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now classical Oldroyd-B model. In this short communication we shall address heuristically the theme
of differential constitutive models and will provide an alternative way of deriving a “modified FENE”
equation (FENE-M) and inter-relating the PTT and FENE-P-like models.
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ifferential constitutive equations
odified FENE-P

. Introduction

In his 1950 classical paper, Oldroyd [1] set out the theoreti-
al basis and principles required by all constitutive equations for
he rheological macroscopic behaviour of any material to be phys-
cally well posed. Namely that the equations should be written
nder frame invariance form in co-ordinate systems convected with
he material, a notion that came out to be known as the princi-
le of objectivity. He then devised a general integro-differential
orm of constitutive equation which, under a simplified version
ith only three independent parameters (see also Oldroyd [2]),
as since become one of the most cited and employed differential
onstitutive equations, the Oldroyd model equation for material B
Oldroyd-B):

tot + �∇
�tot = 2�0

(
D + �r

∇
D

)
(1)

This is the simplest model which is capable of representing basic
iscoelastic behaviour of an incompressible liquid having a con-
tant shear viscosity �0, and constant relaxation � and retardation
r times; the symbol � over the total extra stress tensor �tot and
he deformation rate tensor D designates what is nowadays rightly
alled Oldroyd’s upper convected derivative in honour of his influ-

ntial and decisive contributions to the field of non-Newtonian fluid
echanics. With a simple mathematical manipulation it is possible

o split the stress tensor in Eq. (1) into a Newtonian-like contribu-
ion of viscosity �s (s for solvent, even if the fluid in question may

E-mail address: pjpo@ubi.pt.

377-0257/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
oi:10.1016/j.jnnfm.2008.11.013
not be a polymer solution) and a polymer-related contribution:

�tot = �s + �p (2)

� + �∇
� = 2�pD (3)

where we adopt the simplified notation � �p and �p is the (con-
stant) polymer viscosity, defined such that:

�0 = �s + �p = ˇ�0 + (1 − ˇ)�0 (4)

Decomposition (2) arises naturally in models derived from
kinetic theory and is also employed in most numerical simulation
works. The solvent viscosity ratio ˇ �s/�0 can also be viewed as a
retardation time ratio ˇ =�r/�.

An interesting and vivid account of Oldroyd’s contributions to
Rheology in the post-war years is provided in the book by Tan-
ner and Walters [3] where the continuum mechanics approach of
Oldroyd is contrasted with the “simple fluid expansion” theory fol-
lowed by Coleman and Noll [4] in the USA. It would appear today
that those two routes eventually lead to equivalent macroscopic
differential constitutive equations, e.g. [5]. In later developments,
to a large extent conducted by Bird and co-workers [6,7], the basis
of constitutive modelling has shifted from a continuum mechan-
ics approach to a more physically sound molecular-based approach
also known as “kinetic theory” (in line with the kinetic theory of
gases in statistical thermodynamics). Here one looks to a mechani-
cal model for the basic constituent of the macromolecules forming a
non-Newtonian liquid, decides on what are the main forces acting

on it and thus defining its motion, and after a suitable averaging
procedure over the large number of configurations of the basic
models forming the structure of the polymer, one goes from the
microstructure to the macrostructure relevant at the usual fluid
mechanics level. In a beautiful confirmation of Oldroyd’s physical

http://www.sciencedirect.com/science/journal/03770257
http://www.elsevier.com/locate/jnnfm
mailto:pjpo@ubi.pt
dx.doi.org/10.1016/j.jnnfm.2008.11.013
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nsight, it has been shown that his “Oldroyd-B model” – proposed
n his 1950 paper – is the only one of the continuum mechanics
onstitutive equations which may be derived without any closure
pproximation from kinetic theory, when the model for a macro-
olecule is just a pair of spheres connected by an Hookean spring –

he dumbbell model. The derivation is very simple and follows from
balance of advection/affine deformation with the mean motion,

nd relaxation:

