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Abstract

A novel formulation of the differential equations governing the flow of viscoelastic fluids is proposed, based
on the use of the traceless stress tensor (TST). It is shown that it naturally leads to the appearance of a modified
viscosity given byy + (1/3) - tr(r) wheren is the shear-viscosity coefficierit,the relaxation time and trfj the
trace of the extra stress tensor. This modified viscosity reaches high values near singular points, the troublesome
regions when solving numerically the equations, and therefore its inclusion will tend to stabilise the computations
when the modified-viscous terms in the momentum equations are treated implicitly. © 2000 Elsevier Science B.V.
All rights reserved.
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1. Introduction

In this paper, we present a new idea for the formulation of the differential equations governing the
flow of viscoelastic fluids, aimed at enhancing the stability of the numerical methods used to solve
those equations when the levels of elasticity are high. This idea will be most useful in conjunction with
decoupled numerical methods, like the finite-volume type of methods (FVM) that the present author and
colleagues have been developing [1], but is also applicable to finite-element methods (FEM) and other
FV methods, as we shall discuss. In particular, it can be directly applied to adaptive-viscosity methods
which are becoming increasingly popular.

We are thus dealing (indirectly) with the so-called high Weissenberg number problem (see Keunnings
[2] and Crochet [3]), whereby numerical solution of viscoelastic flows becomes more and more difficult
as the Weissenber@ number increases. During the past 13 years significant progress has been made
regarding this matter and it is now accepted that the difficulties of computingWeglows are numerical
and not related to the mathematical well-posedness of the starting equations, e.g. [2,4,5]. In a recent
review, Renardy [5] refers to “well-posed iteration and discretisation schemes” (in contrast to well-posed
eqguations) as being crucial for successful numerical methods.
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The efforts to mitigate the high-Weissenberg number problem have been of two types: either (1) by
re-arranging the starting differential equations in such a way that the new set, although mathematically
equivalent to the original, possesses better characteristics for the numerical solution methods (the mo-
mentum equations become more “elliptic”); or (2) by improving the numerics of the specific methods
used to solve the equations. Most numerical procedures found in the literature for visco elastic flow are
of the finite-element type, except in the early years of computational rheology, e.g. Davies et al. [6] (a
certain tendency for change is just emerging: Sasmal [7]; Xue et al. [8]; Oliveira et al. [1]). One of the
firstimportant breakthroughs on FEM was made by Marchal and Crochet [9] in 1987. Their contribution
falls on the second type above: introduction of a form of streamline upwinding in the discretisation of the
constitutive equation and use of differing elements for the different variables — quadratic for velocity
and linear for pressure and stresses (witk 4 sub-elements). Marchal and Crochet implemented the
proposed improvements in a FEM code and applied it with considerable success to a number of typically
difficult flows, slip-stick, contraction flows, etc. obtaining solutions at much higtethan before. Later,

a number of contributions also fell in that second type: Fortin and Fortin [10] — discontinuous interpo-
lation and decoupled schemes; Sato and Richardson [11] — mixed FK techhiques; Webster and
coworkers [12,13] — FEM with pressure-correction techniques borrowed from FVM and reconstruction
of smoother velocity gradients for the constitutive equation; Sun et al. [14] — recent work incorporat-
ing various FEM techniques including discontinuous Galerkin approximations for the stresses and least
squares interpolation for the velocity gradients.

Typical examples of efforts of the first type are the formulations known as the elastic viscous split stress
(EVSS) and the explicit elliptic momentum equation (EEME). EVSS is usually referred to Rajagopalan
et al. [15] in the context of FEM, but the basic idea which interests us most was quite evident (in
retrospect) and in fact was used long before, e.g. by Perera and Walters [16]. The outcome of EVSS is
that a fully viscous term appears in the momentum equation (even for a constitutive model devoid of
solvent viscosity, as the upper-convected Maxwell UCM) thus increasing the ellipticity of that equation.
Those viscous terms are treated implicitly in FEM or FVM methods and thus tend to stabilize any of the
numerical methods when some form of iteration is utilized.

