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Abstract

An analytical solution is given for the kinematic and stress variations across the radial gap of a concentric annular
flow in fully developed conditions. The fluid is viscoelastic and obeys the non-linear rheological constitutive equation
proposed by Phan-Thien and Tanner [1]. This constitutive model simulates well the material functions of many
polymer melts and solutions and therefore, the present results are useful in a number of practical situations. The
ratio of pressure drop to flow rate drop is found to be a complex mathematical function of the radial position of zero
shear stress and this, in turn, depends weakly on the elasticity, based on the product of an elongational parameter
by a Deborah number defined with an averaged velocity. There is thus a non-linear coupling which could not be
solved in an explicit way for the inverse problem of an imposed flow rate, but an iterative procedure gives a ready
result. For the direct problem of a given pressure drop the present results represent an exact explicit solution to the
axial annular flow problem. Representative profiles of the solution are given and discussed. It is found that, for a
given flow rate, the pressure drop scaled with the corresponding Newtonian value is independent of the diameter
ratio. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Laminar annular flows of viscous fluids are frequently encountered in industry, two examples being
annular heat exchangers in the food industry and drilling operations. In both cases the fluids, either
synthetic or natural, are mixtures of different stuffs such as water, particles, oils and other long chain
molecules; this combination imparts strong non-Newtonian characteristics to the resulting liquids: the
viscosity function varies non-linearly with the shear rate; elasticity is felt through first-normal stress and
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elongational effects; and time-dependent effects such as thixotropy may also be present (Kokini et al.
[2]; Alderman et al. [3]). In drilling applications, if the additional complications arising from rotation of
the inner cylinder and possible eccentricity of the annulus are removed, one ends up with the problem
of knowing the kinematic and stress fields in the axial flow of a viscoelastic fluid through a concentric
annular gap.

For the simple case of a Newtonian fluid, the exact solution to the problem of axial annular flow can be
found in classical textbooks (see e.g. Bird et al. [4], pp. 51–54). For power law, inelastic, non-Newtonian
fluids the problem was first studied by Fredrickson and Bird [5] who presented a relation between the
flow rate and the pressure gradient in terms of an integral which required numerical quadrature. This was
rather cumbersome to use in practical calculations and Hanks and Larsen [6] were later able to derive a
simpler analytical solution to the flow rate/pressure drop relation. However, even for this case, one of the
integration constants representing the radial position of nil shear stress, was the solution of an integral
equation which could not be evaluated explicitly and was only given in tabulated form. Hanks [7] also
studied the case of the viscoplastic Herschel–Bulkley model and gave design charts for the computation
of the flow rate in terms of pressure drop, or vice versa. References to other studies with different inelastic
rheological models can be found in this latter work, and some of those are discussed in the excellent book
by Bird, Armstrong and Hassager [8] (pages 221 (Ellis fluid), 226 (helical flow of power-law fluid), 230
and 265 (power-law fluid), 267 (Bingham fluid)).

Literature is scarcer on annular flow of viscoelastic fluids. Experimental measurements of concentrated
CMC solutions have been reported by Nouar et al. [9] and Naimi et al. [10], but these results can be fairly
predicted by assuming a pure viscous behaviour (Escudier et al. [11]). Theoretical/numerical work with
simplified viscoelastic fluid models are less frequent; two works of that type are those of Savins and
Wallick [12] and Dierckes and Schowalter [13] with linear models. An extensive literature survey in
preparation by Escudier et al. [11] has shown that there appears to be no published solutions for the same
problem with elastic fluids obeying non-linear differential equations for the evolution of the stress tensor.

