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Summary. A fully analytical solution is derived for rectilinear flow of a nonlinear viscoelastic fluid obey-
ing the constitutive FENE-P model, under fully developed conditions. Both the plane case (slit flow) and
the axisymmetric case (tube flow) are considered. Physical interpretation of the results is provided. The
normal stress profile is found to vary in a non-monotone way with the dimensionless parameter character-
izing viscoelasticity, the Deborah number (De). For Deborah numbers below a critical value (dependent
on the extensibility parameter of the model L?) the normal stress raises with elasticity, but this trend is
reversed for values above the critical one. This effect is due to the competing influence of elasticity and
shear thinning. Also, as a consequence of shear thinning the velocity profile becomes flatter as De
increases and L? decreases, leading to higher flow rates for the same pressure drop.

1 Introduction

Interest in analytical studies of flow problems involving viscoelastic fluids has been growing,
as a cursory overview of the contents of a specialized journal reveals; for example, Hayat
et al. have tackled some time-dependent problems with the second-order Rivlin fluid 1], [2],
and also with the Oldroyd-B fluid {3]. While these are useful theoretical works, it should be
pointed out that the second-order fluid is hardly ever used to represent real fiuids as it pos-
sesses a negative first-normal stress coefficient, contrary to what is observed, and the Old-
royd-B is a quasi-linear model having a constant viscosity. Models used to represent actual
polymeric fluids are usually more complex than the above, being nonlinear in the stresses and
with implicit differential constitutive equations relating stress with strain rates. Typical
models of this kind, often used in simulation works, are the Phan-Thien — Tanner model [4],
the FENE-P model {5] and the Giesekus model [6].

In this note we derive analytically the solution for the problem of fully developed flow of a
FENE-P fluid flowing either along a circular cross-section tube or within the space between
two parallel plates (slit flow). Due to the intrinsic nonlinearity of the FENE-P constitutive
model, it has apparently gone un-noticed that such solutions can be easily worked out for the
particular situation considered here, of fully-developed flow conditions, as will be shown.
Analytical solutions for simple flows of viscoelastic fluids are useful per se, as they allow a
complete description of the flow with given explicit expressions (in some cases the solution is
only implicit), and are also useful to be applied as boundary conditions in computational
simulations, with the benefit of allowing a reduction of the size of the computational domain.

Without the worry of being exhaustive, we give below a brief overview of some related
analytical works. In the early days of rheology, Rivlin [7] gave the solution for Poiseuille
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flows of the Reiner-Rivlin fluid and, a few years later, Oldroyd [8] indicated how the solution
for rectilinear flows of his general 8-constant fluid model could be constructed by following a
general “indirect” procedure in which the shear rate was taken as the independent variable
instead of the lateral position (in this case we cannot say that the solution is fully analytical).
That procedure was adopted by Walters [9] who derived solutions for a general linear equa-
tion of state in a number of flow configurations, and much later Schaftingen and Crochet [10]
followed the same steps to give an implicit semi-analytical solution for pipe flow of the John-
son — Segalman fluid. For the Giesekus model, in the absence of solvent stress contribution,
analytical solutions for channel and pipe flows were first given by Yoo and Choi [11]. The
final expressions were not totally explicit, as a non-linear equation had to be solved for the
pressure-gradient, and so some form of iteration was still required. Later, Schleiniger and
Weinacht [12] derived identical expressions for the “classical solution” of Poiseuille flow of
the Giesekus fluid, but have also analyzed “weak solutions” and gave semi-analytical expres-
sions for the case with solvent contribution, in which an implicit procedure along the lines of
that of Oldroyd and Walters is required. For the Phan-Thien/Tanner model (with parameter
& = 0), we have derived analytical expressions for both the linear and exponential forms of
the model [13] and have also considered the related thermal problem including viscous dissi-
pation [14]. Generally, it is easier to obtain a solution when the axial pressure gradient is
known. However, we are more interested in the situation in which the average velocity {or
flow rate) is known and the pressure-gradient unknown, as this corresponds to the situation
most often found in practice. It is this situation, for the FENE-P fluid, which is analyzed here.