A somewhat different form of EVSS has recently been introduced by Sun et al. [17] who coined it
the AVSS, standing for adaptive viscoelastic stress splitting. In this case the added viscous terms in the
momentum equation use an artificial viscosity which varies in the field in such a way that will be highest
in zones of higher stresses, thus promoting stability (through ellipticity). The expressions adopted for the
adaptive viscosity are purely empirical, based on numerical experiments, and in the original paper it was
estimated by assuming that the magnitude of the viscous and elastic stresses were the same, yielding:
oht max/Umax, Where the constamt ~ 1 andhis a characteristic size of the finite elements. The maximum
values of stresses and velocity,ax and umax, have to be found throughout the flow domain. In more
recent form of AVSS (e.qg. [14]) the expressions to calculate the adaptive viscosity are more elaborate but
their basis continues to be empirical.

The explicitly elliptic momentum equation (EEME) formulation of King et al. [18] also relies on a
manipulation of the momentum, continuity and constitutive equations such that the newly obtained mo-
mentum equation becomes more “elliptic” (more terms treated implicitly and included into the Laplacian
operator). It has been implemented in FEM and shown to yield good results in a number of cases [18]
but it is fair to say that the modified equations are in terms of the vorticity V x u, a variable which
is problematic, especially near solid walls (Roache [19]), and has long lost favour in classic CFD with
Newtonian fluids — in fact the old vorticity-streamfunction formulation has practically been replaced
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by the primitive variables velocity—pressure. Furthermore, this formulation is restricted to flows without
inertia (zero Reynolds number).

The formulation we propose here is based on the use of the traceless stress tensor (TST), that is
the deviatoric part of the stress obtained from subtraction of the trace to the original tensor. The idea
was originated from observations in Newtonian calculations with incompressible fluids and the FVM in
non-staggered meshes, in which we have noticed that if the stress is forced to be traceless (as they are
in the differential formulation) then not only the resulting solution was more smooth (so better results)
but the number of iterations to obtain those results would be much less, e.g. [20]. Like the EEME, our
proposal entails a reformulation of the governing equations but whereas in EEME that is restricted to
the momentum equation, here the constitutive equation is also modified. In fact, the present formulation
brings part of the stresses from the constitutive equation into the momentum equation, therefore tightening
the coupling between those equations. The derivation and consequences of adopting a TST formulation
are examined in the Sections 2 and 3 in the context of the upper-convected Maxwell model. It will be
shown that an “artificial viscosity” naturally arises and this can be very useful for the AVSS type of
methods. A generalisation to the Phan-Thien—Tanner model is given in Section 4, and some preliminary
results supporting the method in Section 5.

2. Traceless formulation for the UCM

Incompressible fluid flow is governed by the continuity and momentum equations:

i o (1)
8xj

apu; opu ju; d0ijj
) 2
or | ox, ax, 18 @

whereu; ando;; are the components on a Cartesian framef the velocity vector and stress tensor,
respectivelyt the time,p the fluid density and; a body-force acceleration (typically due to gravity). The
Cauchy total stress tensey; can be decomposed into a “pressure” contribution plus a deviatoric stress,
as in the following equation:

oj = —p'Sj + (l’ij — %fkk&j) , (3

wheres;; is the Kronecker delta and the trace of the extra strgssy = tr(r), may generally be different
from zero. For this reason we denote the pressure in Eg. (3)pMthemphasise that it will be different
from the usual pressure defined from the standard decomposition:

ojj = —pdij + Tjj. 4)

Two alternative formulations are possible when one seeks to solve numerically the above equations. In
the first, the trace of the stress tensor is separated from the divergence term and added to the pressure
gradient leading to the following form of the momentum equation:

dpu; n dpujui _ (p'+ (1/)twd | 0Tjj

- . 5
or | ox; ox; Tk, T8 ®)
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Clearly, if we denotep = p’ + (1/3)w (from Egs. (3) and (4)), then Eq. (5) is nothing but the usual
momentum equation found in most works in the literature whereby one solvgsdod ;. More
interesting is the second formulation in which we keep working withnd the traceless tensor. In this
case, if we insert Eqg. (3) into (2), we obtain

dpu;  dpuju; ap’ d(zij — (1/3)tdij)
—_— = is 6
TR TS ox ox; + P8 ©)
which can also be written as
dpu;  dpuju; ap’ 0T
——— =+ — i 7
or | ox; ox, " ox, P8 %

wheret; is the traceless tensor defined by
T = Tij — i (8)