In the present work, we selected one of the most often used non-linear viscoelastic model fluids
and derived analytical expressions for the velocity and stress (shear and normal components) profiles
in concentric annular flow. The solution includes relations between the normalised pressure drop and
flow rate (friction factor and Reynolds number) as a function of the relevant dimensionless parameters
(Reynolds number, Deborah number and elongational parameter in the rheological model). For the ‘direct’
problem in which the pressure drop is given and the flow rate is unknown, the present solution is a fully
explicit exact solution. For the more useful ‘inverse’ problem, in which the flux is known and the pressure
drop unknown, a coupling between two cubic equations does not allow an explicit analytical solution but
simple iteration between those two equations allows a solution to be obtained without difficulty, as will
be shown.

The model fluid considered in this analysis is that governed by the simplified Phan-Thien and Tanner
[1] constitutive equation (hereafter denoted by PTT):(

1 + ελ

η
tr(τ )

)
τ + λ

∇
τ = 2ηD, (1)

whereτ andD are the extra-stress and deformation-rate tensors,λ the relaxation time,η the constant

viscosity coefficient and
∇
τ denotes Oldroyd’s upper convected derivative,

∇
τ = Du

Dt
− τ · ∇u − ∇ut · τ.
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The parameterε in Eq. (1) is related to the elongational behaviour of the fluid, precluding the possibility
of an infinite elongational viscosity in a simple stretching flow as would occur for an upper Maxwell
model UCM, in whichε=0.

The PTT model has found widespread use in numerical simulations of the flow of polymer solutions
and melts. It has been found by Quinzani et al. [14] to be an excellent simple differential model for the
elongational properties of polymer solutions in entry flows. Even more relevant is the fact that it can also
predict accurately the shear properties of those same fluids, and these features make it adequate for use
in predominantly viscometric flows, as the one considered here (Peters et al. [15]). Many authors have
also used the PTT model in numerical studies of contraction and expansion flows, of which we mention
White and Baird [16], Baaijens [17], Carew et al. [18], Azaiez et al. [19], Baloch et al. [20], to give only a
few examples, and this same model has been used in many other types of flows. This widespread interest
on the PTT model gives support for the usefulness of the present study.

2. Analysis

The problem under consideration is that of fully developed axial flow with cylindrical symmetry in the
annular gap between two concentric cylinders, with inner and outer radius given, respectively, byRi and
Ro (δ≡Ro−Ri ) The axial velocity component, along coordinatez, is denotedu and it is only a function
of the radial coordinater. There are four non-dimensional parameters to this flow problem: the radius
ratiok=Ri /Ro (geometric parameter); the Reynolds number Re=ρU2δ/η (dynamic parameter);ε and the
Deborah number De=λU/δ (constitutive parameters). It is standard practice to base the Reynolds number
on the hydraulic diameterDH=4A/P, whereA is the cross-section area andP the wetted perimeter, which
for an annulus givesDH=2δ.

2.1. Stress relations

For the particular case here considered of unidirectional flow in cylindrical coordinates the axial mo-
mentum equation reduces to

1

r

d

dr
(rτrz) = p,z, (2)

wherep,z≡dp/dz is the constant pressure gradient andτ rz the shear stress component. Upon integration
this equation gives

τrz = −p,z

R∗
2

(
R∗
r

− r

R∗

)
, (3)

where the natural boundary condition of no-slip at the inner cylinder (u=0 at r=Ri ) has been replaced,
following Fredrickson and Bird [5] and Bird at al. [4] (p. 52), by a zero shear stress condition:τ rz=0 at
r=R∗. The development of the foregoing analysis gives rise to a characteristic velocity scale defined by

Uc = −p,zδ
2

8η
, (4)
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with which we have implicitly associated a length scale, chosen as the annulus gapδ. This choice for
length scale is also implicit in the above definitions for the Reynolds and Deborah numbers. Other velocity
scales could be defined if the length scale had been chosen as the outer cylinder radius (as in the works
of Bird et al.), or the inner radius. These choices are less advantageous when the limit for either simple
pipe flow (Ri → 0) or channel flow (δ/Ri → 0) are sought. On the other hand, the various expressions
resulting from the present non-dimensionalisation can be easily changed to the other forms if need be.
With the present non-dimensional choice the radial coordinate is denotedy≡r/δ and the shear stress
becomes

Trz ≡ τrz

η(U/δ)
= 4y∗

Uc

U

(
y∗
y

− y

y∗

)
, (5)

wherey∗≡R∗/δ andU is the average velocity in the annulus. This average velocity is usually a given
quantity, defined as the volumetric flow rate divided by the cross sectional area(U ≡ Q/π(R2

o − R2
i ))

and can be related to the pressure gradient once the velocity variation is known, as will be shown
below.

