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Steady and unsteady laminar flows in a planar 2D T-junction, having a dividing or bifurcating flow
arrangement (one main channel with a side branch at 90�), are studied numerically for non-Newtonian
inelastic fluids whose rheological characteristics are similar to those of blood. These computational fluid
dynamics simulations explore a wide range of variation of inertia (through the Reynolds number, Re),
flow rate ratio (proportion of extracted to inlet flow rates, b) and shear thinning (the power-law index
of the model, n), and investigate their influence on the sizes and intensities of the recirculating eddies
formed near the bifurcation, and on the resulting distribution of the shear stress fields. Such flow char-
acteristics are relevant to hemodynamics, being related to the genesis and development of vascular dis-
eases, like the formation of atherosclerotic plaques and thrombi near arterial bifurcations.

To represent the decay of viscosity with shear rate we apply the Carreau-Yasuda equation, one of the
most utilized Generalized Newtonian Fluid model in blood simulations. In many comparisons of the pres-
ent parametric study it was require that the level of inertia was kept approximately the same when n was
varied. This implied a consistent definition of Re with the viscosity calculated at a representative shear
rate.

� 2012 Elsevier Inc. All rights reserved.
1. Introduction

T-junction flows are of great importance in many situations in
engineering and bio engineering applications. In engineering appli-
cations, many of the previous studies were mainly aimed to quan-
tifying the pressure losses through the two branching arms in
single-phase Newtonian (Costa et al., 2006) and two-phase flows
(Doherty et al., 2009), or understanding the complex flow patterns
resulting from 3D effects, as in hydraulic side-diversion channels
(Neary and Sotiropoulos, 1996; Neary et al., 1999; Louda et al.,
2011). More recent interest in microfluidics has revived the study
of both T- and Y-junctions, an illustrative example being the exper-
imental/numerical work of Balan et al. (2010). Bio engineering
applications are well illustrated by the hemodynamical circulatory
system, in which blood flows along successive levels of arterial
bifurcations producing highly complex flow patterns that promote
the appearance of regions with flow separation and recirculation.
The relevance of numerical CFD investigation to hemodynamical
flow bifurcations is granted by the known fact that the occurrence
of cardiovascular diseases tends to be concentrated near the
branches of arterial bifurcations (Ku et al., 1985; Debakey et al.,
1985). These diseases are the major cause of premature death in
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most European populations and are an important source of disabil-
ity, contributing in large part to the escalating costs of health care
(de Backer et al., 2003).

The most common manifestation of arterial disease is athero-
sclerosis which is now considered an inflammatory disease (Ross,
1999; Crowther, 2005). Since the location of atherosclerotic pla-
ques tends to occur in regions of arterial bifurcations where the
flow is very complex and possesses large shear stress gradients,
both high and low shear stresses were initially considered to be
the main contributor to the generation of the disease. Fry
(1969) and Joris et al. (1982) have suggested that high shear
stresses were more relevant in promoting the damage of the ar-
tery walls and thus facilitating the passage of blood constituents
to the inside of the surrounding tissues. On the other hand Caro
et al. (1971) offered a different explanation and have implied that
it is in areas of arterial walls where the mean shear stresses are
low and where in addition the velocities are also reduced, like
in recirculation zones, that the development of atheromas are
predisposed, because the residence time of blood cells in these
places is longer and allows for their adhesion and displacement
to the endothelium wall, initiating an atherosclerotic plaque for-
mation. Several subsequent studies have tried to decide on which
of these theories was valid. Zarins et al. (1983) and Ku et al.
(1985) confirmed the observations of Caro et al. (1971) and
showed that there exists a definite tendency for the occurrence
of atherosclerotic lesions in areas where shear stresses have low
magnitudes.
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However more recent studies, like Berger and Jou (2000) for
example, indicate that both the spatial and the temporal wall shear
stress gradients are more relevant than their magnitudes to corre-
late with atherosclerotic plaques location. In laminar flows the
endothelial cells are aligned with the flow direction, while areas
of disturbed flow where the shear stress is oscillatory do not have
a definite orientation and a strong organization of those cells
(Chien, 2008), thus stimulating the inflammatory process
(Cunningham and Gotlieb, 2005), which increases the macromole-
cules permeability and migration into the arterial wall (Hsiai et al.,
2003), and leading finally to the atherosclerotic plaque formation
(Crowther, 2005).

Since the process of atherosclerotic plaque formation is directly
related to the existence of oscillatory shear stress, the numerical
investigation of unsteady blood flows in arterial bifurcations is
essential for a better understanding of its genesis. An important as-
pect here is to have fundamental knowledge on the behaviour of
the recirculation eddies, which are generated by the flow distribu-
tion in the bifurcation area and are characterized by low shear
stresses in their interior, while high shear stresses develop in the
boundary separating them from the main flow. Such combination
leads to large stress gradients and high local oscillations of their
magnitudes in space and time when the recirculation sizes vary
with inertia, flow rate ratio, time or other variable.

Blood is a non-Newtonian fluid showing a shear-thinning vis-
cosity and, in small blood vessels where the shear rates are com-
monly lower than 50 s�1 (Stuart and Kenny, 1980), it is also
thixotropic and viscoelastic (Owens, 2006; Miranda et al., 2008).
In large blood vessels where the shear rates are higher, blood can
be modelled as a Newtonian fluid, typically for shear rates above
500 s�1 (Long et al., 2005). Recent numerical works involving sim-
ulations of vascular dynamics in branching flows where blood was
considered a Newtonian fluid are exemplified by the studies of Tsui
and Lu (2006), in symmetrical Y and T bifurcations, and Chitra et al.
(2009), in more complex cavo-pulmonary connections (having 2
entries and 4 exits).

The present paper is targeted to the study of non-Newtonian
shear thinning viscosity effects on the flow through a planar T-
junction, while the viscoelastic effects are planned for a future
study. An earlier contribution which served as a motivation for
our study was the work of Miranda et al. (2008), who essentially
looked to steady and periodic flows of Newtonian fluids through
a similar bifurcation geometry and obtained results in close agree-
ment with previous experimental measurements and also with
simulations of Liepsch et al. (1982), Khodadadi et al. (1986,
1988) and Khodadadi (1991). In particular, their results for the size
and intensity of the recirculation zones formed near the bifurcation
have controlled accuracy and may be considered benchmark data;
Moshkin and Yambangwi (2009) have replicated some of that data
in a numerical study where the purpose was to implement pres-
sure boundary-conditions at outlets, instead of the flow rate split
that we impose. Miranda et al. (2008) examined a single case of
non-Newtonian flow and left open a route of investigation dealing
with the analysis of other fluid characteristics, such as the level of
shear-thinning, upon the flow patterns around the bifurcation.

Two dimensional simulations are deemed adequate to repre-
sent actual 3D situations when the aspect ratios of the ducts form-
ing the T-junction are large, as in the experiments of Liepsch et al.
(1982) and Khodadadi et al. (1986) mentioned above for which the
aspect ratio was 8 (depth:width = 80 mm:10 mm).

In comparison with the work of Miranda et al. (2008) that pre-
cedes this one, we looked into the influences of inertia
(50 6 Re 6 1000, with steps of 50), flow rate ratio (0.1 6 b 6 0.9,
with steps of 0.1) and shear thinning (0.1 6 n 6 1.0, with steps of
0.1). More precisely, when considering a constant flow rate ratio,
its value was taken as b = 0.7 and the Reynolds number was varied
for a range of values (0–1000), and when considering constant
inertia, the Reynolds number was Re = 102 and the flow rate ratio
b was varied from 0.1 to 0.9. Regarding the unsteady simulations,
inertia was kept constant at the standard value Re = 102, like in
Khodadadi (1991) and Miranda et al. (2008), and shear thinning
was varied at constant flow rate ratio (b = 0.7), while this parame-
ter b was varied at constant shear thinning (n = 0.3568).

The simulations with Newtonian fluids are compared to simula-
tions with non-Newtonian cases at a given Reynolds number ob-
tained under a consistent manner in order to keep inertia
effectively constant. In this way it was possible to reach definite
conclusions on the competing effects of inertia, shear thinning
and extraction ratio for either Newtonian or non-Newtonian flows
in the T-junction.

2. Governing equations

For the simulation of incompressible and isothermal, laminar,
time-dependent flows, the equations to be solved are those
expressing conservation of mass (Eq. (1)) and of linear momentum
(Eq. (2)):

$ � u ¼ 0 ð1Þ

q
@u
@t
þ $ � ðuuÞ

� �
¼ �$pþ $ � s ð2Þ

where u is the velocity vector, p is the pressure, q is the fluid den-
sity (constant) and s is the stress tensor. The stress tensor in Eq. (2)
is specified by a rheological constitutive model which depends on
whether the fluid is Newtonian or non-Newtonian (inelastic).