= −A − I

�
(5)

here A = 〈QQ〉 is the first moment of the end-to-end distance of
he molecular model, averaged over the ensemble of configurations
nd suitably normalised. Having obtained the conformation tensor
, we can then employ the following expression, due to Kramers [8],

o calculate the “macroscopic” polymer stress which is required to
orm the momentum balance:

= �p
�

(A − I). (6)

In the present study, we have deliberately chosen to write
he equations in terms of macroscopic parameters having a well-
nown meaning, namely the relaxation time � and the polymer
hear viscosity coefficient �p, since our ultimate interest is to
ork with macroscopic, differential constitutive equations. In

erms of the basic microstructure quantities, these are given by
= �/4H and �p = nkT� (� Newtonian drag coefficient on a sphere;

Hookean spring constant; n number of dumbbells per unit
olume; k Boltzmann constant; T absolute temperature).

The fluid B equation of Oldroyd can then be readily derived by
aking the convective derivative of Eq. (6) and assuming that both
p and � are constants (a feature to be relaxed in this short com-

unication) together with the result
∇
I = −2D, to obtain, with help

f Eq. (5):

∇
� = �p

(∇
A −

∇
I

)
= �p

(
−A − I

�
+ 2D

)

nd, if Eq. (6) is used again:

∇
� = �p

(
− �

�p
+ 2D

)
⇒ �

∇
� + � = 2�pD

he same as Eq. (3) above. This is a simple viscoelastic model which
an represent, at least qualitatively, many physical phenomena such
s purely elastic instabilities [9] or turbulent drag reduction [10].
owever the Oldroyd-B model has a number of well-known lim-

tations, the main one being the prediction of infinite extensional
tresses at finite extensional rates. Such a limitation can be over-
ome by more realistic spring force models at the microscopic level:
f the Hookean spring model for the interaction between the two
umbbell spheres is replaced by a Warner [11] spring model, which
ets stiffer as the spring gets longer, then the problem with infinite
xtensibility is removed and we obtain the FENE-P model of Bird et
l. [12].

This closed form constitutive model required a further approx-
mation first suggest by Peterlin [13] in that the average of a
raction having quadratic terms was in fact replaced by the ratio
f averages of square terms. Here a new model parameter arises,
= HQ2

0 /kT , which is related to the maximum possible exten-
ibility of a macromolecule (Q0). The model predicts a variable,

hear-thinning polymer viscosity and also a shear-thinning first
ormal-stress coefficient  1 = N1/�̇2. The function that controls
he rate of decay of both �p(�̇) and �(�̇) will be designated here by
, and depends on the trace of the stress tensor and the parameter
.

Fig. 1. Schematic of 1D control volumes to illustrate conservativeness.

An empirical adjustment was later proposed by Chilcott and
Rallison [14], and used in many works subsequently under the des-
ignation of the FENE-CR model; it offers the advantage of a constant
viscosity �p but a shear-thinning relaxation time (or  1), there-
fore enabling separation of pure elastic effects from shear-thinning
viscosity effects which, from a basic standpoint, is very useful.

The aim of the present communication is to show that a mod-
ified version of the FENE-P constitutive equation can be derived
by following a procedure similar to the one illustrated above for
the Oldroyd-B equation, but with allowance for variable relaxation
time and polymer viscosity. As a guiding principle for the heuristic
derivation followed here, the final constitutive equations should be
cast under a “conservative” form, and this topic is discussed in Sec-
tion 2. The derivation itself is provided in Section 3 and in Section 4
results obtained with the modified model in simple homogeneous
time-dependent shear and elongational flows are discussed and
compared to predictions with the standard FENE-P model. Finally,
some conclusions are given in Section 5. This work was presented at
the conference on Complex Flows of Complex Fluids, in Liverpool,
in a Session devoted to the memory of J.G. Oldroyd.