2 Analysis

The FENE-P model is based on the kinetic theory for finitely extensible dumbbells and, when
the Peterlin approximation for the average spring force is introduced, it leads to a differential
constitutive equation which was given in the original paper (Bird et al. [5]) in terms of the
extra stress tensor 1. Following Chilcott and Rallison [15], we prefer to work here with the
model expressed in terms of a configuration tensor A defined by A = 3(QQ)/Q.? where Q is
the end-to-end vector connecting the dumbbell beads, (-) indicates an ensemble average over
the configuration space, and Q. is an equilibrium length. The connector force of the spring in
the original FENE model follows the expression proposed by Warner:

H
= o0 1)
1-(Q-Q)/Qv”
where H is the spring constant and @ the maximum possible spring length. In order to derive
an evolution equation for the configuration tensor, the average (QF¢) is required, and it is
not possible to obtain a closed-form equation unless some form of approximation is intro-
duced. In the FENE-P model (P for Peterlin), Eq. (1) for the spring force is approximated by:
H
Forn ———
1-(Q-Q)/Qo

following an idea suggested by Peterlin (see Bird et al. [5]). By using the definition of A given
above, we see that the dimensionless function f defined by the last term in Eq. (2) depends on
the trace of A and can be written as:

2
f=frA) = o 3)

FC

Q=/HQ, )
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where L% = 3Q?/Q.” is called the extensibility parameter of the model. It represents the
square of the ratio between the maximum and the equilibrium lengths of the spring, and it is
related to “b” used in the original Ref. [5] by L? = b+ 3 (Note: b = HQy?/kT; k is the Boltz-
mann constant and T the absolute temperature).

At this point it is possible, after ensemble averaging the equations of motion for the dumb-
bells, to derive the evolution equation for the configuration tensor of the FENE-P model as

(5], [16]):
A= -1 (fA—a) @)

which needs to be solved together with Kramers’ form for the relation linking A to the poly-
mer stress,

v=" (fA~aD). (5)

In these equations the constant model parameters are the polymer viscosity 7,, the relaxation
time A, and the extensibility parameter 2. The additional parameter a is not an independent
parameter; it is a short notation for a = 1/(1 — 3/L?) which arises in the derivation. It is
related to physical properties by a = 1 + 3kT/HQy* and to the original b parameter [5] by
a = (b+ 3)/b. Some times a more simplified version of FENE-P is utilized, in which ¢ = 1 on
the assumption that L? is large. However, there is a certain tendency seen in the recent litera-
ture to adopt low values for L? (e.g. [16]), and in this case it is not adequate to consider a = 1,
so we leave it in the model equations and take account of it in the analysis.

The symbol v in Eq. (4) is used to denote Oldroyd’s upper convected derivative,
X:%—?—A~Vu—VuT-A, (6)
where u is the velocity vector, the material derivative is D/Dt = 8/8t + u -V, and Vu? is the
transpose of the velocity gradient. By combining Eqgs. (4) and (5), we have:

A--X (7)

This constitutive equation is to be solved in conjunction with the continuity and momentum
equations, respectively:

D
V-u=0 and Q—u:—Vp-f-V-t, (8)
Dt

where incompressible flow is assumed and p is the pressure. In general, the operator v satis-
fies:

v v Df
(fA):f(A)+Aﬁ (9)
for any function f. But, for the situation of fully-developed, steady and rectilinear flow, in
which the only nonzero velocity component is u (v = w = 0), which is aligned with the flow
direction z, we have:

E—ngug#—vngwﬁ— or _

Dt ot o Vay Ve Yar U
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and so, from Eq. (9),

v

(fA) = fA. 10)

It is this result which allows an analytical solution to be obtained.
If we apply the upper convected operator v to Eq. (5), we obtain

v

((F) ~ al) =22 (FA + 2aD)

v
T =

>|$

v
where we used the result I=-2D, with the rate-of-strain tensor denoted by
1 . .. v
D= 5 (Vu + Vu®). The latter equation is made explicit on A and equated to (7), to obtain a

final expression for the FENE-P model in terms of the extra stress:

v
AT+ fT=2an,D. (11)
The function f should now be expressed in terms of the main dependent variable T, and this is

accomplished by taking the trace of Eq. (5) to get:

A
3a+—1tre
trA=—2

f
which is then introduced into the definition of f (Eq. 3) to yield:
3a -+ i fre
n
f=1+ H——Lf . (12)

For the problem under consideration the constitutive equation (11) reduces to the set:

du

szz = 2/\7-95]; d—y s (13)

f’ryy =0, (14)
du du

JTay = anp d_y+ ATy dy’ (15)

which is valid for both the plane and axisymmetric cases (with the radial coordinate r substi-
tuted for the lateral coordinate y). The continuity equation is satisfied identically, and the
momentum equation (8) reduces to:

T

5 (16)

Ty =Py and 7,=P

for the plane and axisymmetric cases, respectively, with P = dp/dz denoting the applied (but
unknown) pressure gradient. After dividing Eq. (13) by Eq. (15), so that the function f cancels
out, we obtain for the normal stress:

2 2X >
-2 P and Ty =-—— P2

. 1n
anp any 4

T.’II
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Once 74, = trt is known, the function f can be determined from (12), and Eq. (13) gives
directly the velocity gradient, which is conveniently expressed in nondimensional form as