For Newtonian fluids the stress tensor follows the Newton law
for viscosity expressing a linear and explicit stress–strain rate
relationship

s ¼ gN _c ð3Þ

where _c ¼ ð$uþ $uTÞ is the shear rate tensor and gN is the Newto-
nian fluid viscosity (gN = 0.0084 Pa s, to replicate the experiments of
Khodadadi et al. (1988); the important point is that this viscosity
gives Re = 102 for the base case, as in Miranda et al., 2008). For
non-Newtonian inelastic fluids the viscosity g is a function of shear
rate magnitude ( _c ¼ j _cj ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1
2

_c : _c
q

) and Generalized Newtonian Flu-
ids (GNF) were used to express the rheological constitutive
equation:

s ¼ gð _cÞ _c ð4Þ

In the latter case the Carreau-Yasuda equation (Yasuda et al., 1981)
is chosen as a model to represent the viscosity variation with shear
rate:

g ¼ g1 þ ðg0 � g1Þ½1þ ðk _cÞa�
n�1

a ð5Þ

In Eq. (5), g0 and g1 are the zero and infinite shear rate viscos-
ities, k is a time constant representing the inverse of the shear rate
at which the viscosity starts decreasing, n is the power law expo-
nent (when n = 1 the fluid is Newtonian and g = g0) and the param-
eter a represents the width of the transition region between g0 and
the power-law region. The values assigned to these parameters
expressing the fluid viscosity (Table 1) are the same as in the rhe-
ological model followed by Banerjee et al. (1997) who adjusted the
Carreau-Yasuda model to the experimental curves of viscosity of
blood versus shear rate published by Cho and Kensey (1991).

Although the zero shear rate viscosity of the Carreau-Yasuda
model defined in Table 1 is different from the Newtonian viscosity
gN used in this work, and in previous works which served as the
basis for the present study (Khodadadi et al., 1988; Khodadadi,
1991; Miranda et al., 2008), it is worth realizing that under what



Table 1
Parameters of Carreau-Yasuda model for blood (Banerjee et al., 1997).

Parameter

Power law exponent (n) 0.3568
Carreau parameter (a) 2
Zero-shear viscosity (g0) 0.056 Pa s
Infinite-shear viscosity (g1) 0.00345 Pa s
Time constant (k) 3.313 s
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were taken as the standard conditions in the cited works (namely:
Re = 102 and b = 0.7), the viscosity obtained through the Carreau-
Yasuda model after the calculation of the mean shear rate, as the
ratio between the mean velocity (�u1 ¼ 0:0745 m=s for Re = 102 in
a Newtonian flow) and the half height of the channel
( _c1 ¼ �u1=ð0:5HÞ), are similar. In fact, at the inlet
_c1 ¼ �u1=ð0:5HÞ ¼ 14:9 s�1, with which is possible to obtain a vis-
cosity g1 = 0.00773 Pa s using Eq. (5) for the Carreau-Yasuda mod-
el. At the outlet in the secondary branch _c3 ¼ �u3=ð0:5HÞ ¼ 10:4s�1

and g3 = 0.00883 Pa s. These values of viscosity are close to the
Newtonian viscosity here employed (gN = 0.0084 Pa s) leading to
comparable results for the Newtonian and non-Newtonian cases.
3. Numerical method

The partial differential equations of the previous section (Eqs.
(1)–(4)) are discretized using the finite-volume method (e.g.
Ferziger and Peric, 2002), after being integrated in space over the
set of control volumes (cells, size Dx) forming the computational
mesh, and integrated in time over the finite time intervals or time
steps (denoted by Dt). This procedure results in several sets of lin-
earised algebraic equations, one for each independent variable
(u, p, s). In the present implementation all variables are stored at
the centre of the control volumes, the so-called collocated mesh
arrangement which requires special procedures to ensure ade-
quate coupling between the velocity and the pressure fields. This
goal is guaranteed through a particular technique based on the
Rhie and Chow (1983) interpolation method which permits to
achieve solutions independent of the time step value for steady
state flows (Issa and Oliveira, 1994). On the other hand the cou-
pling between the velocity and stress fields is obtained through a
similar technique developed by Oliveira et al. (1998), Oliveira
and Pinho (1999), and later modified by Matos et al. (2009) in or-
der to produce Dt-independent results, similarly to the velocity/
pressure coupling just mentioned.

The present version of the numerical method (Issa and Oliveira,
1994) employs general coordinates and indirect-addressing for
easy mapping of non-rectangular domains, such as the T-junction
domain here considered, together with the non-staggered mesh
arrangement.

The diffusive and the pressure gradient terms in the governing
equations are represented by central differences (having second-
order accuracy) while the convective terms are approximated by
the high resolution scheme CUBISTA of Alves et al. (2003), with
third-order accuracy in space for smooth flow and thus combining
relatively high numerical precision with better iterative conver-
gence characteristics. For the temporal discretisation of the unstea-
dy terms we apply the three-time level scheme described, among
others, by Oliveira (2001) which results in a discretization scheme
also formally possessing second-order accuracy.

The discretised sets of equations are solved iteratively and
sequentially using an algorithm based on the SIMPLEC of Van
Doormaal and Raithby (1984) that allows, through an iterative
pressure correction procedure, the coupling of the velocity and
pressure fields, in order to verify the continuity equation. In rela-
tion to the original SIMPLEC algorithm, the present algorithm is
able to simulate transient flows on non-staggered meshes, using
the time marching procedure described by Issa and Oliveira
(1994), which can be used also in steady flows as an alternative
to implement under-relaxation. Subsequently Oliveira et al.
(1998) included modifications in order to deal with the stress con-
stitutive equations of non-Newtonian viscoelastic flows.

Convergence of the iterative, time-marching process is obtained
when the normalized residuals of all variables are less than10�8.

4. Geometry, computational meshes and accuracy tests

The numerical simulations were carried out in a bifurcation
geometry having the shape of a T-junction (Fig. 1). It has a constant
and rectangular cross-sectional area, with the height of the chan-
nels being H = 0.01 m and the origin of the coordinate axes are lo-
cated at the central position in the bifurcation zone.

The minimum lengths of the bifurcation channels that guaranty
a fully developed flow at the outlets depend on the flow character-
istics and are obtained according to Shah and London (1978):

L
H
¼ 0:315

0:068 Reþ 1
þ 0:044 Re ð6Þ

This expression is only valid for Newtonian flows but it helps in
estimating the required geometry dimensions. The Reynolds num-
ber in Eq. (6), which is also used later when varying the flow iner-
tia, is defined as:

Re ¼ q�u1H
g

ð7Þ

where �u1 is the mean velocity at the inlet, q is the fluid density
(q = 1150 kg/m3) and g is the fluid viscosity. This viscosity is unam-
biguous for the Newtonian fluid (gN = 0.0084 Pa s) but requires fur-
ther discussion in relation to the Carreau-Yasuda model of Eq. (5), a
matter which is postponed to later in this section.

For either a maximum Reynolds number of 1000 or a typical va-
lue of 102 the channel lengths obtained through the Shah and Lon-
don expression are respectively L2 = L3 = 44H and L2 = L3 = 4.5H.
However, to be on the safe side and since the Shah and London
expression was only established for Newtonian flows, the channel
lengths were extended to L2 = L3 = 59.5H for the large Re cases
(namely for Re close to 1000), while the values L2 = 22H and
L3 = 20H, already used in previous studies (Miranda et al., 2008;
Matos et al., 2009), were maintained for the base case Re = 102.
Similarly, based on those previous works, the inlet duct length
was L1 = 3.0H at Re = 102 while for flows with higher inertia we
used L1 = 6H. We have checked that these assumed inlet lengths
yield results which are almost independent of the particular value
of L1, especially regarding the non-Newtonian cases for which the
inlet velocity profile is not exactly the same as the fully-developed
Newtonian solution (no exact solution is known for these cases).
When the Reynolds number is 500 and the power law exponent
is 0.3568, the recirculation lengths vary by only 0.8% when L1 is
changed from L1 = 6H to L1 = 12H. Other cases tested exhibit a var-
iation smaller than about 1.2% and therefore we can define L1 = 6H
as an adequate inlet duct length.

In the present simulation there are three types of boundary con-
ditions: inlets, outlets and solid walls. On the solid walls the no slip
boundary condition was imposed and the stresses were obtained
from local analytical expressions.

At the outlets, located at x = 22.5H and y = 20.5H, or x = 60H and
y = 60H, depending on the outlet channel lengths, Neumann
boundary conditions were used, forcing vanishing axial variation
for all variables (i.e. o/ox = 0 in the horizontal duct and o/oy = 0 in
the vertical duct), except pressure, for which a constant gradient
was assumed and the boundary value obtained by linear extrapo-
lation from inside.