2. Background and conservative property

The notion of “conservativeness” was a crucial idea for the
present paper as it allowed us to scrutinise and discriminate
between constitutive equations. We base this on the fact that the
conservative property [15] is necessary in order to obtain dis-
cretised equations for numerical simulation techniques that are
consistent with the starting differential equations and, within the
present context, it is necessary that the “effective” relaxation time
�ef should appear inside the convective or substantial derivative:

D(�ef �)
Dt

= ∂(�ef �)
∂t

+ div (�ef u�) (7)

In this way, when such terms are discretised by integration over
control volumes, here illustrated in 1D as an example (Fig. 1), using
basic interpolation schemes such as the Euler method for the time
derivative term, we obtain:

∂(�ef �)
∂t

+ div (�ef u�) ≈ VP[(�ef �)n+1
P

− (�ef �)n
P
]

�t
+

⎛
⎝�ef u · A�︸ ︷︷ ︸

flux-e

⎞
⎠
e

−

⎛
⎝�ef u · A�︸ ︷︷ ︸

flux-w

⎞
⎠
w

=
VP[�n+1

ef,P
�n+1
P − �n

ef,P
�nP]

�t

+�ef,e(u · A�)e − �ef,w(u · A�)w (8)

where VP is the volume of the 1D cell centred at P and �ef,w and
�ef,e are determined by interpolation of surrounding � values. If the
relaxation time �ef was outside the derivative, one would end up
with �ef,P on face “e” from integration over cell “P”, but the same
flux seen from cell “E” would appear with a relaxation time �ef,E;

therefore some inconsistency would arise.

We do not know how this notion of “conservativeness” can
be established at the micro-structural level, when kinetic theory
is applied to construct useful constitutive equations for non-
Newtonian materials. However it is interesting to note that a
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umber of the constitutive equations derived from kinetic theory,
n particular the most well-known, turn out to be “conservative”,

hile some versions of the basic models also in widespread use
re not conservative. Next, we discuss in turn some of the common
odels in terms of whether or not they satisfy conservativeness.
Starting with the constant viscosity models which have mainly

een developed to represent Boger fluids, and therefore separate
lastic effects from shear-thinning effects, the Oldroyd-B model dis-
ussed above (Eq. (3)) is clearly conservative since � is constant

nd the question does not arise �
∇
� =

∇
(��). As mentioned above, an

mpirical modification was devised by Chilcott and Rallison [14]
ith a view to limit the extensibility of the Hookean spring inher-

nt to the Oldroyd-B model. This empiricism avoids the problems of
nfinite elongational viscosity while retaining a constant shear vis-
osity. The corresponding constitutive equation can be cast under
he form (FENE-CR model):

+
∇(
�

f
�
)

= 2�pD (9)

nd is therefore conservative since the effective relaxation time
�ef �/f) is inside the derivative. The model has been successfully
mployed by many workers, e.g. Grillet et al. [16] in viscoelastic
avity flows, and Rocha et al. [17] in cross-slot flow instabilities.
common simplification in steady flows is to consider that spa-

ial variations of 1/f are unimportant, thus bringing the effective
elaxation time out of the derivative to obtain the FENE-MCR model:

+ �

f

∇
(�) = 2�pD (10)

rst used by Coates et al. [18] in viscoelastic contraction flows and
ater by our own team in a number of studies, e.g. Oliveira [19] for
ortex shedding of polymeric liquids. In many steady complex (both
D and 3D) flows of interest there is almost no difference between
umerical results obtained from the CR or the MCR models, and the

ater offers a simpler implementation when � is used instead of A.
owever, Eq. (10) is a non-conservative constitutive equation.

Based on network theory of rubber-like fluids, Phan Thien and
anner [20,21] developed in 1977 the PTT model which is one of the
ost widespread non-linear models in use (cf. critical appraisal by
uinzani et al. [22]) and, when the lower convected term in the
eneralised Jaumann derivative is not considered, by setting the
arameter � = 0 to avoid non-affine deformations, that constitutive
quation is usually written as (PTT model):

� + �
∇

(�)+ = 2�pD (11)

ith � and �p as constant model parameters with the usual mean-
ng. By re-writing this equation as follows, to make clear the
hear-thinning effect inherent in both the relaxation time and shear
iscosity

+ �

f

∇
� = 2

�p
f

D (12)

t appears, at first sight, as non-conservative (�/f is outside the
erivative). However, the present analysis will show that the above
quation may be cast under a conservative form, which arises nat-
rally from the derivation adopted here.