In this section, the basic idea of our proposal is explained by taking as rheological constitutive law the
upper-convected Maxwell model (UCM). This is one of the simplest differential viscoelastic fluid models
but nonetheless one thatis connoted as giving rise to the greatest numerical difficulties, e.g. [3,4,8,9,12,13].
Since our proposal is aimed at improving the numerics in viscoelastic flow calculations, it makes sense
to look first at the most difficult model. In the UCM model the extra stress is purely viscoelastic — there

is no solvent viscosity — and its evolution is governed by the following constitutive equation (Bird et al.
[21]):

+kDTij al/tl’ 4 auj 1 Buj I 8Mi (9)
! Dt 7 0x; 0Xx; k 00Xy k Xy,

where the two constantsandy are the relaxation time and the viscosity coefficient, respectively. We note
that part of Oldroyd’s upper convected derivative has been shifted to the right hand side of the equation
(term multiplied byx). This term may be seen as representing generation of stress by interaction with
the velocity gradients, in analogy to the equivalent vortex-strechting term in standard turbulence models
(the so-called production or generation term), and is usually treated explicitly in an iterative solution
procedure (in passing, it should be said that strong similarities between laminar flow of viscoelastic fluids
and turbulent flows of Newtonian fluids have been recognised for a long time, e.g. Rivlin [22]). Itis quite
clear by contracting indices that the tracergfis not zero and evolves with the flow. The question now

is how to incorporate this stress equation with the momentum balance, and this requires a choice among
the possible forms represented by Egs. (5)—(7).

Eq. (5) leads to the standard practice for the momentum equation, as noted above. In Section 1 we
argue for the use of the traceless stress tensor and there are two ways of implementing this traceless stress
approach. The first and more obvious is to work with Eq. (6) and retain the original constitutive Eq. (9).

In this way, this last equation is solved foy; but it is the traceless stress tensor that is then utilised in

the momentum Eq. (6), witp’ instead of the usugd. This approach offers some potential advantages
when applied in conjunction with a finite-volume method in non-staggered meshes and will be explored
in future work, but it is not the proposed approach. What we advocate for is to follow Eqg. (7) and hence to
entirely adopt the traceless tensor and, consequently, the constitutive equation will have to be expressed
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in terms ofz’. To do this,r;; from Eq. (8) is inserted into Eq. (9) to obtain

- 1 +AD(T"{ + (1/3) i) ou o\ (L 1o\ o4
T+ = Tadi =n|l—+-—- Ty + =ndi | —%
"3 Kk Dt g ox;  0x; kT3 1ok Xy,

+ ’ + 1 s Bui
T =T 0j — 1.
ik 3 I19jk 8)Ck

This expression, after some rearrangement and by notingibaf/dx, = du ;/dx;, etc. from contraction
of indices, leads to

Dt A ou; Jdu; ou ; ou; 1 Dk
4o —3 = z A T Al =L o L) == A—CY s (10
5t Dt n+ 37;|<I< 0x; + 0x; A T Xy, + Tk Xy, 3 Tk + Dt ! (10)

In order to use this equation we need a relation governing the evolutiog, oThis may be directly
obtained from the original Eq. (9) by contracting indices, to yield

D‘L'kk abtk
+A— =2n— + 2AG, 11
Thk D; U (11)
where theG-term, by analogy to the generation term in turbulence modelling, stands for
G 3Mj
= Tk—-
k axk

Since thisG-termis still expressed with the original stress components there is the need again to substitute
in this last expressio#/, for t, by using Eqg. (8), to obtain

G =iy L+ 3, = O+ g L (12)

where theG'-term is now based on the traceless stress components, which are the main dependent stress
variables:

ou ;
G/ = % J . 13
Tjk 8.Xk ( )
The evolution of the trace can then be written as
Dtkk A auk
A— =2 — — 420G, 14
Tkk + Dr (77 + 3Tkk> oy + (14)

It should be noted that terms involving the divergence of the velocity veétq/dx;) are taken into
account in the above equations in spite of the continuity constraint, Eq. (1), because the divergence is not
exactly zero in many numerical approximations. This is particularly relevant in FVM with non-staggered
meshes [20] in which the convective fluxes at cell faces do satisfy continuity exactly (to the tolerance
imposed in the solution of the pressure-correction equation) but the cell-centred velocity field does not. If
the numerical method used is such that the divergence of the velocity field is zero to the required tolerance
(such as a FVM in a staggered mesh) than the termdugidx,) may be omitted in the above equations.