Fig. 1. Bifurcation geometry.
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At the inlet (x = �3.5H or x = �6.5H), Dirichlet boundary condi-
tions were used, by imposing a parabolic velocity profile for the
steady state flows, while for transient flows the velocity profile is
pulsating and generated by a sinusoidal pressure gradient that,
as in Khodadadi et al. (1988) and Miranda et al. (2008), is given by:

� dp
dx
¼ qKS þ qKO cosðxtÞ ð8Þ

Here qKS is the magnitude of the steady pressure gradient and
qKO = 190 Pa/m is the magnitude of the oscillating pressure gradi-
ent. For the base case of Re = 102, the steady mean velocity is
�u1 ¼ 0:0745 m=s which corresponds to a steady pressure gradient
of qKS = 75.1 Pa/m (�u1 ¼ qKSH2=12gN). In fact the nondimensional
parameter of interest is the ratio of oscillating and steady pressure
gradients, given by KO/KS = 2.530, and the other relevant nondimen-
sional parameter characterising the oscillating frequency is the
Womersley number, defined as a ¼ ð12 Hðqx=gÞ1=2Þ ¼ 4:864, a value
typical of hemodynamical situations (frequency of f = 1.1 s�1). In
engineering applications, an imposed or a naturally-arising fre-
quency is usually scaled with the typical time scale of the flow,
and instead of the Womersley number it is more common to define
a Strouhal number, as St = fL/U, which in the present case, by adopt-
ing the averaged inlet velocity and the duct height as velocity and
length scales, gives St ¼ fH=�u1 ¼ 0:15. This value is typical of, for
example, vortex shedding from a cylinder at low Reynolds number,
and therefore the present time-dependent periodic results may also
be of interest to some engineering situations. In viscoelastic appli-
cations it is also possible to define an elastic number, as k=Tflow,
which gives here, using the time scale of the Carreau model,
k=T ¼ kf ¼ 3:64; this would represent a relatively high elasticity,
although the GNF are inelastic models and the k of Table 1 cannot
be viewed as a measure of the fluid relaxation time.
Table 2
Main characteristics of mesh M2.

Block No. of cells NX � NY Size X

B1 40 � 40 �3.5 ? �0.5
B2 40 � 40 �0.5 ? +0.5
B3 100 � 40 0.5 ? 12.5
B4 40 � 100 �0.5 ? +0.5
B5 20 � 40 12.5 ? 22.5
B6 40 � 20 �0.5 ? +0.5
For bifurcating flows an extra boundary condition is needed to
express the ratio of flow rates going into each bifurcation arm,
otherwise it is not possible to obtain a unique solution to the flow
problem defined by the above equations and boundary conditions.
The flow rate ratio is imposed directly in the algorithm and ex-
presses the percentage of fluid in the secondary branch:

b ¼ Q 3

Q 1
ð9Þ

where Q1 and Q3 are respectively the volumetric flow rates at the
inlet branch and at the secondary outlet branch, as represented in
Fig. 1. In addition Q2 is the volumetric flow rate at the main outlet
branch, with overall mass conservation giving Q1 = Q2 + Q3.

The meshes are orthogonal but non-uniform, with increased
concentration of cells near the bifurcation zone where the stress
gradients are expected to be higher. For a better distribution of
the mesh nodes over the computational domain the bifurcation
geometry is created by the six structured blocks (B1–B6) which
are identified in Fig. 1.

Tables 2 and 3 provide the main characteristics of the base
meshes used in the simulations. Mesh M2 has 12800 control vol-
umes and was employed in the studies with Re = 102; mesh M5
has 22400 control volumes and was employed for the high Re
cases, which needed longer branch arms, as discussed before.

Selection of those two meshes (M2 and M5) was guided by a
study of mesh convergence based on simulations using three
meshes with progressive degree of refinement. In order to have a
consistent level of refinement, the finer mesh is obtained from
the previous coarser mesh by doubling the number of cells along
each direction and using the square-root of the corresponding
expansion/contraction ratios (rx and ry) inside each block. Accord-
ing to these conditions the coarser mesh (M1) associated with
Size Y rx ry

�0.5 ? +0.5 0.95260 1.00000
�0.5 ? +0.5 1.00000 1.00000
�0.5 ? +0.5 1.02657 1.00000

0.5 ? 10.5 1.00000 1.02385
�0.5 ? +0.5 1.06413 1.00000
10.5 ? 20.5 1.00000 1.06413



Table 3
Main characteristics of mesh M5.

Block No. of cells
NX � NY

Size X Size Y rx ry

B1 80 � 40 �6.5 ? �0.5 �0.5 ? +0.5 0.9763 1.00000
B2 40 � 40 �0.5 ? +0.5 �0.5 ? +0.5 1.0000 1.00000
B3 100 � 40 0.5 ? 10.5 �0.5 ? +0.5 1.0238 1.00000
B4 40 � 100 �0.5 ? +0.5 0.5 ? 10.5 1.0000 1.02385
B5 120 � 40 10.5 ? 60.0 �0.5 ? +0.5 1.0073 1.00000
B6 40 � 120 �0.5 ? +0.5 10.5 ? 60.0 1.0000 1.00730

Table 4
Summary of the mesh convergence results for the shorter arms T-junction geometry
(Newtonian fluid).

b = 0.7 and Re = 102

XR YR

Mesh M1 1.52410 1.90309
Mesh M2 1.53367 1.95232
Mesh M3 1.53475 1.96689
p 3.15 1.76
/extr 1.53489 1.97301
e4h (M1) 0.70% 3.54%
e2h (M2) 0.079% 1.05%
eh (M3) 0.0091% 0.31%

Table 5
Summary of the mesh convergence results for the longer arms T-junction geometry
(non-Newtonian fluid).

b = 0.8 and Re = 102 b = 0.8 and Re = 500

XR YR XR YR

Mesh M4 1.34842 2.29277 6.96058 5.71957
Mesh M5 1.38309 2.42679 7.89595 8.05480
Mesh M6 1.39610 2.45732 8.08300 8.46143
p 1.41 2.138 2.32 2.52
/extr 1.40391 2.46632 8.12976 8.54716
e4h (M4) 3.95% 7.04% 14.38% 33.08%
e2h (M5) 1.48% 1.60% 2.88% 5.76%
eh (M6) 0.56% 0.36% 0.58% 1.00%
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M2 has 3200 control volumes, and the finest M3 has 51200 control
volumes; similarly, the coarser mesh (M4) associated with M5 has
5600 control volumes and the finest M6 has 89600 control
volumes.

With the procedure described in last paragraph it is easier to
apply Richardson extrapolation technique which allows the calcu-
lation of the order of convergence of the method (p) and estimation
of a more accurate solution. The order of convergence of the meth-
od is given by (see e.g. Ferziger and Peric, 2002):

p ¼
log /2h�/4h

/h�/2h

� �
log 2

ð10Þ

where /4h, /2h and /h are the solutions obtained with meshes M1,
M2 and M3, or M4, M5 and M6, respectively. A more accurate,
extrapolated solution can be obtained through the following
expression (Ferziger and Peric, 2002):

/extr � /h þ eh ¼ /h þ
/h � /2h

2p � 1
ð11Þ

where eh is the estimated error on the most refined mesh (M3 or
M6).

The mesh convergence study is carried out by looking into the
discretisation errors involved in the calculated horizontal and ver-
tical recirculation lengths. Horizontal and vertical recirculating
bubbles are created in the main and secondary branches, as repre-
sented in Fig. 1, where the respective lengths are denoted by XR and
YR. The recirculation starts when wall flow separation occurs and
that is identified numerically by an inversion of sign in the hori-
zontal or vertical velocity components along the wall; the end of
the recirculations is assumed to occur when the flow reattaches
and, again, the velocity component adjacent to the wall presents
an inversion of sign. The separation and reattachment points are
denoted by Xs, Ys and Xr, Yr and the recirculation lengths (XR, YR)
were obtained by their difference.

The mesh convergence results for the flows in the shorter-arms
geometry are summarized in Table 4, corresponding to a Newto-
nian case at a flow rate ratio of b = 0.7 and Reynolds number of
Re = 102 as in the previous study of Matos et al. (2009). For flows
at larger Reynolds numbers the longer-arms geometry is employed
and the results of the mesh convergence study are presented in Ta-
ble 5, for two Reynolds numbers (Re = 102 and Re = 500), a flow
rate ratio of b = 0.8, and the non-Newtonian inelastic fluid that fol-
lows the Carreau-Yasuda model whose parameters are given in Ta-
ble 1. In particular Tables 4 and 5 show the extrapolated, more
accurate solution obtained with Eq. (11) and the order of conver-
gence obtained with Eq. (10).

The results given in Tables 4 and 5 show the proximity of the
solutions obtained with the intermediate meshes M2 and M5 to
the reference solutions obtained through the Richardson’s extrap-
olation technique, demonstrating errors smaller than 2% for
Re = 102, and smaller than 6% for Re = 500, and thus allowing the
conclusion that M2 and M5 provide a good compromise between
the accuracy of results and the time required for solution
convergence.

In addition to the accuracy of the mesh convergence study pre-
sented, if the three meshes used are sufficiently refined the behav-
iour of the solution error with mesh refinement must present a
linear decay in a logarithmic scale, such as it is visible for all the
cases analysed, which are represented in Fig. 2.
4.1. Definition of effective Reynolds number

The Reynolds number used up to this point was calculated un-
der Newtonian flow conditions, following Eq. (7) with g = gN even
when the fluid is non-Newtonian. For Newtonian fluids the viscos-
ity does not change and the Reynolds number variation is solely
obtained by changing the fluid mean velocity at the inlet, since q
and H are also constant. However, for non-Newtonian fluids viscos-
ity depends on the shear rate and that affects the Reynolds num-
ber, producing a hidden variation of the Reynolds number and
wrong comparison between Newtonian and non-Newtonian cases
when this variation is not taken in consideration. The problem of
adequate dynamic scaling of non-Newtonian fluid flow is not a
simple one, depending not only on the geometry and the corre-
sponding typical shear rates, but also on the rheological model;
the analysis of Gray et al. (2007) is relevant here, as the choice ta-
ken by Escudier et al. (2002) in axial annular flow with and without
rotation of the inner cylinder.