Turning our attention to shear-thinning models of the FENE class
eferred to in the Introduction, the FENE-P in the original proposi-

ion by Bird et al. [12] later (slightly) modified in Bird et al.’s book
7] appears as

∇
(�) + Z� − Dln Z

Dt
[�� + (1 − eb)nkT�I] = 2(1 − eb)nkT�D (13)
id Mech. 160 (2009) 40–46

where the stress function was given as

Z = 1 + 3
b

[
(1 − eb) + tr(�)

3nkT

]
, with e = 2

b(b+ 2)
. (14)

Again, it is not apparent that Eq. (13) is conservative. However,
a straightforward manipulation allows us to write the model as

� +
∇(
�

f
�

)
= 2

a�p
f

D − D(a�p/f )
Dt

I

(
a = b+ 5

b+ 2
and �p = nkT� b

b+ 5

)
(15)

with f = Z of Eq. (14) in agreement with the notation for the other
models. Under this form, conservativeness is apparent, with the �/f
inside the convected derivative. In fact, an equation identical to Eq.
(15) was derived in 1975 by Tanner [23], who applied a different
approximation to deal with the configuration distribution function
integrals that arise in the kinetic theory derivation, compared to
the approach of Bird and co-workers. Acknowledging this fact, Bird
has often referred to Eq. (13) as “Tanner’s equation” (e.g. [6,12]).

The aim of the next section is to obtain a useful constitutive
equation that retains the idea of conservativeness while allowing
for variable relaxation time � and polymer viscosity �p.

3. Derivation of modified equation

From the previous sections, it may be concluded that in general
all the differential macroscopic constitutive equations discussed
(Eqs. (9)–(15)) may be cast in terms of variable relaxation time and
polymer shear viscosity coefficients

�eff = �

f�
and �p,eff = �p

f�
, (16)

as

� +
∇(
�

f�
�
)

= 2

(
�p
f�

)
D + other terms (17)

with different functions f� and fn of invariants of � or D for the
various models, and where 1/f� in the second term on the LHS of
Eq. (17) may be either inside or outside the convected derivative. It
has become customary to express these functions in terms of the
first invariant of the tensor �, that is the trace of the stress Tr(�) = 	kk,
and in particular the following forms have been adopted:

• For the FENE-CR and FENE-MCR models

f (	) ≡ f�(	) = L2 + (�/�p)Tr(�)
L2 − 3

, f�(	) = 1; (18)

• For the FENE-P model

f (	) ≡ f�(	) = f�(	) = L2 + (�/a�p)Tr(�)
L2 − 3

; (19)

• For the PTT model

f (	) ≡ f�(	) = f�(	) = 1 +
(
�ε

�p

)
Tr(�) (20)

In these expressions L2 is the square of the maximum aver-
age length of a dumbbell scaled with its equilibrium value, L2 ≡
3Q2

0 /Q
2
eq, having a similar meaning as the b parameter in the FENE-P

model which was defined above (Section 1) in terms of micromolec-
ular variables. The two are related by b = L2 − 3 if e = 0 as in the
original FENE-P [12], or by b = L2 − 5 if e = 2/b(b + 2) [7]; in both cases
a = L2/(L2 − 3) in Eq. (19). In the Phan-Thien and Tanner model [20]

two stress functions were initially proposed, a linear one, as above
in Eq. (20), and an exponential form f = exp((�ε/�p)Tr(�)) [21], which
may be linearised to the same form as above if only the first two
terms in the expansion are retained. While the exponential form is
better suited to molten polymers, being able to give strain-softening
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t high strain rates, the above linear form yields a maximum elon-
ational viscosity proportional to ε, which is often designated as
he elongational parameter of the model.

