N for the 1-D case, or 1= cos˛=N for the 2-D case.
For comparison, we also plot the second-order slope. We can observe that the relative errors in both
plots decay in a second-order manner, as the grid is refined. This was expected because the Alfvén
wave is a smooth test case without any discontinuities in the solution, and the formal order of the
method should be retained by the numerical approximation. In the presence of discontinuities, it is
expected that the actual order of convergence is reduced.

4.2. Rotated shock tube

In this section, we discuss the results for the 1-D Riemann problem in a 2-D perspective. In [23],
it was shown that the 1-D shock tube problem can be converted to a 2-D problem using a N � 2
grid if the discontinuous interface lies at an angle ˛ to the y-axis. The computational domain is a
narrow strip with .x,y/ D Œ0, 1� � Œ0, 2=N �, and the rotation angle is ˛ � 63, 4ı. For the superior
and inferior borders, we have imposed shifted periodic boundary conditions, and for the remaining
borders, all variables were fixed, see Figure 4. All interpolations required relied on the high
resolution Minmod limiter scheme.

Two different test cases were calculated. The first problem (Case A) is a 2.5-D solution of the
rotated 1-D Riemann problem, and the second (Case B) test case is the classic Brio-Wu [12]
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Figure 3. Spatial error obtained with the L2 norm as function of cell spacing h, for the perpendicular
component of the magnetic field calculated (a) for the 1-D case and (b) for the 2-D case.

Figure 4. N � 2 grid for the rotated shock tube problem. The periodic boundary conditions are shifted four
cells in each direction.
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shock tube, which is the MHD version of the gas dynamic Sod shock tube. The initial values for the
left and right states are the following:
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Figure 5. Results for the 2.5-D solution of the rotated Riemann problem (square symbols), compared with
a 1-D reference solution calculated on an N D 1024 grid (lines). The various plots show the following: the
perpendicular, the parallel (Bk D Bx cos˛ C By sin˛, with the same for velocity) and (a, c, and e) the ´

components of velocity and (b, d, and f) magnetic fields; density; pressure; and divergence of B.
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For the adiabatic index, we have used � D 5=3.
In Figure 5, we present results obtained for the Case A at t D 0.2 cos˛, and in Figure 6, we present

the results for the Case B at t D 0.1 cos˛. Both sets of plots show results for the 2-D solution
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Figure 6. 2-D Results for the Brio-Wu solution of the rotated Riemann problem (square symbols), compared
with a 1-D reference solution calculated on an N D 1024 grid (lines). The plots show the following: (a and
c) the perpendicular and parallel components of velocity, and (b and d) magnetic fields; (e) density; (f)

pressure; and (g) divergence of B.
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compared with a high resolution 1-D solution (N D 1024). It is clear that the 2-D results look
somewhat more diffused when compared with the 1-D reference solution for this N D 256 grid res-
olution. This feature can be explained because, as noticed by Tóth [23], using anN�2 grid approach
to mimic a 2-D situation give an effective resolution three times lower than that on an N �N grid
for the same value of N . Nevertheless, such a procedure turns out to be more economical, and it
is possible to check that our 2-D results capture the correct physics of the problem. In Case A,
flow features from left to right (Figure 5): fast shock; rotational discontinuity; slow shock; contact
discontinuity; slow shock; rotational discontinuity; and fast shock. In Case B, the flow exhibits the
following discontinuities, also from left to right (Figure 6): fast rarefaction; slow compound; contact
discontinuity; slow shock; and fast rarefaction. We notice that the divergence of B only exhibits clear
nonzero values close to the discontinuities in the perpendicular component of B, thus supporting the
present treatment of that constraint.

4.3. Orszag–Tang vortex

The third test case is the Orszag–Tang vortex, which is a well-known 2-D test case for MHD schemes
[6, 13, 23, 28]. Starting from smooth initial conditions, this test case leads to a system of complex
MHD shocks, making this problem an ideal test for assessing the ability of the method to handle
the complex interaction of several MHD discontinuities included in the evolution of the vortex.
The computational domain is a square box with .x,y/ D Œ0I 2�� � Œ0I 2��, and periodic bound-
ary conditions are applied everywhere. The initial conditions are given by the following: � D �2;
Ux D � siny; Uy D sin x; U´ D 0; Bx D � siny; By D sin 2x; B´ D 0; p D � ; � D 5=3. In
this case, the CUBISTA [29] scheme was used for variable interpolation. This interpolation scheme
is very robust and accurate in the calculation of discontinuities, however, when applied with the
AUSM schemes in the presence of very strong shock regions becomes too much compressive and
produces some overshoots; we prefer then to use more dissipative schemes like the Minmod limiter
applied in Section 4.2. This particular issue was also noticed by different authors, for example, [19].
The present problem was calculated on an N �N grid using three different resolutions (N D 200,
N D 400, and N D 800).