The differences encountered can be quite large when one in-
tends to analyse shear thinning effects: an actual Reynolds number
of 150 for n = 1 drops down to Re � 15 for n = 0.1, while the stan-
dard case is Re = 102 for n = 0.3568. These results are based on
the parameters of Table 1 which remain unchanged when n is
varied.

It is therefore clear that, in order to perform an exclusive anal-
ysis of shear thinning through the variation of the power law expo-
nent, it is necessary to maintain unaltered the effective Reynolds
number, for all cases considered. Since in the Reynolds number
equation (Eq. (7)) q and H are fixed, for non-Newtonian fluids Re
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can be varied either through the mean velocity at the inlet or the
viscosity, which is a function of shear rate, as defined by the Car-
reau-Yasuda model.

Hence, we may envisage two options to evaluate the Reynolds
number in a consistent manner, so that inertial effects are kept un-
changed between the Newtonian and the non-Newtonian cases. In
both methods the Reynolds number should be calculated by an
expression similar to Eq. (7), except that now, since viscosity varies
with shear rate gð _cÞ, a characteristic shear rate must be specified,
thus:

Re ¼ q�u1H
gð _c1Þ

with _c1 ¼
�u1

H=2
ð12Þ

The first option consists in an iterative procedure to determine
the mean velocity that the flow must have at the inlet section, for a
specified Reynolds number Re, when the corresponding viscosity of
the fluid is obtained from the Carreau-Yasuda model, based on the
characteristic shear rate, and all parameters in Table 1 are kept un-
changed, except the power law exponent which may be varied
when the shear thinning intensity is intentionally changed:

�u1 ¼
Re
qH

g1 þ ðg0 � g1Þ½1þ ðk2�u1=HÞa�
n�1

a

� �
ð13Þ

This equation is iterated until �u1 attains an unchanging value.
The second option consists in keeping the mean velocity and

viscosity identical to the mean velocity and viscosity of the Newto-
nian case, and consequently forcing the Reynolds number to re-
main constant. In order to maintain the viscosity constant with a
variation of the power law exponent it is necessary to change the
magnitude of the other parameters involved in its calculation in-
side the Carreau-Yasuda model. The parameter selected to change
was the value of the zero shear rate viscosity (g0), which is calcu-
lated from:

g0 ¼ g1 þ ðq�u1H=Re� g1Þ=½1þ ðk2�u1=HÞa�
n�1

a ð14Þ

In this paper, besides the analysis of the effects of inertia (Re),
flow rate ratio (b) and shear thinning (n) on steady and unsteady
flows, we also wish to compare Newtonian and non-Newtonian
fluid behaviour and, in the later case, the comparison is made using
a definition for Re based on either Newtonian conditions or in the
more consistent, and realistic way, which maintains inertia con-
stant between the several fluids. For future identification, we refer
to the ‘‘Newtonian Reynolds method’’ or ReNewt, when
Re ¼ q�u1H=gN with gN = 0.0084 Pa s, and to ‘‘Modified Reynolds
method’’ or ReMod, when Re ¼ q�u1H=gð _c1Þ with _c1 ¼ �u1=ð0:5HÞ
and gð _c1Þ obtained from Eq. (5) where the Carreau-Yasuda model
parameters are given in Table 1.

5. Results and discussion

The results presented are normalised, using as length scale the
channels height H (Y = y/H and X = x/H), as velocity scale the aver-
age velocity of the inlet flow (�u1), as stress scale the value of the
wall shear stress at inlet under fully-developed steady flow
(sw1 ¼ 6g�u1=H), and the ratio 2p/x for time scale. In the stress
scale the characteristic viscosity depends on the fluid; for Newto-
nian and GNF fluids with the Newtonian Reynolds method, the
Newtonian viscosity is used gN = 0.0084 Pa s, while for GNF fluids
with the Modified Reynolds method the viscosity is obtained from
the Carreau-Yasuda model at _c1 ¼ �u1=ð0:5HÞ. It is noted that sw1 is
not exactly equal to the wall shear stress for the non-Newtonian
fluid; this small discrepancy may produce slightly imperfect
comparisons.

The results are presented and discussed in two sections. Sec-
tion 5.1 deals with steady-state laminar flow, focusing on the influ-
ence of inertia, flow rate ratio and shear-thinning upon the main
flow characteristics, namely the size and intensity of the eddies
formed near the flow division, and the shear stress fields. The
non-Newtonian fluids are characterized with the parameters of
Table 1 for a Carreau-Yasuda model, and the variation of shear-
thinning is accomplished at (i) a constant flow rate ratio and
variable Reynolds number; or (ii) a constant Reynolds number and
variable flow rate ratio. Section 5.2 deals with a similar study for
time-varying periodic flows, but the Reynolds number is kept
constant.

5.1. Non-Newtonian inelastic steady-state flows

These results are presented in two sub-sections: the first (Sec-
tion 5.1.1) is focused on the influence of varying inertia and flow
rate ratio, and looking into the main flow characteristics; the sec-
ond (Section 5.1.2) deals with the effect of shear thinning, looking
simultaneously to (i) the influence of inertia at constant flow rate
ratio, and (ii) the influence of flow rate ratio at constant Reynolds
number.
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5.1.1. Inertia and flow rate ratio variation (constant shear thinning)
Bifurcation flows are characterized by the existence of two main

recirculations, one on each arm, along the x and y directions, also
referred to here as horizontal and vertical directions. The size of
the two recirculating eddies is characterised by their length, which
was obtained from the velocity profiles parallel and adjacent to the
horizontal (Y = �0.5) and vertical (X = �0.5) walls; changes in sign
of the horizontal and vertical velocity components, correspond to
the separation and reattachment points of the recirculating flow,
that is, the beginning and the ending points of the eddy.

Figs. 3 and 4 give the results predicted for the length of the
recirculation eddies in the main channel (Fig. 3) and in the second-
ary branch (Fig. 4), with increasing inertia and flow rate ratio. In
both figures, the three graphs on the left (a, b, c) present the vari-
ation of the recirculation lengths with inertia and flow rate ratio, as
a parameter, for the Newtonian case, the non-Newtonian fluid
(GNF n = 0.3568) with Re from the Newtonian Reynolds method,
and the same GNF fluid with Re based on the Modified Reynolds
method. The graphs on the right (d, e, f) make a more direct com-
parison between results for Newtonian and non-Newtonian fluids
for three specific values of extraction ratio (b = 0.2, 0.5 and 0.8).

The first aspect to note in either Figs. 3 or 4 is the monotonic in-
crease of recirculation eddy length with the Reynolds number, for
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Fig. 3. Variation of the horizontal eddy size (XR) with inertia (Re) and extraction ratio (b)
0.5 (e); 0.8 (f).
both horizontal and vertical recirculations. The horizontal branch
eddy increases linearly with Reynolds number for flow rate ratios
lower than 0.8, while for higher values of extraction ratio and for
all cases in what regards the eddy in the vertical branch, the linear
behaviour ceases to exist. In fact, for the vertical recirculation there
is a very clear reduction in growth rate above a certain Reynolds
number, which is more evident at moderate and high flow rate ra-
tio. This feature may be explained by the interaction of the main
vertical recirculation with a new recirculation formed immediately
downstream, on the opposite side wall of the secondary branch,
which acts as to squeeze the first eddy and delay its growth.

Inspection of the left plots in Figs. 3 and 4a–c also reveals the
influence of flow rate ratio: starting with b = 0, both the horizontal
and vertical recirculation lengths increase with flow rate ratio, irre-
spective of Re, up to a maximum size when the extraction ratio at-
tains b = 0.6 and, for higher values of extraction, the size of the
eddies decrease.

On the other hand, inspection of the plots on the right of Figs. 3
and 4d–f facilitates the comparison between the two types of fluid,
and large discrepancies are seen between the results for the GNF
fluid with the Newtonian Reynolds method and the other two sets
of results. In general, the Newtonian Reynolds method yields much
larger recirculation lengths, especially so for high values of
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Reynolds number, when the Newtonian and non-Newtonian vis-
cosity magnitudes become very different. This behaviour is easily
explained as being caused by shear-thinning in viscosity; the
parameters of the Carreau-Yasuda model for the GNF fluid were
adjusted at the specific value of Re = 102 and, for this low level of
inertia, the predictions are very similar for the two fluids (Newto-
nian and GNF) independently of the Re definition. At higher veloc-
ities (increased Re), the shear rate also increases and shear thinning
becomes important, leading to a significant reduction of viscosity g
(g < gN). Therefore the actual Reynolds number Re becomes much
larger than the Newtonian Reynolds number based on a constant
gN viscosity, that is Re > ReN. As a consequence, the calculations
of the GNF flow with a ReNewt effectively occur at a larger Re and
the eddy lengths so predicted are necessarily highly exaggerated.