In any case, care should be taken to solve Eqg. (14) with a velocity field satisfying continuity closely.
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After multiplying Eq. (14) bys;;/3 and introducing it into Eq. (10), we find the final expression for the
7’/ stress equation to be

Dt A ou; ou; 20uy ou ; ou; 2
T+ A— = ~1 — L s A L T — ) — ZAGS;. 15

i Dt <77+ 3 kk) <8xj + ox; 3 0x ”) + ( B xy + D xs 3 ! (15)
This equation represents the UCM model in terms of a traceless extra stress#grisoray be readily
confirmed that contraction of indices in Eq. (15) results in the identity@, reflecting the fact that trace
of rij does vanish. Itis also interesting to notice the appearance efaf8term in the rate-of-deformation
tensor as it is usually the case in a complete Newtonian formulation.

3. Discussion of the TST formulation for the UCM

By adopting the TST formulation we are able to obtain a tighter coupling between the flow and
constitutive equations: a large part of the stress tensor (specifically, its trace) is now in the momentum
equation (specifically, in the pressure gradient and diffusion term — see below) where it may be implicitly
incorporated in a numerical scheme. The remarkable point about the new UCM equation for the traceless
stress tensor, Eq. (15), and one which may have important implications in the numerical schemes, is the
appearance of a modified viscosity multiplying the traceless strain rate tensor, namely

n=n+ %Tkk- (16)

Since a viscosity is only meaningful if it is a positive quantity we, therefore, expect that the trace of
is also always positive. This is indeed the case as can be inferred from Eqg. (14), the hyperbolic equation
governing the evolution of that quantity. #f, is positive at the inlets to the flow domain, then Eq. (14)
guarantees that,; will remain positive provided the terms on the right hand side — the source terms —
are either null (the first term) or positive definite (the second term). This is so beGaissthe product
of the traceless deviatoric stress tensor — which is symmetric — by the velocity gradient, representing
the irreversible increase of internal energy of the fluid, a positive quantity according to the second law of
thermodynamics (dissipation by viscosity).

This last assertion is not fully-proven by the existing theory for thermoviscoelasticity (cf. Bird and
Curtiss [23]) and so it is relevant at this stage to see hgwbehaves in some actual typical flows. Instead
of plotting directlyzty, itis more instructive to plog’/n = 1+ A1/3n, a modified normalised viscosity.
For a UCM fluid,n is a constant and areas in the flowofys much higher than one will be an indication
of high . Two flow configurations are examined: Fig. 1 shows isoplots in a 4:1 plane contraction flow
(at Deborah number de = 2, see [20]); and Fig. 2 shows isoplots for the flow produced by a cylinder
falling in a channel, with a blockage ratio of 0.5 (2@ = 1 andRe= 1, see [1]). These cases are based
on results from numerical simulations with the finite-volume method. These figures confirm,thgt
indeed positiver’/n is always >1) and, as expectaqd; becomes very large close to the singular point
in the first test case, and around the cylinder and its wake in the second. As a consequence, the modified
viscosity presents a large peak near the re-entrant corner in the contraction case of Fig. 1. In the second
example (Fig. 2), classified as a smooth flow since there are no geometrical singular points, the modified
viscosity is concentrated in the stress boundary layer on the cylinder surface and in the stress wake behind
the cylinder — the problematic areas in the simulation of this problem [14,17]. These examples show
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Fig. 1. Contours of the modified viscosity fieddn in a plane sudden contraction@é = 2 (note:(n’'/n)max = 67.5).

that if one can use the high values of the modified viscosity to profit, then one has a powerful means of
stabilising the calculations near the problematic points. The way to do this is well known and falls in the
EVSS formulation, as shown now.