Now, to facilitate the explanation to follow, the polymer viscosity
nd the relaxation time are assumed to be variables, functions of
ome measure of 	, and expressed as

p = �p(	) and � = �(	) (21)

hile for the constant zero-shear rate values we shall use the nota-
ion:

p0 and �0. (22)

From the definition of the upper-convected derivative it is eas-
ly concluded that when this operator is applied to any function

ultiplied by a tensor, one gets:

∇
fA) =

(
Df

Dt

)
A + (

∇
A) f. (23)

We shall assume in the present derivation that the relationship
xpressing equilibrium between rotation/stretching and relaxation
s still valid

= −A − I

�
(24)

nd that Kramers’ expression [8] for the stress tensor

= �p
�

(A − I) (25)

lso holds, even when both �p and � vary as a function of suitable
nvariant-dependent variables of the stress or deformation fields.

Applying the upper convected derivative to Eq. (25) gives:

∇
��) = (

∇
�pA) − (

∇
�pI) = D�p

Dt
A + �p

∇
A − D�p

Dt
I + 2�pD (26)

here expression (23) for the derivative of a product and the result
tated in the paragraph below Eq. (6) for the corresponding deriva-
ive of the unit tensor I, were applied. Substituting now Eq. (24) for

in Eq. (26) gives:

∇
��) = 2�pD + D�p

Dt
(A − I) − �p A − I

�

nd using Eq. (25) again results in:

∇
��) + � = 2�pD + ��

�p

D�p
Dt

(27)

ence the final expression for the modified FENE model (hereafter
enoted FENE-M) is given by:

∇
��) +

(
1 − �

�p

D�p
Dt

)
� = 2�pD (28)

here it is recalled from Eqs. (16), (21) and (22), both �p and � are
nown functions of the stress (or the strain rate):

p = �p0

f�
and � = �0

f�
. (29)

ith

�(	) = L2
� + (�/a�p)Tr(�)

L2
� − 3

and f�(	) = L2
�

+ (�/a�p)Tr(�)

L2
�

− 3
(30)

n accord with Eq. (19).

In summary, the final equation for the FENE-M model, from Eq.

27) with the added term explicitly underlined, is given by

∇
��) + � = 2�pD+�	

�p

D�p
Dt

(31)
id Mech. 160 (2009) 40–46 43

and may be contrasted against the FENE-P equation written here
under conservative form:

∇
(��) + � = 2�pD−D�p

Dt
I (32)

with �=�0/f and �p = a�p0/f where f(	) is given by the function
prescribed in Eq. (19). It is clear from (31) and (32) that the last
underlined term is different in the two formulations and that, in
addition, the modified form offers the possible advantage of allow-
ing different functions for determining � and �p, while a single
function is used in the FENE-P equation. Such separate control
of relaxation time and polymer viscosity may be advantageous in
precise, fine-tuning comparisons between predictions and experi-
mental measurements.

A quantitative comparison between predictions of the two mod-
els for the basic time-dependent shear and extensional material
functions is provided in the next section. It is interesting now to
investigate the special case of the modified equation when the two
functions f� and fn take the same form f. Writing

�p = �p0

f
and � = �0

f
(33)

and introducing into Eq. (28), we obtain:

�
∇
� + �

D�

Dt
+

(
1 − �0

�p0

D�p
Dt

)
� = 2�pD

or

�0

f

∇
� + �

D(�0/f )
Dt

+
(

1 − �0

�p0

D(�p0/f )
Dt

)
� = 2

�p0

f
D

and after cancelling out the term multiplied by the stress tensor,
we finally get the result:

�0
∇
� + f � = 2�p0D (34)

This equation, with the change of notation of � for �0, and �p

for �p0, is nothing but the PTT equation (cf. Eq. (11)). It is there-
fore a beneficial additional outcome of the present derivation to
allow a direct connection to be made between the apparently dis-
similar FENE-P and PTT family of models. In some recent papers,
in particular in Tanner and Nasseri [24], a degree of familiarity
has already been established between the network-based models,
such as the PTT, and recent developments in reptation models like
the Pom–Pom of McLeish and Larson [25], which were based on
microphysical ideas following the older tube and reptation mod-
els of [26,27]. Just as here, the connection suggested in e.g. [24]
is made at a macromolecular level, that is, by looking at the vari-
ous macroscopic differential constitutive equations, rather than at
a more detailed microphysical level.