This problem is solved with the Modified Reynolds method to
define Re. Fig. 3a–c, for the horizontal recirculation, shows that
the results for Newtonian and GNF fluids become then very similar,
thus demonstrating that the non-Newtonian shear thinning effect
could be accounted for by inertia when the Reynolds number is ob-
tained in a consistent way. On the other hand, some discrepancies
are observed in the vertical recirculation, where the GNF fluid with
the Modified Reynolds method presents larger eddies when com-
pared to corresponding Newtonian solutions. In this case the shear
thinning introduced by the Carreau-Yasuda model induces in fact
an increase in the length of the recirculation bubbles formed in
the secondary branch, as result of a local viscosity decrease in re-
sponse to the high values of shear rate around the recirculation.
However this effect is excessively accentuated when the Reynolds
number is based on the Newtonian viscosity, in agreement with
the results for the horizontal recirculation.

We turn now attention to the analysis of the vortex activity, as
measured by the intensity of the recirculations, or the quantity of
fluid moving inside each of the recirculation bubbles. The evolution
of this characteristic is analysed following the same graphical se-
quence used before for the recirculation length. Figs. 5 and 6 show
the vortex strength of the horizontal (wH) and vertical (wV) recircu-
lations, as a function of Reynolds number and extraction ratio, dis-
playing in general an increase of vortex strength with inertia, for
both recirculations. The values of wH and wV were calculated on
the basis of the minimum and maximum streamfunction in the do-
main, normalized with the streamfunction at inlet, winl = Q1,
namely: wH = |wmin/winl| and wV = (wmax/winl) � 1.
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In the case of the horizontal recirculation (Fig. 5), the vortex
strength increases smoothly with Reynolds number for low flow
rate ratios; on the other hand, for high values of b, the vortex
strength increases quickly with inertia as Re is initially raised,
starting from Re = 50, and for high values of Re the variation is
smoother or becomes almost constant. Contrary to the observed
for the vortex size (cf. Fig. 3), the variation of vortex intensity with
flow rate ratio always shows a monotonous behaviour, wH increas-
ing with b.

Fig. 6 shows the variation of vortex strength for the vertical
recirculation. In this case, inertial effects lead to a rapid increase
of vortex intensity at small Reynolds numbers, followed by a
smooth out of the rate of increase of wV at higher values of Re.
The GNF fluid presents a second abrupt increase of vortex strength,
which is clearly visible for Reynolds numbers between 450 and 500
when these are based on the ‘‘Newtonian Reynolds method’’
(which effectively corresponds to much higher Re). By examining
in detail the evolution of streamlines it was found that this abrupt
increase of wV is caused by a division of the main bubble, leading to
the existence of two smaller eddies inside the extremity of that
main bubble, as it is illustrated in Fig. 7 which shows flow stream-
lines for successive values of Reynolds numbers.

That phenomenon is related to the interaction of the main
vortex in the vertical branch and a secondary vortex, formed
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downstream of the first, when Re is sufficiently high. Once the vor-
ticity of the second vortex becomes large, it drives the first and
pulls its eye to the zone where the two are in closer contact. The
result is more clearly visible for the GNF fluid with Re based on
the Newtonian Reynolds method, however it also occurs for both
the Newtonian fluid and the GNF fluid when Re is obtained with
the Modified Reynolds method, but at higher Reynolds numbers;
the example of Fig. 7, having b = 0.8, occurs at ReMod � 800.

The variation of vorticity in the vertical recirculation with flow
rate ratio presents a monotonous behaviour, but the trend in this
case depends on the magnitude of the Reynolds number. For low
Reynolds numbers (Re 6 150 approximately) the vortex strength
decreases with the increase of b, while for high Reynolds numbers
the vortex strength increases with b .

Regarding the differences between the two fluids, illustrated in
the graphs on the right of Figs. 5 and 6, the conclusion is that the
vortex intensities are always smaller for the GNF fluid, compared
to the Newtonian fluid, although the discrepancies are not that sig-
nificant. Again the Newtonian Reynolds method leads to vorticity
magnitudes that are either higher or lower than those for the New-
tonian fluid, showing once more the need of expressing the Rey-
nolds number in a consistent way.

We start now the analysis of the shear stress fields by compar-
ing predictions for the Newtonian and the GNF fluids. Inertia is
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ratio (b), for Newtonian (a) and GNF fluids (b – ReNewt; c – ReMod). Comparison for
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characterised by a Re evaluated using the Modified Reynolds meth-
od. The study considers, separately, the influence of: (i) inertia, for
constant flow rate ratio (b = 0.7); (ii) flow rate ratio, for constant
inertia (Re = 100). All figures showing stress field contours also
show the flow streamlines, in order to relate areas of recirculating
flow with the shear stress magnitudes.

Figs. 8 and 9 present contour plots of the shear stress field (sXY)
in the bifurcation zone for the Newtonian (Fig. 8) and the GNF flu-
ids (Fig. 9), using four Reynolds numbers (Re = 100, 300, 500 and
700) and the extraction ratio b = 0.7.

These figures show that, in general, there is an increase in the
shear stresses as inertia is intensified, for both Newtonian and
non-Newtonian fluid cases. The regions of maximum positive
shear stress are located adjacent to the horizontal channel
bottom wall and around the recirculation bubbles, following
their frontiers along both the main channel and the side
branch. In the secondary branch, areas of large sXY occur down-
stream of the eddy, along the vertical wall upstream to the
bifurcation.

The areas of minimum shear stresses become larger as the Rey-
nolds number is increased, and are located close to the re-entrant
corners and extend along the horizontal top wall, before the
bifurcation zone, and the downstream vertical wall, along the
branch arm.

Fig. 10 shows the modulus of the shear stress field plot pre-
sented in Fig. 9, making it easier to observe the areas of very low
shear stress close to the wall in the recirculation zones, while high
stresses are generated in the recirculation boundaries, located in
the main and the side branches. Such distribution induces high
stress gradients and the possibility of shear stress oscillations, in
space and time, which facilitate the inflammatory process and
the triggering of an atherosclerotic plaque (Berger and Jou, 2000;
Chien, 2008).

In general a comparison of the stress fields between the Newto-
nian and the GNF fluids shows only minor differences, with the
Newtonian case presenting higher shear stresses (in modulus)
when compared with GNF fluids. These discrepancies are quanti-
fied by maximum and minimum shear stress values given in Ta-
ble 6, with data obtained from Figs. 8 and 9.

The influence of the extraction ratio upon the shear stress
field can be inferred from Fig. 11 for the GNF fluid at a Modified
Reynolds method of Re = 100. This figure shows a slight increase
of maximum shear stress magnitudes (in modulus) with flow
rate ratio; for low extraction ratios the higher shear stresses
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are registered along the main duct in the wall layer, while for
high extraction ratios they are registered along the secondary
branch. In general, the maximum values of sXY inside the flow
domain occur in areas surrounding the eddy boundaries, which
separate the inner recirculation bubbles and the outer main flow,
and shear effects increase with the amount of fluid in these
zones, thus justifying the displacement of maximum shear stres-
ses from the main to the secondary branch with flow rate ratio
increase.
5.1.2. Shear thinning variation
This section deals with the influence of shear thinning on the

main flow characteristics near the junction zone. Shear thinning
in viscosity was achieved by lowering the power law exponent
(n) of the Carreau-Yasuda model, from the limiting value n = 1, va-
lid for the Newtonian case (no shear thinning), down to a low value
n = 0.1 (maximum shear thinning).

It is particularly important here, for a proper comparison of
non-shear thinning with strong-shear thinning cases, to use a
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Fig. 8. Shear stress fields for increasing Reynolds numbers, at b = 0.7; Newtonian cases: (a) Re = 100, (b) Re = 300, (c) Re = 500 and (d) Re = 700.
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Fig. 9. Shear stress fields for increasing Reynolds numbers, at b = 0.7; GNF case (ReMod): (a) Re = 100, (b) Re = 300, (c) Re = 500 and (d) Re = 700.
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consistent Reynolds number definition. In this section the
Reynolds number was based on the Modified Reynolds method,
except the first results which serve precisely to show the inconsis-
tency of using the Newtonian Reynolds method.

The results are discussed in two subsections: in the first, shear
thinning is applied at constant flow rate ratio (b = 0.7) and variable
Reynolds number; in the second, the flow rate ratio varies and the
Reynolds number remains constant (Re = 102).

5.1.2.1. Shear thinning variation with constant flow rate ratio. Fig. 12
presents the predicted results for the recirculation lengths as a
function of Reynolds number and shear thinning, when the
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Fig. 10. Contours of shear stress modulus (|sXY|) for various Re at b = 0.7 with the GNF fluid (ReMod): (a) Re = 100, (b) Re = 300, (c) Re = 500 and (d) Re = 700.

Table 6
Maximum and minimum shear stress for the Newtonian and GNF (ReMod) fluids at
various Reynolds numbers.

