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ABSTRACT
The thesis describes the development of a numerical technique for the prediction of
two phase flow in multiply-connected domains with special emphasis on the application
to flows in T-junctions. This type of flow is characterised by regions where the phases
are strongly segregated, even if the incoming flow is well dispersed, thus leading to the
deflection of the phases into the side-branch of the T in different proportions. The
method was developed to handle separated flow situations as well as dispersed ones,
and one of the objectives is to correctly predict the differential splitting of the phases.

The two-fluid model equations describing the flow were implemented in a new
computer program and were solved numerically using the finite-volume methodology
together with boundary-fitted coordinates. A special indexing practice was introduced
to index the block-structured mesh used to map multiply-connected domains. The
solution algorithm developed is based on an existing procedure for single-phase flow
(SIMPLEC). This was modified and extended for application to two phases. The
method is implicit and the algebraic equations are solved by a conjugate gradient solver
which has been specially adapted to accommodate irregular indexing of the
computational grid.

An existing version of the k- turbulence model which accounts for the effects of the
dispersed phase on the turbulence structure was implemented and systematically tested.
For separated flows a new modification is introduced: theek & equations now relate
to the mixture, instead of the continuous carrier phase as in the original formulation. As
a conseqguence the right equations are recovered in the limits when the phase-fraction
tends to zero (liquid only), or to unity (gas only).

To enable the mesh generation and interpretation of the results, a number of auxiliary
techniques are developed; these include, a 3-D finite-element-based mesh generator, a
simple procedure to smooth out grid lines, and a tracking procedure to help
constructing pathlines in 3-D, arbitrary-shaped control-volumes.

Dispersion of a two phase mixture of air and solid particles in an axisymmetric jet is
studied, and the rate of dispersion is shown to be reasonably predicted when the
additional terms of the extended two-phase turbulence model are included. These
terms are able to simulate the lateral migration of the dispersed phase (in this case,
solid particles) and account for the experimentally observed decrease of turbulence
Kinetic energy level.

The flow through a dividing T-junction is studied in great detail, for one and two
phases, in two and three dimensions. The results are compared with available
experimental data.

For the single-phase case it is shown that for low split ratios the structure of the flow
remains essentially two dimensional in the plane of the Tee, but for high ratios the flow
can only be predicted by 3-D computations on fine grids. A strong back flow, from the
run to the side-branch, is seen to form close to the end-walls where the inertia of the
fluid is low; this phenomenon leads to the questioning of simple models for T-junction
flows where phase segregation is based on the notion of “zone of influence".

For the two-phase case, the differential segregation effect into the side-branch, is
shown to be captured by the model. Comparison of the calculated proportion of
deflected gas with available data shows good agreement for the bubbly flow regime.
Predicted accumulation of gas in the corner recirculation region at the entrance to the
side-branch is shown to closely resemble what happens in reality as gleaned from
photographs of the flow.
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CHAPTER 1
INTRODUCTION

1-1 INTRODUCTORY REMARKS AND OBJECTIVE

Phase separation often occurs when a two-phase mixture flows through a
dividing T-junction. The lighter phase, for example gas bubbles in an air water
bubbly flow, tends to be diverted into the side branch at a higher proportion than the
heavier phase. As a consequence, the volumetric concentration of the gas in the side
branch is higher than it is in the incoming mixture and differs from the concentration in
the run, the outgoing straight flowline. A method to predict the volume-fractions of
each phase in the two outgoing branches of a T-junction (run and side branch) is of
great importance since the design of pumps or other equipment connected to these
lines is greatly influenced by the concentration of each phase.

In petroleum engineering applications, phase separation in T-junctions has been
observed as early as 1973 by Orange. An understanding of the phenomenon is urgently
required for the design of subsea production systems. This is because the present
practice is to pump the extracted mixture of oil and gas straight to shore without prior
processing, by using a network of pipelines which will contain many such T-junctions.
Pipes and pumps downstream of each junction can only be properly dimensioned if a
method is available for predicting phase separation. The recommendations of Fouda &
Rhodes (1974) to keep the phase concentration across the junction as uniform as
possible are impractical in most cases. Besides, positive consequences of phase
separation can be envisaged; an ingeniously designed T-junction network could serve
as an effective subsea separator which can result in substantial savings in space and
time.