. 2 V2.2
d_’l:',_—?)_)gA 1_{—36L+18D(5Xy/a}(Sht)7
dg L2
(18)
~ 2 2 v2.2
fd_qf:_gA 1+3a—|—3 De*X*74 /a (tube)
d# a L2

after scaling y (or r) with the half-slit width H (or the tube radius R) and u with the average
velocity U. So in Egs. (18), and in what follows, we have introduced the notation ¢ = v/U,
9=y/H, 7 =r/R, and the Deborah number, used to characterize viscoelastic effects, is
defined as usually, De = AU/H or De = AU/R. The nondimensional pressure gradient para-
meter X is defined as

—PH? —PR?
%{X, with Uy = PH (slit) or Uy= (tube), (19)

X =
Mo 81y

and it is clear that Uy has the meaning of the average velocity for the Newtonian case. Inte-
gration of Eqgs. (18) from a general lateral position (7 or §) to the wall (f = § = 1), where a
no-slip boundary condition is imposed, gives the velocity profiles:
3 De? X?

w(g) = 3 X(1 -9 [1 +9 " 7 A+ )J (slit),

(20)
De*x?

a?l?

a(f) = 2X(1 — ) [1 +16 (1+ f"2)] (tube) .

It is interesting to note that the first two terms in the brackets of Eq. (18), (1 +3a/L")/a,
become equal to unity due to the definition of a, with the consequence that the velocity pro-
files (20) reduce to the parabolic Newtonian profile whenever De tends to zero (irrespective of
L?), as it should. Otherwise, the solution at De = 0 would still depend on the viscoelastic-
related parameter L%, in what would be an incorrect conclusion. A further integration of the
velocity profiles across the slit or tube sections, together with the definitions of the average
velocity in the cross section, which in nondimensional terms are:

1 1
= [a(y)dg(slit) and 1= [24(F)7d7 (tube)
0 0

gives the following cubic equation for X

1= X(1+8X?%
with
54 De? 64 Dé?
8= 5 22 (slit) or 8= =72 {tube) . (21)

The real solution of this cubic equation is:

4321/6 (D2/3 _ 22/3)
= 681/2DL/3
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with:
D = (44 278)'/% + 33261/,

and where the appropriate 3, from Eq. (21), should be used for the slit or the tube flow.

At this stage the pressure-gradient parameter X is known Eq. (22), the velocity profile is
given by Egs. (20), and the stress components can be obtained from Egs. (16) and (17). After
being scaled with the wall shear stress for the Newtonian case, the stress components are writ-
ten in nondimensional form as:

U -
Ty = sz/ (377,, E) = — X7 (slit),

U (23)
T, = Tm«/ (47710 E) = — X7 (tube)
for the shear stress components, and
_ U 9 A9 .
Toz = Toz 377PE = 6DeX"7" /a (slit),
(24)

U
Top = Tox / <4np E) = 8DeX?#* /a, (tube)

for the normal stress components. It is noted that the wall shear stress for the upper-convected
Maxwell model, for example, is identical to that for the Newtonian fluid. In this sense, it is
better to view the normalized stresses in Eqs. (23) and (24) as being scaled by a factor propor-
tional to a constant viscosity 7, multiplied by a constant typical shear rate, U/H or U/R.

3 Discussion and conclusions

The physical interpretation of the results is facilitated by a few graphs showing the variation
of velocity and stresses. Representative velocity profiles for the tube flow are shown in Fig. 1
for fixed extensibility parameter L? = 10 and increasing Deborah number, and in Fig. 2 for
fixed De = 2 and increasing L?. The range of L? (10, 100 and 1000) is that usually found in
works with the FENE-P or FENE-CR (constant viscosity, [15]) models (e.g., [15], [16]). It is
seen that both an increase of the Deborah number or a decrease of the extensibility parameter
lead to flatter velocity profiles as a consequence of enhanced shear thinning in viscosity.

When L? tends to infinity the function f tends to unity (cf. Eq. (3)), and the constitutive
equations (4) and (5) reduce to the well-known upper-convected Maxwell (UCM) model, writ-
ten in terms of T as /\1: + 1 = 2n,D (this is more directly seen from Eq. (11) with f — 1 and
a — 1, as L2 — 00). The UCM model is a particular form of the Oldroyd-B family with a van-
ishing solvent viscosity; it represents a fluid molecule with infinite extensibility and has a very
simple solution in fully developed flow: the velocity profile is parabolic as for the Newtonian
fluid, and the normal stress is quadratic in the velocity gradient, 7,; = 2Xn,(du/ dy) This
trend of 12 on the velocity variation is clearly seen in Fig. 2 when L? — co, with the shape of
the profile approaching that for the Newtonian fluid; the velocity solution Eq. (20) gives this
limit readily: L? — co = X — 1 Eq. (21), so the term in the square brackets of Eq. (20) goes
to unity, and the parabolic profile is recovered.
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At this point it is worth emphasizing that although the viscosity parameter of the model Tp
is a constant, the viscosity function as defined by () = 7.,/ in a simple shear flow (of shear
7) is not, and tends to decrease with 4. This is illustrated in Fig. 3 where the material proper-
ties (viscosity 7(7) and first normal stress difference N;(%), e.g. [16]) of the FENE-P fluid in
simple shear flow are given as a function of the dimensionless shear rate (equal to A7, and so
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it can be viewed as a Deborah, or more appropriately Weissenberg number). There is shear
thinning in both viscosity and first normal stress coefficient ¥ = Ny /4?%; for large 7, viscosity
decreases as 7(4) ~ 9~2/® and normal stress increases as N1 ~ 4?3, a well-known result [16].
For the tube and slit flows under consideration, things are not so simple because the shear
rate 5, equal to du/dr or du/dy, is itself an unknown of the problem (given by Egs. (18))
which varies over the cross section and depends in a complex way on both De and L.