Maximum shear stress
(sXYMax=sw1)

Minimum shear stress
(sXYMin

=sw1)

Fluid Newtonian
fluid

GNF fluid
(ReMod)

Newtonian
fluid

GNF fluid
(ReMod)

Re = 100 0.99 0.76 �4.17 �2.95
Re = 300 1.12 0.96 �6.53 �4.99
Re = 500 1.35 1.16 �8.40 �6.62
Re = 700 1.53 1.32 �9.77 �7.85
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Newtonian Reynolds method was used to define Re. There is clearly
a large variation of the recirculation lengths for both vortices when
n is varied, with a tendency for larger vortices when n is reduced
and shear thinning sets in. However the Newtonian Reynolds
method leads to a hidden variation of the actual Reynolds number
and that explains the vortex length variation seen in Fig. 12. In fact
when n is reduced at a constant inlet velocity �u1, the shear rate in-
creases and the actual viscosity diminishes, so the actual Re should
in fact become larger. As a consequence, the vortex sizes tend to
increase.

The graphs of Fig. 12 serve to demonstrate the need of express-
ing the Reynolds number in a consistent way when the viscosity is
shear-thinning, such as in the Carreau-Yasuda model. The next re-
sults shall use the Modified Reynolds method and thus express the
influence of shear thinning in the definition of Reynolds number,
which should solve the problem of being in possession of a consis-
tent Re.

Fig. 13 presents the same recirculation length data of Fig. 12 but
this time Re is based on the Modified Reynolds method. The size of
the recirculation bubbles still increases with inertia, for all shear
thinning intensities (measured by n), but the variability seen in
Fig. 12 is now much reduced becoming clear that, when a proper
normalization of inertial effects is applied, the dimensions of the
vortices formed by the bifurcating flow are little affected by
shear-thinning. It is possible, however, to infer from Fig. 13 that
the GNF fluids show higher recirculation lengths, although the
shear thinning influence does not present a monotone behaviour.
Initially the recirculation lengths increase with power law expo-
nent up to a maximum for n � 0.6 in this particular case (b = 0.7),
followed by a decrease to the minimum vortex size which is ob-
tained for the Newtonian case, with n = 1. This tendency is more
clear at high Re. We may thus conclude that the normalization
inherent to the Modified Reynolds method does not imply a perfect
match of the Newtonian and the corresponding non-Newtonian
flow cases. This could be expected since that normalization is
based on a global characteristic shear rate and does not account
for the local details of the flow and the variations of _c. Therefore
an influence of shear-thinning remains in the results of Fig. 13b
(and Fig. 16b below), with the larger variation occurring in the
middle range of the power law exponent n ffi 0.5 – 0.6. Such feature
may be explained by noticing that as n ? 1 we recover the Newto-
nian case with g ? g0, and with n ? 0 the viscosity decays quickly
and for most _c it remains constant at g ? g1 (and the flow behav-
iour is again Newtonian-like).

The amount of fluid recirculating inside each of the horizontal
and vertical eddies, or vortex strength, is presented in Fig. 14.
The influence of shear thinning on both eddy intensities is again
quite small, provided the Re is defined in a consistent way (Modi-
fied Reynolds method), and the behaviour is the contrary of that
observed for the eddy size. This is easily understood: the higher
vorticities are always obtained for the Newtonian case with n = 1
since the viscosity is then more pronounced and the recirculating
vortex is thus proner to drag more fluid, enhancing its intensity.
So, both wH (horizontal eddy intensity) and wV (vertical eddy inten-
sity) diminish as the power law index is reduced from n = 1, albeit
the effect being small.

Fig. 15 displays the influence of shear thinning on the shear
stress field, for four different power law exponents, at a Reynolds
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Fig. 11. Variation of the shear stress field (sXY) with extraction ratio b for ReMod = 100: (a) b = 0.2, (b) b = 0.4, (c) b = 0.6 and (d) b = 0.8.
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Fig. 12. Variation of XR (a) and YR (b) with shear thinning and Re for GNF fluids with Newtonian Reynolds method and b = 0.7.
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number of Re = 500 and an extraction ratio of b = 0.7. The shear
stress fields for all the power law exponents presents a similar
behaviour to the case with n = 0.3568 analysed before. Hence, we
way conclude that shear thinning, provided Re is defined consis-
tently, does not influence significantly the shear stress field. The
resulting variations on sXY are not monotonous with n; when n is
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raised from n = 0.1, there is first a decrease in modulus of sXY and,
for n > 0.6, sXY increases up to a maximum attained for the Newto-
nian case, with n = 1. The maximum and minimum values of shear
stress, for the several shear thinning intensities here considered,
are compiled in Table 7.

5.1.2.2. Shear thinning variation with constant inertia. The present
subsection focuses on the influence of shear thinning upon the
bifurcation flow pattern for different flow rate ratios, keeping the
Reynolds number constant and equal to 102. Fig. 16 illustrates
the variation of the two recirculation lengths with flow rate ratio
and shear thinning. The effect of flow rate ratio is similar to what
was observed in previous results at constant shear thinning: there
is an increase of eddy size up to a maximum, when b � 0.7, fol-
lowed by a decrease after that. In this particular case (low
Re = 102) the value of flow rate ratio for which the recirculation
lengths attain their maximum magnitudes is slightly different from
the obtained earlier, which was b = 0.6. The left figure (Fig. 16a),
giving the horizontal recirculation length, only shows results for
extraction ratios higher than 0.5 because for lower b there is no
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Table 7
Maximum and minimum shear stress for a GNF fluid as a function of power law exponent, at b = 0.7 and ReMod = 500.

Power law index n = 0.1 n = 0.2 n = 0.3 n = 0.4 n = 0.5 n = 0.6 n = 0.7 n = 0.8 n = 0.9 n = 1.0

Maximum shear stress (sXYMax =sw1) 1.25 1.22 1.19 1.15 1.12 1.11 1.13 1.18 1.26 1.35
Minimum shear stress (sXYMin =sw1) �7.57 �7.25 �6.86 �6.44 �6.04 �5.76 �5.77 �6.20 �7.10 �8.40
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horizontal bubble at this Reynolds number (Re = 102); for higher
values of Re the horizontal recirculation is formed even for small
flow rate ratios, as shown before in Fig. 3.

For the Reynolds number used in Fig. 16 the horizontal recircu-
lation length presents a monotone variation with shear thinning,
increasing with the power-law index n up to a maximum for the
Newtonian case with n = 1.

In the secondary branch, the effect of shear thinning on the
recirculation length is only appreciable at high extraction ratios.
For low flow rate ratios (b 6 0.2) the influence of shear thinning
is negligible, while for higher values of b the behaviour is not
monotonic: YR increases to maximum values when n is raised from
n = 0.1 up to n = 0.5, and the vortex size decreases after that, down
to minimum values for the Newtonian case. An explanation for this
trend was given above, when discussing Fig. 13b.

5.2. Non-Newtonian inelastic unsteady flows

This section deals with unsteady periodic flows of the same Car-
reau-Yasuda GNF fluid of the previous section and, after a general
introduction and a check on the numerical accuracy (Section 5.2.1),
the main results are discussed in two subsections: (Section 5.2.2)
shear thinning effects at constant inertia and flow rate ratio, and
(Section 5.2.3) flow rate ratio effects at constant inertia and shear
thinning.

For these unsteady flows a pulsatile velocity profile is imposed
at the inlet, corresponding to the theoretical solution valid for
Newtonian fluids generated by the sinusoidal pressure gradient
of Eq. (8). Khodadadi et al. (1988) and Miranda et al. (2008) have
employed the same time-dependent inlet conditions in their T-
junction flow studies. After an initial transient regime which is of
no interest here, the flow reaches a well-established periodic re-
gime in which the main flow characteristics (such as vortex pat-
terns) change over a cycle, and peculiar flow phenomena may
also occur which are absent in the corresponding steady case.

Fig. 17 illustrates the flow development over one cycle by
means of streamlines superimposed onto shear stress field con-
tours, so that it is possible to correlate the two. For this example
the GNF fluid possesses the characteristics given in Table 1, the
Reynolds number was constant (Re = 102) and also the flow rate ra-
tio (b = 0.7); the time step employed was 0.005, which is suffi-
ciently low to ensure adequate time accuracy (tests are
presented below).
From this figure it is possible to observe that both eddies evolve
during the cycle, changing in shape and size, which grows and
eventually diminishes at the end of the cycle period, with the ed-
dies detaching and being carried along by the flow. These features
create a wave-like streamline behaviour which is more visible in
the side branch flow, where the main eddy is not completely re-
moved. Once more, high shear stress layers tend to be formed
along the recirculation boundaries and on the re-entrant corners,
while small values are registered inside the recirculating eddies.
Since these change over the cycle, the shear stress accompany that
evolution, with their magnitudes tending to increase (in modulus)
up to a maximum near 25% of the cycle (xt � 90�), decreasing after
that to the minimum values at approximately 75% of the cycle
(xt � 270�), and increasing again by the end of the cycle. Another
consequence of the recirculation length variation over the cycle is
that certain points of the T-junction walls can fall either inside or
outside the recirculations and thus experience very different shear
stress magnitudes during the cycle development, therefore
increasing the probability of inflammation at these points on the
wall, as described before.

It is noted that the vortex in the secondary branch is present
during the whole cycle (Fig. 17), while the horizontal recirculation
in the main branch is only present in part of the cycle, being
formed after the cycle starts and disappearing before it ends.