The numerical scheme appropriate for the traceless stress tensor formulation should be based on implicit
solution of the momentum equation, with the diffusive fluxes based on the increased vigcasityreated

implicitly. We may do this directly by simply adding a diffusive term to both sides of the momentum
Eq. (7), as

dpu;  dpuiu; 0 ou; ap’ 0T 0 du,;
opui- | optiti - 9 (e Cti) _ 0P L T e O (S 17)
ot 8xj 8xj ; ; Xi

Fig. 2. Contours of the modified viscosity field in the flow around a cylindddeat 1 andRe= 1 (note:(n'/n)max = 32.3).
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where the terms on the left-hand side are treated implicitly and those on the right-hand side are treated
explicitly (that is, are included into the source term). Similar addition of diffusive terms has been done
in our previous work [1] without any convergence problems and also by Perera and Walters [16] a long
time ago. The proposal of Guenette and Fortin [24] is also, in essence, equivalent to using Eq. (17).
Alternatively, we may use a form of the EVSS by splitting the traceless stress tensor as

T =1]+15 (18)
with

t,=21'D, (19)
whereD’ is the traceless rate-of-strain tensor (the first term on the rhs of Eq. (15) multipligil Ghe
traceless stress tensor formulation (15) can be written in tensorial notation as

v/
'+t =29/'D, (20)
where we use the following modified definition for the upper convected derivative:
v Dt/ 2
' = — |t - Vu+Vu' -t - (7' Vu)s ). 21
D1 (t u+Vu -t 3(r u) ) (21)

This differs from the usual definition by inclusion of the last term @erm of Eq. (13)) which induces
a vanishing result upon tensorial contraction. Since the operator in (21) is linedr we may apply
the decomposition (18) and introduce the two traceless tem$arsdr; into the momentum Eq. (7), to
arrive at a result analogous to the EVSS:

Du 2
ro, = —Vp +V- (n/(w +Vu' — g(V -u)8)) +V -1, +pg, (22)
A\ A\
T) + AT) = —AT), (23)

where the term on the right-hand side of (23) contains only velocity gradients, like in the standard
EVSS counterpart, e.g. [15]. The beneficial effects of the present formulation, besides the expected better
pressure-velocity coupling due to usemf will be felt through the diffusive term in the momentum

Eqg. (22) which is multiplied by the modified viscosity. Since that term is treated implicitly in the
numerical procedure, there will be a tendency to enhanced stability wheneverietdhey; increase,

and therefore the schemes should behave well in problematic regions and2¢higte high Weissenberg
number problem is thus expected to be greatly reduced (an expectation in-line with reported performance
of AVSS methods).

4. Generalisation to other constitutive models

The traceless stress tensor formulation can be easily extended to other constitutive models and this is
demonstrated here with the Phan-Thien—Tanner [25] equation:

F(tr(x)) + 7 + AT = 2D, (24)
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wheref is a function of the trace of stress tensor which can take the following forms:

rE A€
fr(r)) =1+ 7“(‘[) or f(r(r)) = exp<7tr(r)> .

This model has been widely used with both the linear and the exponential forms for the stress coefficient
f and, comparatively to the UCM, shows a shear-thinning viscosity and a bounded elongational viscosity
in a simple uniaxial stretching. It is also better behaved numerically thus allowing solution at higher
Deborah numbers than the UCM.

If we substituter in Eq. (24) by the traceless tensor from Eq. (8) we end up with the following equation
(tkk = tr(7)):

/

f(Z k)'-'/+)¥
. Dt

A 1 D‘L’kk
=2 — D+ )G — = A—— |46 25
(77 + 3Tkk> +AG 3 <f(77kk)77kk+ oy ) , (25)

with
G =1t Vu+Vu' .7,

noting that the scald®’ defined by Eq. (13) is twice the trace of the second-order teg'sdrhe evolution
of the trace ofr is governed by an equation similar to (11), obtained by contraction of indices of (24):

D A
f (ki) Tk + )x%( =2 (77 + éfkk) Dy + 20G'. (26)
This equation can now be inserted into (25) to obtain
D1’ A 1 1
"+ =2 = D—--D MG -=Gus ), 27
f (T’ + Dr (77 + 3Tkk> < 3 kk5> + ( 3 kk5> (27)

which can be written in a more compact form using the modified convected derivative of Eq. (21), the
modified viscosity of Eq. (16), and the traceless deformation tdbsor

\v&

f(t’ +rt’ =29'D'. (28)

Thus, the traceless form of the PTT equation is similar to the original equation and, again, we obtain
an increased madified viscosity which contains part of the normal stresses of the original tensor.
This increased diffusive term should be incorporated into the momentum equation and treated implicitly,
following the procedures described in Section 4.