In Figure 7(a), (b), and (c), we present the predicted results in terms of pressure contour lines
calculated at t D � on the three grids. Careful inspection of these plots allows us to infer that the
MHD shock interaction is calculated with accuracy for all values ofN . Additional more quantitative
comparison requires data from other sources. In this case, we have chosen to compare our results
with those obtained by Miyoshi and Kusano [6]. These authors provide suitable data for compar-
ison because their choices for length and time units were the same as ours, and in addition, their
method was very efficient and accurate for the computation of ideal MHD equations. Such compar-
ison is presented in Figure 7(d) that show the pressure distribution along the line y D 0.64� . We
see that our method performs well, and the data of [6] is replicated with accuracy, although some
discrepancies are observed in the initial part of this particular pressure profile. Miyoshi and Kusano
did mention that more dissipative schemes tend to give such type of discrepancy, which are more
noticeable in the two larger discontinuities, where the Roe scheme used by those authors seems to
present sharper shock wave resolution.

4.4. Low-ˇ plasma flow over a perfectly conducting cylinder

The gas dynamic version of this test case was already computed with our previous pure Euler
method, see [26] for more details. Here, we intend to study the MHD version, for a low-ˇ perfectly
conductor plasma, over a perfectly conducting cylinder. This case has a physical meaning because
it can be seen as a 2-D version of the interaction between solar winds with a magnetosphere. The
plasma parameter ˇ D 2p=B2 relates pure gas dynamic and magnetic forces; namely, for ˇ >> 1,
the pure gas dynamic forces (namely, the pressure) govern the flow, and for ˇ << 1, the flow is
controlled by magnetic forces.

This test case was extensively tested by Sterck et al. [30], who have discussed all possible
types of discontinuities that can arise from the MHD equations. Using a pure analytical approach,
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Figure 7. Numerical results for the Orszag–Tang vortex at t D � . Pressure contour lines calculated on grids
with: (a) N D 200; (b) N D 400; (c) N D 800. (d) Comparison between current predictions and results by

Miyoshi and Kusano [6] with a Roe-type solver, for the section a-a defined in (a).

they have also proved that the intermediate shocks, which can be generated by this case, have a
physical meaning.

Regarding the solution domain, we have a similar mesh as in [26]. The flow was only computed
on the upper left quadrant for three grid resolutions successively refined: 120� 120, 240� 240, and
480� 480. The structured grid is stretched, elliptic polar-like, extending from x D 0 to x D �0.35
in the x-axis, and from y D 0 to y D 1.4 in the y-axis. This case has a steady state solution that
is uniquely determined for given inlet plasma parameter ˇ and inlet Alfvén Mach number, see [30].
The initial flow, incoming from the left, is aligned with the magnetic field and faces a perfectly con-
ducting circular obstacle. We have used the same values for the parameters as Sterck et al.: for the
plasma beta, ˇ D 0.4; and for the Alfvén Mach number, MAlfv Ken D 1.5. To obtain those values, the
relevant physical properties were the following, at inlet: � D 1 , Bx D 1, p D 0.2 e Ux D 1.5. We
have imposed typical supersonic boundary conditions, with, at inlet, all variables being specified
and, at the outlet, all variables being extrapolated from the interior of the solution domain. In this
test case, because of the strong shock wave region, we have used the Minmod limiter for variable
interpolation.

In Figure 8(a), (b), and (c), we present the Mach number contour lines calculated with the three
grids resolutions. The bottom Figure 8(d), (e), and (f) show a detail of the results near the cylinder
wall, with the same contour plots and including the magnetic field lines. Using these lines and the
discontinuities as guide, we can actually point each one of the possible MHD shocks that may arise
in this particular problem. We can see intermediate shocks when the direction of By changes in the
downstream region to the shock wave. Other types of MHD shocks that may be identified from such
plots are the fast switch-on shocks and the slow switch-off shocks. In the fast switch-on shocks,
the By component vanishes in upstream region of the discontinuity and By ¤ 0 in the downstream
region, so the tangential component of B is switch-on. In contrast, in the slow switch-off shocks,
By vanishes in the region downstream of the discontinuity. We can see that, once again, our method
can calculate those MHD discontinuities with a good level of accuracy.
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(a) (b) (c)

(d) (e) (f)

Figure 8. Mach number results obtained for the cylinder flow using the three grid resolutions: (a and d)
120� 120; (b and e) 240� 240; and (c and f) 480� 480. Plots (d), (e), and (f) show a detail of the solution

including magnetic field lines, as they interact with the discontinuities.

5. CONCLUSION

In the current paper, we have presented in some detail a pressure-based method for the solution of
the ideal MHD equations and have discussed the results obtained when the method is applied to sev-
eral cases. The test results for the Alfvén waves show a small phase error. However, we have proved
that this new algorithm is more accurate in what regards the calculation of the wave amplitude, in
particular when compared with density-based solvers currently found in the literature.

On the other hand, the results for the shock tube problem have clearly demonstrated that the
new pressure-based algorithm can compute highly compressible MHD flow, including the com-
plex discontinuities that are associated with this hyperbolic system of equations. The results for the
Orszag–Tang vortex and the low-ˇ cylinder problem have shown that the new formulation is able to
capture the complex physics of shock wave interaction found in these representative MHD problems.
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Further, regarding accuracy, the method proposed is shown to be competitive when compared
with other solvers, which have proved to be highly accurate in the calculation of compressible
MHD flows.
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