Fig. 18 displays the evolution of the points of separation and
reattachment of both eddies, and their lengths, during the pulsat-
ing cycle. Both recirculations increase during the cycle to maxi-
mum values that occur at about 60% of the cycle duration and
decrease after that (Fig. 18b). The horizontal recirculation length
varies as a consequence of the movement of both the separation
(Xs) and the reattachment (Xr) points, while the length of the ver-
tical recirculation depends only on the movement of the reattach-
ment point (Yr), since the point of separation (Ys) is defined by the
geometry and remains unchanged during the cycle (Fig. 18a).

Fig. 18 reveals a phenomenon already reported in the previous
work with Newtonian fluids (Miranda et al., 2008). There is an
abrupt reduction in the length of the vertical recirculation after
about 3/4 of the cycle are completed, as shown in more detail in
Fig. 19 for 0.75 6 t 6 0.875. This occurrence is associated with
the breakup of the main recirculation into two vortices due to
the emergence of a new bubble near the wall, as seen through
the sequence of plots in Fig. 19 for intermediate values of time, be-
tween 0.75 and 0.875. In Fig. 18a the red line (square symbols) cor-
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Fig. 17. Streamlines and shear stress fields over a cycle (b = 0.7; n = 0.3568 and Dt = 0.005).
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responds to the first reattachment point (unique before the divi-
sion) and the purple line (circular symbols) to the second reattach-
ment point associated with the second recirculation created after
bubble division, which eventually disappears later in the cycle
when t P 0.9 (Figs. 17 and 19).

The vertical bubble size YR = YR1 in Fig. 18b corresponds to the
length of the single bubble, before the bubble separation phenom-
enon just described occurs, and, after that, to the bubble closer to
the junction corner, while the size of the other recirculation bubble
resulting from the breakup of the main bubble is denoted as YR2 in
the figure.
Note that the breakup of the vertical eddy illustrated in Fig. 19
is associated with flow unsteadiness (generated by the periodic
pressure gradient imposed at inlet) and has no relation to the
two small eddies of Fig. 7, which appear as Re is increased in steady
flow.

5.2.1. Accuracy tests
Two types of accuracy tests are required for time-dependent

periodic flows, such as the ones analysed here. There is the
need to establish that the time discretisation error is small, and
that there is repetition of the solution for consecutive periods.
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For unsteady flow simulations, the time step needs to be
sufficiently small so that it guarantees a solution that is indepen-
dent of that same time step value. In these circumstances we
have adopted the same time step used by Miranda et al.
(2008), since the flows are similar and the geometry is identical.
The base or reference time step is denoted Dt2 = 0.005 (in nondi-
mensional terms) dividing the sinusoidal cycle into 200 time
advances.

The suitability of such base time step value was verified by sim-
ulations using three consecutively refined time steps. The coarser
time step is obtained by doubling the reference time step (thus
Dt1 = 0.01) and the more refined by halving that step (thus
Dt3 = 0.0025), with the temporal resolution being improved with
400 time advances to represent a whole cycle.

As a choice for the solution functional used in the accuracy
tests, we take the recirculation length evolution during one cycle,
which is given for different time steps in Fig. 20. These two graphs,
for the sizes of the horizontal and vertical recirculation lengths at
Re = 102 and b = 0.7, for the base GNF fluid (n = 0.3568), show a
perfect agreement between the numerical results corresponding
to the three time step values mentioned above, with only minor
differences visible when the separation of the vertical recirculation
occurs. These results demonstrate adequate time resolution and
that the discretisation error is ultimately controlled by the spatial
discretisation (here the mesh was M2 of Table 2) and not by the
time discretisation.

However in order to verify with more detail the agreement of
results for the three time steps, Fig. 21 shows the evolution during
one period of the percentage relative difference between the eddy
size solutions with the smallest and the intermediate time steps
(designated Dt3–2) and the difference between the smallest and
the largest time steps (designated Dt3–1).

The differences are very small in almost the entire cycle (D/
6 0.1, Fig. 21a), except the time instants when the horizontal recir-
culation is formed and disappears and when the vertical recircula-
tion collapses into two smaller eddies. At these instants the
variation in time of the solution is sharp, with the time derivative
of XR and YR becoming virtually infinite, and therefore amplifying
any small difference between the various time discretisations
(the peaks observed in Fig. 21b). However, even at these particular
time instants the differences between solutions obtained with the
smallest and the reference time steps (Dt3–2) are acceptable, regis-
tering variations smaller than 8%, thus demonstrating the adequate
temporal resolution obtained with the intermediate time step
(Dt2) adopted as reference Dt.

Fig. 22 shows the repetition checks which are useful, in partic-
ular, to evaluate the minimum number of cycles required to obtain
identical solutions at consecutive cycles, thus guaranteeing a truly
periodic solution. The present accuracy test compares the recircu-
lation lengths and several pointwise solution values, located in the
middle of the main channel (Y = 0 and X = 12.5), over 40 consecu-
tive cycles.

The local variables shown in Fig. 22c and d are the shear stress
and the vertical velocity component, which have the advantage of
attaining very low values along the centre line in the main channel
(theoretically sXY = 0 and V = 0 at Y = 0 under fully developed con-
ditions) and so, the fine scale in the figure tends to magnify any
small differences between values for the various cycles. It is seen
that approximately 7 cycles are necessary to obtain identical solu-
tions between consecutive cycles when one looks to the V1 velocity
component, while the recirculation lengths (Fig. 22a and b) are
similar after only two cycles thus being a rather imprecise variable
to assess cyclic repetition. For reasons of being on the safe side, all
results presented were calculated after an initial transient of 40 cy-
cles to ensure identical solutions between consecutive cycles (cy-
cles 40 and 41) for all quantities.

5.2.2. Influence of shear thinning at constant inertia and flow rate ratio
The influence of shear thinning was tested at constant inertia

(Re = 102) and flow rate ratio (b = 0.7). When n is varied, Re = 102
is kept constant by basing its calculation on the Modified Reynolds
method. The mean velocity at inlet is maintained unaltered and the
effective viscosity identical to the Newtonian case by adjusting the
value of the zero shear rate viscosity (g0) in the Carreau-Yasuda
model. The following figures show the influence of shear thinning
on the recirculation lengths. It is instructive first to see how the
recirculation lengths change when n is varied without being care-
ful in maintaining the same level of inertia, that is, with the New-
tonian Reynolds method.

This is shown in Fig. 23 where, once again, large variations of
recirculation lengths are observed for the various power law expo-
nents n, with a tendency for much larger recirculations as n is de-
creased, as a consequence of higher effective Reynolds number (on
account of shear thinning), and with inconsistent results for the
case with n = 1 (orange line with hollow symbols) which do not
match the Newtonian base case (orange line with filled square
symbols).

Obviously the Newtonian solution is close to the GNF solution
for n = 0.4 because the viscosity was adjusted for that situation
(the base case). When the Reynolds number is expressed in a con-
sistent way, the first immediate consequence is that equal solu-
tions result for the Newtonian and the GNF fluid with n = 1.

Besides, as shown in Fig. 24, very little changes in magnitudes of
XR and YR are observed as n is varied, when compared with results
of Fig. 23. In general, close inspection reveals that an increase in
shear thinning (decrease of n) results in a slight increase of the
recirculation lengths. For the horizontal recirculation, shear thin-
ning also results in shorter residence times over the cycle, while
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the vertical recirculation tends to split somewhat earlier (at
t = 0.79 when n = 0.1, and t = 0.815 when n = 0.9).

The next figure (Fig. 25) shows the vortex intensities during the
cycle as n is varied. There is a monotone behaviour, showing eddy
intensification with shear thinning, which is more pronounced in
the vertical recirculation. With shear thinning, increased shear
rates along the outside boundaries of the recirculations lead to
smaller viscosities and thus higher amount of fluid being driven
into those recirculations, which result in the observed vortex
intensity increase.

Additionally, the intensity of both recirculations increases dur-
ing the development of the cycle to a maximum that occurs when
it reaches about 60% of the period, and decreases after that. This is
correlated with the variation of the recirculation lengths which
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also increase up to a maximum for the same cycle interval and de-
crease subsequently. A quantification of such behaviour is given in
Fig. 26 which plots the maximum eddy sizes and intensities, in the
cycle, as a function of n. Except for the side-branch eddy size, the
variations are almost linear with n, with an increasing tendency
as n decreases. It is therefore possible to conclude unambiguously
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Table 8
Extreme shear stress values for the GNF fluid as a function of power law exponent, at xt ¼ 90� (b = 0.7 and ReMod = 102).

Power law index n = 0.1 n = 0.2 n = 0.3 n = 0.4 n = 0.5 n = 0.6 n = 0.7 n = 0.8 n = 0.9 n = 1.0

Maximum shear stress (sXYMax =sw1) 3.87 3.99 4.16 4.39 4.70 5.14 5.76 6.60 7.84 9.50
Minimum shear stress (sXYMin =sw1) �2.53 �2.61 �2.73 �2.87 �3.07 �3.33 �3.67 �4.12 �4.73 �5.50
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Fig. 28. Influence of extraction ratio on the cyclic variation of the eddy sizes XR (a) and YR (b) for the base GNF fluid (Modified Reynolds method).
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that shear-thinning in viscosity is directly proportional to the
lengths and intensities of the recirculating zones formed near a
90� bifurcation.