4. Illustrative results

Steady-state material functions predicted by Eqs. (31) and (32)
do coincide in rheometric homogeneous flows (such as simple
steady shear and purely elongational flows) and so we shall con-
sider here some simple transient flows. Of course, in complex steady
flows differences will always arise due to the distinct convective
viscosity terms. Fig. 2 shows curves of shear stress growth upon
inception of shear flow as a function of time. Stresses are scaled
in such a way that we effectively plot the transient shear viscosity
function ((�+(t, �̇) − �s)/�p0; note: all results shown were obtained

with �s = 0) and time is scaled with the relaxation time, while
the parameter for each curve is the imposed shear rate �̇ scaled
as a Weissenberg number, We = ��̇ , and taking the values 1, 10
and 100. The solid lines are for the standard FENE-P model with
L2 = 100(b = 95), a common mid-range value, and the dashed lines
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Fig. 2. Comparison of shear viscosity functions in the start-up of shear flow: FENE-P
(solid lines) and FENE-M (dashed lines) at extensibility L2 = 100 and variousWe = ��̇ .

Fig. 3. Comparison of shear viscosity functions in the start-up of shear flow: (a)
FENE-P and (b) FENE-M, at extensibility L2 = 10 and variousWe = ��̇ .
Fig. 4. Comparison of first normal-stress difference coefficients in the start-up of
shear flow: (a) FENE-P and (b) FENE-M, at extensibility L2 = 100 and variousWe = ��̇ .

are the corresponding results with the modified FENE model (FENE-
M of Eq. (31)) with L2

�
= L2

� = L2 = 100. Both models produce stress
overshoots at high shear rates, although these are significantly
accentuated for the FENE-P model, especially when We ∼ 100, for
which the limit imposed by the linear viscoelastic envelope (see
Bird et al. [28]; pp. 118–123; 363–364) is violated. When �+ is
scaled with the steady-state t → ∞ viscosity value, �+(t, �̇)/�(�̇),
such an effect becomes even more visible; however, in spite of Bird
et al’s [28] suggestion that the linear limit (We = 0) needs to be
respected as a rule, no theoretical proof of such an assertion could
be found in the literature, where, it is fair to say, such a problem
is hardly ever commented upon. The only reference we could find
to this issue is a paper by DeAguiar [29], when a more sophisti-
cated version of the FENE-P model was proposed for concentrated
polymer solutions, the Bird-DeAguiar encapsulated FENE model,
which was tested against measured data in start-up shear flows.
While the experimental data used for comparison by DeAguiar (a
12% solution of polystyrene) fell below the linear viscoelastic enve-
lope, his predictions with the encapsulated FENE model showed
overshoots above that limit, much like the situation seen here with
the FENE-P model in Figs. 2–4 (Note: Herrchen and Ottinger [32],
in a paper discussed below, also mention this issue). A survey of

the literature data on actual experiments with dilute and concen-
trated polymer solutions, such as those by Quinzani et al. [22] with
a 5% PIB + C14 solution, shows that the measured start-up material
functions remain within the linear viscoelastic limit.
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ig. 5. Elongational viscosity in the start-up of uni-axial extensional flow: FENE-P
solid lines) and FENE-M (dashed lines) at We ≡ �ε̇ = 5 and various extensibility
arameters L2.