In his review, Lahey (1986) concluded that “no completely satisfactory model
exists for the prediction of phase separation in conduits of untested geometry and
operating conditions”. Such a state of affairs still remains in spite of the work carried
out since then, as the review that follows will show. A method which is general
enough, tackling the problem at a fundamental level, is therefore required.

The objective of the present research is to develop a numerical methodology
capable of solving the transport equations governing the flow of two phases in
complex geometries, with emphasis on the prediction of phase separation occurring at
T-junctions; special attention is paid to turbulence modelling in two-phase flows. In
previous works related directly to the present one, Ellul & Issa (1987; 1989) solved
the phase re-distribution which occurs in simpler pipe configurations, such as bends
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and obstructions. They used a unmodified single-phase turbulence model which was
applied to the continuous phase only. Since then, newer computational fluid dynamics
(CFD) methods were made available and improved turbulence models for two-phase
flow have been proposed. The present research utilises and develops these to produce
a general predictive procedure (computer code) with many possible applications in the
area of two-phase flow.

The present methodology is based on a finite-volume discretisation of the two-
flud model equations (Ishii 1975). The approach is therefore of the
Eulerian— Eulerian kind, with the phases being treated as inter-penetrating continua,
and the generality of flow domain configurations being catered to by the use of
curvilinear coordinates in conjunction with Cartesian velocity components as in Peric
(1985). An added feature introduced here is the use of indirect-addressing which
greatly simplifies treatment of multiply-connected regions such as a T-junction (Fig.
1.1). Such regions can be better called block-structured regions, since they are formed
by adjoining several simpler blocks. Indirect-addressing is common in finite-element
methods and serves to identify neighbour cells without relying on the ordered (i,j,k)-
indexing; tortuous domains can thus be meshed without the necessity for using inactive
cells wasted in regions outside the flow domain.

The two-fluid averaged equations are solved by a procedure which was developed
from an existing one for single-phase flow (the SIMPLEC of Van Doormaal & Raithby
1984). This two-phase algorithm advances the solution in time (time-marching) until a
converged steady solution is reached.

Turbulence modelling is based on the work of Gosetaal. 1989) whose
model introduces many additional terms in the transport equations as well as i the k-
model equations used in the work, resulting from correlations of velocity and volume-
fraction. A thorough study of the effect of these terms on the predictions had not been
done before and this is remedied here, where it is attempted to identify the terms
responsible for certain effects and to improve their modelling.

The end product of the present research is a computer code for the prediction
of two-phase, dispersed flows. An assessment of the developed methodology is based
on comparisons with experimental data gathered from the literature. Two applications
are considered. The main one concerns two-phase bubbly flow in a T-junction, using
two- and three-dimensional calculations, and where the main interest is the prediction
of phase separation. The second application is the flow of a particle-laden confined air
jet, for which detailed measurements are available; the main interest here is in testing
the ability of the two-phase turbulence model to predict properly the particle
dispersion.
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1-2 THE PRESENT CONTRIBUTION

The research reported here contributes to CFD and Petroleum Engineering in
both general and specific ways.

In general, CFD techniques based on the finite-volume, non-staggered mesh
discretisation are improved through the implementation of indirect-addressing and by a
proposal for calculating consistently the cell-face mass fluxes. Furthermore the two-
fluid model equations are discretised and an algorithm is given for solving the sets of
equations sequentially. Two-phase turbulence modelling is also enhanced through the
study and implementation of an extended k- model.

In particular, the method is applied to a T-junction flow for which detailed
measurements are available in single-phase and two-phase flows.

The main contributions are here listed:
1- Implementation of indirect-addressing in a general-coordinate, Cartesian velocity-
components based, computer code. This involved:
1-1 Writing a new code utilising practices incorporated on two existing ones
(Peric 1985 and Gosman & Marooney 1986).
1-2 Investigate the most suitable way to include and address boundary
conditions.
1-3 Modify and test the linear equations solver.
1-4 Study the effect of cell indexing on the rate of convergence.