The constitutive equation for the only two non-vanishing stress components, from Eq. (1), give

τrz = η

1 + (ελ/η)τzz

γ̇ , (6)

τzz = 2λη

(1 + (ελ/η)τzz)2
γ̇ 2, (7)

whereγ̇ ≡ du/dr is the velocity gradient and the trace of the stress tensor reduces toτ zz. If Eq. (7) is
divided by the square of Eq. (6) then the following relationship between stress components is obtained:

τzz = 2λ

η
τ 2
rz. (8)

With the above definition for the Deborah number, the axial normal stress component is written in
non-dimensional form as

Tzz = 2 DeT 2
rz. (9)

At this point there are two relations for the variation of stress components across the annulus, Eq. (5) for
Trz and Eq. (9) forTzz, as well as a third equation relating the stresses and the velocity gradient, Eq. (6).

2.2. Kinematic relations

The velocity gradient is made explicit from Eq. (6) to give

γ̇ = 1

η
τrz

(
1 + ελ

η
τzz

)
,

and can be normalised using the definition0 ≡ γ̇ /(U/δ) into

0 = Trz(1 + ε DeTzz). (10)
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Upon substitution of Eqs. (5) and (9) into Eq. (10) we obtain an explicit equation for the velocity gradient
in terms of the normalised radial coordinate

dv

dy
= 4y∗

Uc

U

(
y∗
y

− y

y∗

)(
1 + 2ε De2

(
4y∗

Uc

U

(
y∗
y

− y

y∗

))2
)

, (11)

with v≡u/U denoting the non-dimensional axial velocity component. Eq. (11) can be integrated to give

v ≡ u

U
= 4Xy2

∗

[{
ln

y(1 − k)

k
− y2 − (k/(1 − k))2

2y2∗

}

−32ε De2
cy

2
∗

{
3 ln

y(1 − k)

k
+ y2 − (k/(1 − k))2

2y2∗

(
y2 + (k/(1 − k))2

2y2∗
− 3

)

+y2
∗
2

(
1

y2
− (1 − k)2

k2

)}]
, (12)

where Dec≡λUc/δ is a new Deborah number based on the velocity scaleUc which can be related to the
usual definition by Dec=DeX. HereX≡Uc/U is an unknown of the problem to be found later and has the
physical meaning of a non-dimensional pressure gradient. To arrive at Eq. (12) it was necessary to use
the no-slip condition at the inner cylinder surface (u=0 aty=Ri /δ=k/(k−1)).

2.3. Solution for y∗=R∗/δ

As mentioned above and following Fredrickson and Bird [5], the no-slip condition at the inner surface
was replaced by the conditionτ rz=0 aty=y∗≡R∗/δ which is satisfied identically by the shear stress Eq.
(5), and soy∗ still remains to be determined. The second boundary condition expresses no-slip at the
outer cylinder and can be written with the normalised variables as

v = 0 at y = 1

1 − k
.