Fig. 27 illustrates the influence of shear thinning on the shear
stress fields in these unsteady flows. Shear stress contours are plot-
ted after development of one quarter of the cycle (t = 0.25 or
xt � 90�), and for four power law exponents. As registered in the
steady flows analysed before, shear thinning does not change sig-
nificantly the shear stress field, except for a slight decrease in sXY

modulus with power law exponent (Table 8). Such reduction is
consistent because, although there is a constancy of Reynolds
number, shear-thinning promotes a local reduction of viscosity
and thus reducing the local shear stress. The maximum and mini-
mum shear stress values for several of the shear thinning intensi-
ties investigated are registered in Table 8. There is a reduction of
59.3% in |sXY|Max when n is varied from 1 to 0.1.

5.2.3. Influence of extraction ratio at constant inertia and shear
thinning

The flow rate ratio was varied keeping constant both the inertia
(Re = 102) and the shear thinning (n = 0.3568), with Re based on
the Modified Reynolds method. Figs. 28 and 29 display the
influence of varying the flow rate ratio upon the recirculation
lengths and the vortex strength, during one cycle.
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Fig. 29. Influence of extraction ratio on the cyclic variation of the eddy intensities wH (a) and wV (b) for the base GNF fluid (Modified Reynolds method).
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The horizontal recirculation length (XR) reaches its maximum
magnitude at t � 0.6 and b � 0.6, thus presenting a similar behav-
iour to what was registered for steady state flows. It tends to in-
crease initially with the flow rate ratio, to a maximum that
occurs at b � 0.6, followed by a decrease for higher flow rate ratios.

For the specific shear thinning intensity here used (n = 0.3568)
there is no recirculation in the main branch for very low flow rate
ratios. The increase of flow rate ratio leads to the appearance of one
eddy in the main branch which, as b is raised, only occurs for a
short period of the cycle, but its residence time increases with flow
rate ratio. This bubble exists during the entire cycle for sufficiently
high flow rate ratios (b > 0.5), concomitantly with small shear thin-
ning effects.

In Fig. 28b, the vertical recirculation length is seen to increase
with flow rate ratio. The rate of increase is reduced at high flow
rate ratios, resulting in almost coincident YR versus t evolutions
in these circumstances. Furthermore, the increase of flow rate ratio
also tends to anticipate the division of the vertical recirculation
and, for very low flow rate ratios, such division does not occur.

Fig. 29 shows the corresponding vortex intensities during the
pulsating cycle for increasing flow rate ratios. The strength of the
horizontal recirculation increases monotonically with flow rate ra-
tio up to about b 6 0.8, while for the vertical recirculation there is
only a monotonous behaviour for flow rate ratios greater than 0.1,
showing then also an increasing tendency with extraction ratio.

The different flow behaviour for the case b = 0.1 is due to the ab-
sence of the eddy subdivision phenomenon of the vertical recircu-
lation already discussed, which significantly affects the time
evolution of the vortex strength. When the split occurs, the vortex
strength of the bubble farther downstream from the bifurcation is
higher than that for the bubble located immediately after the re-
entrant corner (see Fig. 19). With the development of the cycle
the bubble further downstream eventually disappears, at about
90% of the cycle, the vortex intensity of the bubble near the bifur-
cation at this instant is larger than the other splitted bubble, and it
starts increasing in size and vorticity again. With b = 0.1 the abrupt
reduction of the vortex does not occur and the length and intensity
of the recirculation reach their minimum values at about 10% of
the cycle, explaining the differences for this case in Fig. 29.

Fig. 30 quantifies and makes it clear how the maximum sizes of
the two recirculating zones (XR and YR) and their maximum inten-
sities (wH and wV) vary as b is increased. These data correspond to
the maximum values in Figs. 28 and 29. While the side-branch
eddy attains maximum size and intensity that raise monotonically
with b, as expected since increasing b corresponds to increasing
the effective Re in the branch, the main channel eddy attains max-
imum size at b = 0.6 and intensity at b = 0.8.

Fig. 31 shows the influence of the flow rate ratio upon the shear
stress fields, for unsteady flows, with in general a behaviour similar
to that registered earlier for steady state flows. For low flow rate
ratios the shear stress field presents higher magnitudes along the
main channel after the bifurcation, which decrease when the flow
rate ratio increases. On the other hand, in the secondary channel
there is an opposite effect and the shear stresses increase with flow
rate ratio, with the higher magnitudes being located in this branch
at large flow rate ratios. Regardless of their location the maximum
magnitude of shear stress tends to increase with flow rate ratio.

6. Conclusions

In the present paper we have carried out a numerical study of
two-dimensional bifurcating flows with non-Newtonian fluids
whose characteristics for the base case are similar to blood, there-
fore being a study with relevance to hemodynamics. In particular,
we looked to the eddy lengths and intensities and to the shear
stress fields within the flow domain and on the walls, for both stea-
dy and unsteady flow conditions, and for different power-law indi-
ces and extraction ratio values. Such a study is important to
hemodynamics since the inception and development of atheroscle-
rotic diseases are frequently correlated with the existence of flow
separation and recirculations, and with low or oscillating shear
stresses, like those occurring in bifurcation flows similar to the
ones here considered. In addition the present work also clarifies
the use of the definition for the Reynolds number, which may be
calculated using Newtonian conditions or, more consistently, tak-
ing into account the non-Newtonian nature of the fluids, in which
the viscosity changes with shear rate.

The first conclusion is that proper account of shear thinning ef-
fects on the viscosity used to define the Reynolds number is re-
quired for comparison between several cases at the same level of
inertia. This is also true when the power-law index is varied and,
if one is not careful, the cases compared would exhibit different
inertia. This we believe is a very important conclusion when com-
paring Newtonian and non-Newtonian GNF simulations, even if
the degree of agreement here attained is not perfect and depends
on n and b. The effective Reynolds number defined in Section 4 is
based on global characteristics defining a shear rate at inlet, and
cannot of course imply a perfect match of local flow features in
the junction zone. Other choices for the characteristic _c are possi-

ble, for example _c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�u2=H2Þ2 þ ð�u3=H3Þ2

q
¼ _c1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� bÞ2 þ b2

q
(when all ducts have the same width H). Such choices need to be
carefully evaluated, a matter beyond the scope of the present work.

A second conclusion that the present results show is that the
GNF fluids tend to present longer recirculation lengths in the main
and the side branches and reduced shear stress field magnitudes
when compared to corresponding (same inertia) Newtonian flows.
However the influence of shear thinning does not present a monot-
onous behaviour for the steady state flows. On the other hand, for
unsteady flows the behaviour is monotonous and almost linear
(except YR), with decreasing recirculation lengths and increasing
shear stress magnitudes as the power law exponent is increased
(reduced shear thinning).

Inertia, as measured by a Reynolds number, presents a monot-
onous behaviour, leading to an increase of the vortex intensities
and sizes, for both recirculating bubbles, as well as of the shear
stress magnitudes.

Flow rate ratio, for both steady and unsteady flows, does not ex-
hibit a monotonous behaviour. In steady state flows, the recircula-
tion lengths increase with flow rate ratio for all Reynolds numbers,
up to maximum values at b = 0.6, and decrease after that. On the
other hand for unsteady flows this behaviour only occurs for a spe-
cific time gap in the middle of the cycle, and mainly so for the hor-
izontal recirculation length (XR) that reaches the maximum
magnitude at around b = 0.6, lasting about 30% of the cycle, while
the vertical recirculation attains a maximum at b = 0.7, and only
for a very short period of time. In the remaining duration of the cy-
cle there is a monotonous behaviour with recirculation lengths
increasing with flow rate ratio. In general the vortex strength of
both recirculations increases with flow rate ratio for steady and
unsteady flows, with the exception of low Reynolds number cases
(Re < 200) in steady state flows where the behaviour is opposite.
For both fluid types (Newtonian and GNF) the maximum magni-
tudes of shear stress increase with flow rate ratio, and their loca-
tion changes; for small extraction ratios, they occur in the main
branch, where larger amount of fluid is then present and larger
stretching occurs, while for higher ratios they occur in the second-
ary branch.

For unsteady flows the various vortex characteristics change
over the cycle. The recirculation lengths and vortex strengths in-
crease up to a maximum at about 60% of the cycle and decrease
after that. The horizontal recirculation does not always exist during
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the entire cycle and the residence time increases with power law
exponent and flow rate ratio. For the vertical recirculation there
is a vortex subdivision of the main eddy at about 80% of the cycle,
and the second eddy tends to disappear as the cycle develops (it is
carried along by the branch flow). An increase of shear thinning
and flow rate ratio results in early division of the main vertical
recirculation, which does not occur for very low flow rate ratios.

Future work will need to consider the 3D nature of the flow,
especially when the aspect ratio of the actual rectangular cross-
section of the ducts forming the T-junction is smaller than about
8 (depth/height), the value used in the experiments of Khodadadi
et al. (1988). In the unsteady state simulations, even for 2D, there
is the need of further checking the influence of varying the fre-
quency of the imposed pressure gradient.
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