The stress components (T, and Ty,) also show the expected effect of shear thinning, but
the normal stress T, exhibits a non-monotone behaviour with De (Fig. 4 a): T, first increases
with De (at fixed L? = 10), but at higher De it shows the opposite trend. This is because Ty is
affected by elasticity (directly proportional to De) and also by shear thinning (inversely pro-
portional to the 4/3 power of De), c.f. Egs. (24) and (21) at high De. For this reason, it is bet-
ter to plot the normal stress scaled with the wall shear stress of the FENE-P fluid, as shown in
Fig. 4b where profiles of 7,/ (7). are given, thus removing the shear-thinning effect. A
similar conclusion was found for the Phan-Thien/Tanner model [13], and for the Giesekus
model as well [17], and therefore it is reasonable to admit that it represents a general feature
of constitutive models exhibiting shear thinning.

For the situation depicted in Fig. 4, with L? = 10, the critical De corresponding to the
maximum level of 7, is around 2; for higher L?, the critical De is increased. This is illustrated
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in Fig. 5 which shows the normal stress at the wall ((7.5),, = 7e (7 = 1)), normalized with the
fixed scale 4n,U/ R, as a function of the overall Deborah number De. It is possible to find the
critical Deborah number De. giving a local maximum of the wall normal stress for any given
L? by calculating the derivative of 7,, with respect to De (from Eq. (24)) and equating it to
zero. The final result is not amenable to an analytical expression but we have found, based on
a numerical solution, that it can be conveniently expressed by the correlation:

De, = 0.507 (L?)*475 . (25)

This correlation enables the calculation of the critical Deborah number to within 2% for 12
above 10, say from 30 up to 1000. For lower values of L?(L? < 10), De, actually increases
with decreasing L?, due to the effect of the parameter a in the solution, but this range of L? is
of little practical interest.

There is no contradiction between the above finding on the maximum of the 7., variation
and the fact that the first normal stress difference is a monotonic increasing function of A4, as
seen in Fig. 3. Recall that De is a global nondimensional group characterizing the viscoelasti-
city of the flow, and should not be confused with a possible local Deborah number defined as
De’ = Ay, with = du/dr. To show how complex the situation would be, we present in Fig. 6
profiles of normalized shear rate (from Eq. (18) for tube flow, divided by the factor 4) at
L? = 10 and for increasing values of De. It can be seen that there is a change of the trend on
the variation of ¢ with De between the core of the flow and the near wall region. This feature
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will certainly provoke the non-monotone behavior of the normal stress seen in Fig. 4a. The
viscosity function n(7), on the other hand, shows the expected shear thinning behaviour, with
the n(¥) versus r profile decreasing all over the tube cross-section when De is raised (Fig. 7).

In what regards an equivalent to the well-known Hagen-Poiseuille result for the flow rate
(Q) versus the pressure-drop (V'p), which is Qn = nR*Vp/8f for Newtonian fluids (viscosity
) in a tube with length £, we obtain for any constitutive model:

9 _1 (26)

Qv X’
where, for the FENE-P fluid in particular, X is given by Eq. (22). As a consequence, the flow
rate increases with the Deborah number and decreases with the extensibility parameter of the
FENE-P model (see Fig. 8). At high elasticity, the asymptotic behavior is Q/Qn ~ (De/ L)Q/ 3,
In conclusion, an analytical solution for the flow of a FENE-P fluid in ducts of circular or
planar cross-section was derived and is given in terms of velocity profiles Eqs. (20), stress pro-
files Egs. (23) and (24) and shear rate Eqs. (18). The most important effect was found to be
that due to shear thinning, inducing flatter velocity profiles and lower shear stresses. How-
ever, for the normal stress there is a competing influence of elasticity and shear thinning. For
values of De below a critical level (given by Eq. (25)), elasticity increases the normal stresses
in the cross section; for higher values of De, shear thinning reverses this trend, and the normal
stresses tend to decrease with De.
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