If we insert it into Eq. (12) and proceed to regroup the various terms in powers ofy∗ we end up with a
cubic equation forx ≡ y2

∗ :

x3 + a1x
2 + a2x + a3 = 0, (13)

where

a1 = 6 lnk

(1 − k2)((1/k) − 1)2
, (14)

a2 = 3k2

(1 − k)4
− 2 lnk

(32ε De2
c)(1 − k)2((1/k)2 − 1)

,

a3 = − k2

(1 − k)4

(
1

32ε De2
c

+ 1 + k2

2(1 − k)2

)
.
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For a fluid with infinite extensibility or devoid of elasticity we haveε=0 or λ=0 the velocity profile of
Eq. (12) retains only the first term on the right-hand-side, and the null shear stress radial position reduces
to

y∗ ≡ (y∗)N =
(

1 + k

2(1 − k) ln(1/k)

)1/2

, (15)

that is,R2
∗ = −(R2

0 − R2
i )/2 ln (k), the value given by Bird et al. [4] (p. 52) for the Newtonian case. We

use the index ‘N’ to denote the Newtonian case but it should be emphasised that the above result is also
valid for a purely elastic fluid (ε=0). The real solution to the cubic Eq. (13) can be determined explicitly
by the formulae for third order algebraic equations

x = sign(p)|p|1/3 + sign(q)|q|1/3 − a1

3
, (16)

with

p = −b

2
+ d1/2, (17)

q = −b

2
− d1/2,

d = b2

4
+ a3

27
,

a = a2 − a2
1

3
,

b = a3 − a1a2

3
+ 2a2

1

27
.

Now, the coefficientsa2 anda3 depend on Dec, and thus onX=Uc/U, which can be determined only after
the velocity profile is known, following the procedure explained hereafter.

2.4. The average velocity: solution for X=Uc/U

From its definition, the cross-section average velocity is given by

U = 1

(R2
o − R2

i )π

∫ Ro

Ri

u(r)2πr dr, (18)

or, in terms of non-dimensional coordinates,

U = 2(1 − k)

(1 + k)

∫ 1/(1−k)

k/(1−k)

u(y)y dy. (19)

If the velocity variation from Eq. (12) is substituted foru(y) above and the integration is performed, the
following equation is obtained forX=Uc/U:

1

y2∗(8(1 − k)/(1 + k))
= I1X − 32ε De2y2

∗I2X
3, (20)
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with

I1 =
∫ 1/(1−k)

k/(1−k)

(
ln

y(1 − k)

k
− y2 − (k/(1 − k))2

2y2∗

)
y dy

= ln(1/k)

2(k − 1)2
+ (k + 1)(2y2

∗(k − 1) − k − 1)

8y2∗(k − 1)2
(21)

and

I2 =
∫ 1/(1−k)

k/(1−k)

[
3 ln

y(1 − k)

k
+ y2 − (k/(1 − k))2

2y2∗

{
y2 + (k/(1 − k))2

2y2∗
− 3

}

+y2
∗
2

{
1

y2
− (1 − k)2

k2

}]
y dy =

(
y2

∗
2

+ 3

2(k − 1)2

)
ln

1

k

+(1+k)(6y6
∗(k − 1)5 + 18y4

∗k
2(k − 1)3 − 9y2

∗k
2(k−1)2(k + 1) + k2(k + 1)(2k2 + 1))

24y4∗k2(k − 1)4
.

(22)

The real solution to the cubic Eq. (20) is

X = 4321/6(D2/3 − 22/3α)

6β1/2D1/3
, (23)

with

α = I1y
2
∗

(
8(1 − k)

1 + k

)
,

β = −32ε De2y4
∗I2

(
8(1 − k)

1 + k

)
,

D = (4α3 + 27β)1/2 + 33/2β1/2.

Hence we see thatX (Eq. (20)) depends ony2
∗ ≡ x, which itself (Eq. (13)) depends onX through

Dec=DeX. Therefore, an iterative procedure will be required to resolve this non-linear coupling. As it
will be shown,x is not too different fromxN (the corresponding value for Newtonian fluids) and a few
iterations on the above solution equations forx andX, starting withx=xN, are sufficient to have values
for x andX accurate to a very tight tolerance.