2- Review and implementation of the two-fluid model in the computer code. This
involved:
2-1 Review and analysis of the averaging operation to derive the two-fluid
equations focusing on the question of where the volume-fraction should appear
in the nabla operators arising in the pressure gradient and stress terms.
2-2 Coding of the equations and testing in simple flows.

3- Study of numerical aspects related to the solution of the three-dimensional, two-
phase equations. This involved:

3-1 Devise an algorithm to solve the sets of linearised equations, taking into
account the coupling between pressdre  veloeity void-fraction.

3-2 Test several variants of incorporating the drag force in the algorithm in
order to improve stability for high drag.

4- Study of an existing two-phase turbulence model and implementation in the
computer code. This involved:
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4-1 Review of two-phase turbulence models and derivation of the correlation
terms appearing in the two-fluid equations after averaging.

4-2 Coding and testing the extended turbulence model.

4-3 Study the effect of each individual term of the model on the resulting
solution.

4-4 Testing of several parameters relating the turbulence of the dispersed phase
to that of the continuous one.

5- Application of the methodology:
5-1 Simulation of turbulent, dispersed, two-phase flow in a T-junction.
5-2 Simulation of particle-laden confined jet.

Other work done in related areas:
6- Development of a procedure to generate three-dimensional finite-volume meshes
together with the associated connectivity arrays required for indirect-addressing. A
mesh smoothing technique has also been developed which avoids over-spill and
unwanted smoothing of expanding meshes.

7- Development of a procedure to locate particles in general, three-dimensional, finite-
volume meshes.

The present work is put in the context of existing work by the review that
follows. It is divided into two sections: 1-3 deals with two-phase flow modelling and

1-4 with work related to T-junctions.

1-3 REVIEW OF TWO-PHASE FLOW METHODOLOGY

The physics and numerics of two-phase flow are here reviewed. The equations
solved belong to the multifluid model; reasons to prefer this model to others are given
and the flow regimes and interphase forces considered are summarised (section 1-3-1).
Other interphase forces arising from two-phase turbulence interactions are discussed in
section 1-3-2. The section ends with a review of general numerical methods in two-
phase flow (section 1-3-3), where the chosen method is outlined.

1-3-1 MULTIFLUID MODEL

The partial differential equations solved in this work are part of the multifluid
model (e.g. Ishii 1975). Basically, each phase is treated as a separate continuum whose
motion is governed by conservation equations written in an Eulerian frame. Interphase
forces are included as modelled quantities, based on experiments, analytical solutions
and also some constitutive principles (Drew & Lahey 1979), and the equations are
amenable to numerical solution after some form of averaging is effected (Drew 1983).
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Previous reviews on these matters exist (e.g. Ellul 1989, and Politis 1989) and further
development herein is left for chapter 2. Hereafter reasons are given to prefer the
multifluid approach to others, and the flow regime and interphase force considered in
the present work are pointed out.

The usefulness of other multiphase approaches can be summarised as follows.
Within the Eulerian/Eulerian category, the drift-flux and analogous approaches
(mainly, Bankoff 1960, Zuber & Findlay 1965, and M§al1969) have been originally
developed mainly for one-dimensional or quasi-one-dimensional situations, and thus
lack at least one extra dimension to be of interest here. Extension of these models to 2
or 3 dimensions is not usually found in the literature. A different approach is to treat
the dispersed phase within a Lagrangean framework, as done by Gosman & loannides
(1983) for liquid sprays, and Durst, Milojevic & Sehong (1984) for particulate jets.

It appears that this formulation is best suited to cases where the dispersed phase
occupies only part of the domain and where the phase fractions are very small. These
conditions are not met in the present applications: the gas phase in a bubbly flow may
be present everywhere within the pipe or the Tee (in some locations the gas phase is
not even a dispersed phase) and the gas phase fractions can go over 90 %. The ability
to handle different particle sizes is often pointed as an important advantage of
Lagrangean methods over Eulerian ones (see last reference cited). Strictly, this is not
true as more than one range of particle/bubble diameters can also be solved for in the
Eulerian scheme, albeit at a cost. Further it should be noted that in the most common
bubbly flow regime (churn-turbulent, as defined by Zuber & Findaly 1965) with
bubbles of around 3 mm diameter, the drag force is independent of the particle
diameter, and so the particle size will not play a big role in many applications in any
event.