5. Some preliminary results

We give in this section some preliminary results from application of the present method in two simple
flows of UCM fluids, with emphasis on possible improvements on numerical aspects of the resulting
FVM code brought about by the method. A more comprehensive numerical study is left for a future work
where a wider range of problems and parametfs Re etc.) will be considered and issues like detailed
mesh-refinement tests will be undertaken.
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Table 1
Preliminary results for a channel flow
We= AYiall Standard method Traceless method
Total pressure iter. No. time steps Total pressure iter. No. time steps
0.3 3434 265 2193 265
0.6 6129 459 2428 460
0.9 8768 653 2316 657
1.2 10957 824 2163 826
15 12609 975 2080 999

First, we consider a developing plane channel flow at a Reynolds number of unity (based on average
velocity and channel half-width), solved on a uniform 2@0 mesh for a channel aspect ratio of 10/1
(length/half-width), for which we obtain the results given in Table 1. The standard method is the finite
volume procedure described in [1,20] in which a steady solution is obtained from a pseudo-time marching
approach in a collocated mesh, using a decoupled scheme (the equations for momentum, pressure and
stresses are solved sequentially, one after the other) and a pressure-correction technique. The traceless
method was obtained after incorporating the formulation from Section 2 into the standard FV code.
Table 1 gives the number of time steps to attain a steady solution (relative tolerance for the residuals of
the equations of 10", which is like the number of outer iterations, and the total number of inner iterations
to solve the pressure-correction equation at all time steps. This is the important numerical parameter to
look at, since most of the computational work is spent in solving the pressure equation, especially as the
meshes are refined. Table 1 shows that the number of time steps (or outer iterations) increa¥ebutith
is more or less the same for the standard and the traceless method; however, the total number of iterationsin
the pressure solver increases substantially with the standard method and remains approximately constant
with the new traceless method. Mfe = 1.5, the standard method requires six-times more pressure
iterations than the traceless method, with consequent implications on the overall computing time.

Table 2 gives the same type of numerical results for the flow of a UCM fluid through a 4:1 plane
contraction at a Reynolds number of unity (based on half-width of the small channel and average velocity
there). Simulations with the standard and traceless code have been carried out on a medium mesh with
2960 non-uniform control volumes [20]. In order to guarantee the correctness of the traceless method
implementation, some resulting physical features of the flow, such as length and intensity of the re-entrant
corner recirculation, have been checked to be identical up to three digits accuracy. Again, Table 2 shows

Table 2
Preliminary results for a 4:1 plane contraction flow
We= AYall Standard method Traceless method
Total pressure iter. No. time steps Total pressure iter. No. time steps
0.0 8641 798 - -
0.3 2442 651 1859 651
0.6 4074 664 3008 663

1.2 6935 725 3711 803
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that the traceless method requires substantially less iterations to solve the pressure-correction equation
(a factor of 0.54 aWWe = 1.2) and, for the relative lowVehere considered, that reflects the effect of the
modified pressure (Eq. (3)) in the velocity—pressure coupling.

6. Conclusions

Atraceless stresstensor formulation for viscoelastic fluid flow is proposed and explained. Itis shown that
for both the UCM and PTT models this formulation leads to modified constitutive equations, Egs. (15) and
(28), respectively, with essentially the same structure as the original equations. However, the strain-rate
term is multiplied by a modified viscosity, defined by Eq. (16), which will tend to be high in “problematic”
zones. Indeed, if we write the modified viscosity in a non-dimensional form, it becomes equa to 1
(De/3)tr (1), and thus increases with elasticid 1) and near singular points () 1). Therefore, any
numerical method designed to deal implicitly with the diffusion term in the momentum equation, based
on the modified viscosity, will tend to have increased stability, in particular in the problematic regions
where the modified viscosity is high. The modified viscosity of Eq. (16) may also be useful in AVSS
type methods, instead of the current elaborate expressions for the adaptive viscosity, such as that of [14].
Preliminary results obtained in conjunction with a FVM indicate better pressure—velocity coupling due
to use of the modified pressupé with the traceless formulation requiring much less pressure iterations
than the standard one.
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