2.5. Friction factor

One important engineering parameter is the Fanning friction factor

f ≡ 1p

4(L/DH)(ρU2/2)
= −p,zDH

2ρU2
, (24)

and in Newtonian flow the factorf Re is a function of the radius ratio only (see Bird et al. [4], p. 53):

(f Re)N = 16
1

(1 + k2)/(1 − k)2 − (1 + k)/(1 − k)(1/ln(1/k))
. (25)
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Fig. 1. Solution to Eq. (20) written in terms ofUc/U vs.ε1/2 De for various diameter ratiosk(Uc ≡ −pzδ
2/8η; De ≡ λU/δ).

In the case of the present PTT fluid the factorf Re is obtained directly from its definition (24):

f Re= 16
Uc

U
(26)

andUc/U≡X is calculated from Eq. (23). It is remarked that the close analogy off Re from Eq. (26) for the
PTT fluid in the annular gap and the well-known result for Newtonian fluid,f Re=16, is a consequence
of the adopted velocity scale, as defined by Eq. (4).

3. Results

Fig. 1 gives the ratio between the pressure drop and the average velocity (Uc/U) as a function of the
groupε1/2 De, which characterises the elasticity and extensibility of the fluid, for various values of the

Fig. 2. Radial position of the zero-shear stress point (R∗) scaled with corresponding Newtonian value ((R∗)N) vs. ε1/2 De for
various diameter ratios.
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Table 1
Number of iterations to solve Eqs. (13) and (20) and their solution

ε De k Iteration (tol 10−5) y∗ X

0.25 0.1 0.2 6 0.6740 1.3153
0.25 0.1 0.5 4 1.4679 1.3630
0.25 0.1 0.8 3 4.4897 1.3739
0.25 1.0 0.2 7 0.6419 0.5554
0.25 1.0 0.5 5 1.4541 0.5726
0.25 1.0 0.8 4 4.4853 0.5767
0.25 5.0 0.2 5 0.6332 0.2127
0.25 5.0 0.5 4 1.4500 0.2186
0.25 5.0 0.8 4 4.4840 0.2200

annulus ratiok. This is thus the solution given by Eq. (23) to the second cubic Eq. (20); the curves for
the various radius ratiosk almost collapse (although not quite for smallε1/2 De). As seen in the figure,
with increasedk andε1/2 De the scaled pressure gradient required to drive a given flow rate is reduced.
At vanishing elasticity, the proper limits ofUc/U=1.5 for highk (k=1, for a plane channel) andUc/U=1
for low k (k=0, for a pipe) are recovered, although this latter limit requires much lower values ofk than
the 0.1 shown in the figure.

Fig. 2 shows the zero-shear stress position (R∗), normalised with the corresponding Newtonian value(
(R∗)N = (

(R2
o − R2

i )/2 ln(1/k)
)1/2

)
as a function of the elasticity parameterε1/2 De, for various values

of k. These values correspond to the solution of the cubic Eq. (13) which is coupled with Eq. (20), as
discussed above. Fork≥0.3,R∗ is only marginally different from the Newtonian value (differences below
4%) and is independent of the elasticity forε1/2 De≥0.5. For smaller radius ratios, for example fork=0.1,
the differences are about 14% at high De. It is remarked thaty∗=R∗/δ is not independent ofk, as was
approximately the case with the scaled pressure gradient.

Fig. 3. Velocity profiles (u/U) for various De, as obtained from Eq. (12), at fixed values ofε=0.25 andk=0.5.
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Fig. 4. Stress profiles (Tij=τ ij /(ηU/δ)) for various De, as obtained from Eqs. (5) and (9), at fixed values ofε=0.25 andk=0.5.

It is mentioned above that the coupling involved in the inverse problem of determining the pressure drop
(that is,Uc) for a given flow rate (that is,U) can be effectively solved by iteration and this is quantified
in Table 1 which gives the number of iterations required to achieve convergence up to 5-digits (relative
error for bothy∗ andX below a tolerance of 10−5) in some typical cases. Clearly, this simple iterative
procedure converges fast and if 3-digits accuracy is acceptable, then 2 iterations only through Eqs. (16)
and (23) are sufficient.