When the extensibility parameter is reduced to L2 = 10, a rather
ow value which is nevertheless in use due to the critical comments
y Purnode and Crochet [30] (see also [33]) regarding the lack of
greement between the physically expected range of L2 and the
alues required for the model to predict the experimental data ade-
uately, the predictions follow a trend similar to that of the previous
aragraph. Again (Fig. 3a), the FENE-P viscosity growth shows high
vershoots at small times, of order 1/We relaxation times, that vio-
ate the limit imposed by linear viscoelasticity, while the FENE-M
Fig. 3b) shows much reduced overshoots but within the envelope
efined by linear viscoelasticity.

The time-dependent normal stresses in Fig. 4, represented as
+
1 (t, �̇) versus t/�, confirm the behaviour observed for the tran-

ient viscosity. The FENE-P model predicts localised overshoots that
xceed the linear envelope, while the FENE-M model data remains
ithin the limit imposed by the envelope and exhibits very smooth
vershoots (almost imperceptible in Fig. 4).
In terms of start-up of uniaxial elongational flow, Fig. 5 shows

he results for the two models, presented as elongational viscosity
ersus normalised time for various typical extensibility parameters

ig. 6. Sensitivity to varying viscosity extensibility parameter L2
� on the elongational

iscosity in the start-up of uni-axial extensional flow. FENE-M at We ≡ �ε̇ = 5 and
2
�

= 25.
id Mech. 160 (2009) 40–46 45

L2 = 25, 50 and 100. The modified model is represented by dashed
lines and shows an asymptotic behaviour similar to the FENE-P, but
with a much smoother growth of elongational stresses when the
given elongational rate is applied (at t = 0) and time proceeds. It is
clear that the results with the FENE-M are much closer to the actual
direct-simulation results with FENE dumbbells without Peterlin’s
closure approximation, cf. Keunings [31], Herrchen and Ottinger
[32], and van Heel et al. [33], a feature that may be relevant to DNS
simulations of turbulent flows with drag-reducing liquids. In this
case it is important that the model used to represent viscoelasticity,
which is averaged over a timescale compatible with the correspond-
ing relaxation time (that is, these simulations are not actually DNS
for t <�), be able to predict reasonable time-dependent variations
in extensionally dominated flows, which are more closely related to
the actual flow in turbulent eddies. Clearly, in this respect the FENE-
M does a better job than the FENE-P, as judged from the stochastic
simulations where hundreds of thousands of FENE molecules are
modelled in a flow [31–33].

With the new modified FENE-M model it is possible to have dif-
ferent functions controlling the shear-thinning decay of �p and �
which is achieved indirectly through the two extensibility param-
eters L2

� and L2
�

as in Eq. (30). A sensitivity study of varying slightly
L2
� around the base value of L2

� = 25 is shown in Fig. 6, where the
extensional viscosity is plotted against the non-dimensional time in
start-up of extensional flow. When L2

� is varied from 10 to 50 there
is a reasonable range of extensional viscosities than can be fitted.
Only with more careful measurements of the shear and extensional
viscosities can we chose the correct values of those parameters (L2

�

and L2
�
) required in order to obtain quantitative fitting of experi-

mental data, but it is clear that more flexibility is inherent to this
model than the FENE-P.

5. Conclusions

A modified FENE-P model is derived heuristically (Eq. (31))
allowing for separate control of both the relaxation time and the
polymer viscosity (Eq. (29)) by means of functions of the trace of
the stress tensor similar to the Z function of the FENE-P (although
with different extensibility parameters, L2 or b, for � and �p, cf. Eqs.
(19) and (30)). This modified model predicts overshoots of normal
and shear stresses in start-up of shear flow that remain within the
linear viscoelastic limit envelope, and the build up of normal stress
in the start-up of steady elongational flow is much more gradual
than it is with the FENE-P model, being more in-line with micro
simulations with FENE dumbbells without closure assumptions.
Interestingly, the modified FENE-P model becomes identical to the
affine PTT equation (� = 0) written under conservative form, when
the two nonlinear spring force functions (f� and fn) coincide.
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