Some of the important features of the present solution for the velocity and stress variations are exem-
plified in Figs. 3 and 4, for varying De number at fixedε=0.25 andk=0.5. For low elasticity (De=0.1)
the velocity variation in Fig. 3 differs little from the Newtonian case, but as De is increased the profiles
become more flattened indicating the effect of shear-thinning. Such effect is absent from a purely elastic

Fig. 5. Stress profiles scaled with the inner-wall shear stress value (Tij /Trz(r = Ri)).
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Fig. 6. Effect of the extensional parameterε on the solution, at fixed De=1.0 andk=0.5: (a) velocity profiles; (b) stress profiles.

fluid model with infinite extensibility (that is, whenε=0 as for the UCM) but is one of the important
features of the PTT model.

The variation of shear (Trz, from Eq. (5)) and normal (Tzz, from Eq. (9)) stress components across the
annular gap is given in Fig. 4 in terms of the normalised radial distance (r−Ri )/δ. Although the variation of
Trz is monotonic with increased values of De, the same does not hold forTzz. The normal stress increases
when De goes from 0 to 1.0 and then decreases. Such behavioural pattern is due to shear-thinning at the
wall and can be removed if the stresses are scaled with the inner wall shear stress value (Twi=Trz atr=Ri ),
as shown in Fig. 5: the different curves forTrz/Twi almost collapse onto a single curve as expected, and
the normal stress variation is now monotonic with De.

An assessment of the effect of the elongation parameter of the modelε, on the solution field can be
gained from Fig. 6. At fixed De=1 andk=0.5, Fig. 6a shows velocity profiles forε=0.001, 0.01, 0.1 and
0.25, the range most likely to occur in practical applications. It is clear that asε is reduced, the velocity
profile becomes very close to the Newtonian curve and the solution is then independent of De, i.e. one
gets the solution for the UCM model at all De. The axial normal stress (Fig. 6b) increases dramatically
for small ε, reaching very high values near both the inner and outer cylinder walls. The variations for
bothTzz andTrz are monotonic withε, at fixed De.
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Fig. 7. Ratio of the viscoelastic to the Newtonian friction factor (f Re/f ReN) as a function ofε1/2 De, for various radius ratiosk.

The effect of radius ratio on the velocity profile is similar to that observed with Newtonian fluids (Bird
et al. [4]); as the annular gap increases in size the region of maximum velocity moves progressively
towards the inner cylinder and the normalised maximum velocityumax/U increases slightly.

In practical situations the parameter of most importance is the friction factor, which is better expressed
in terms off Re, shown in the analysis to be proportional to the solution parameterX (Eq. (26)). Its variation
with De is thus expected to follow trends similar to those in Fig. 1. In order to see how the viscoelastic
results depart from the Newtonian, it is better to examine the ratio off Re to the corresponding Newtonian
values, (f Re)N from Eq. (25). Fig. 7 shows a reduction in wall friction imparted by elasticity coupled with
extensibility. The important finding from Fig. 7 is, however, that there is no influence of the radius ratio
on the variation of the friction factor ratio (f Re/(f Re)N) with elasticity, as measured byε1/2 De — the
collapse seen in the figure of all curves onto a single curve is perfect. This property could not be foreseen

Fig. 8. Effect of a different scaling on the friction factor ratio (Dei = λU/Ri ).
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from the form of the solution which exhibits dependence onk in various terms (cf. Eqs. (20)–(23)).
Indeed, it is interesting to plot the information in Fig. 7 but as a function of a differently-defined Deborah
number, Dei=λU/Ri . This is presented in Fig. 8 and, under this scaling, different curves are obtained for
differentk, hence demonstrating the lesser universality of a scaling based on takingRi (or evenRo) as the
length scale.
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