In multiphase flow there are a number of possible flow-regimes, as opposed to
the two existing in single-phase flow (laminar and turbulent). In physical terms, this
work considers only some dispersed regimes, like bubbly or particulate flows, where
there is a continuous or carrier phase surrounding a dispersed phase idealised by many
small spheres (although mathematically both phases are treated as continua). In
numerical terms this restriction is neither relevant nor necessary, and any regime could
be dealt with as long as the appropriate interphase force is included. Often the
computed local void-fraction went above the established Uppiefor bubbly flow to
exist (=~ 25 %) but the numerical scheme could still cope.

In respect of the interphase forces, this work is mainly concerned with the
steady drag term, although some numerical experiments have been made with forms of
the virtual-mass and lift forces in channel and pipe flows. Justification for this is based
on grounds that the interactions other than drag: virtual mass, Basset force, different
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forms of lift and rotational forces, are known (from order-of-magnitude studies) to
have little importance for the type of flows considered here (see Braten 1982, and Ellul
1989). Additional interphase forces related with turbulence correlations were included
and are discussed in the sub-section below.

1-3-2 TURBULENCEIN TWO-PHASEFLOW

Most computational studies of two-phase flow focus on numerical aspects and
the modelling of turbulence retains standard single-phase methods (like the k- ), which
are applied to the continuous phase only. In some cases this simplification is not
accurate enough, especially in the area of particle dispersion where the turbulence
characteristics of the solid particles affect the turbulence of the gas phase and vice-
versa. Studies in these area are numerous (e.g. Danon, Wolfshtein & Hetsroni 1977,
Elghobashiet al. 1984, Sun & Faeth 1986; Picart, Berlemont & Gouesbet 1986;
Milojevic & Durst 1989; Mostafaet al. 1989; Berlemoet al. 1990) where the solid
phase is treated in a Lagrangean fashion, and extra terms to account for turbulence
effects are readily identified and are included in both phases momentum equations
(pioneering papers by Crowe, Sharma & Stock 1977, Dukowickz 1980, and Gosman
& loannides 1983). For an Eulerian approach (e.g. Goshal . 1989; Andresen
1991) the identification and inclusion of such terms is not so easy.

In the present work the treatment of turbulence modelling within the two-fluid
model is extended in two ways. First, the idea of symmetry between the phases is
introduced so that the k- model acts in identical way at both extremities of the void-
fraction range, i.e. atv =0 (liquid only) ard =1 (gas only). To do this, turbulent
guantities are related to the mixture instead of the carrier phase alone, whereby the
contribution from each phase is weighted by the local phase fraction; further
modifications are explained in section 2-11. The usefulness of this extension is that
separated turbulent flows (like stratified air/water flow, with both phases in turbulent
motion) can be predicted without any special arrangement to the computer code.
Without such an extension a region occupied solely by gas would lead to a possible
divergence of the predictive procedure, since the keand equations would become
indeterminate.

The second extension consists in the inclusion of the two-phase turbulence
model developed by Gosmahal. (1989), which is based anilargy between the
void-fraction and density in compressible flows. The correlations involving void-
fraction arising from the averaging procedure are dealt with similarly to Favre-
averaging in variable-density combusting flows (e.g. Jones 1979). A discussion of the
averaging process of the two-fluid equations and its relation to turbulence model in
two-phase flow is presented in chapter 2, where an alternative view of the
aforementioned correlations is given, based on the notion of double-average. In broad
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terms, the turbulence model developed by Gosehah . (1989) and described in detall
by Politis (1989) results in additional terms in the equations of motion and of
turbulence; these terms arise from correlations of fluctuating components and are
modelled using the gradient transport assumption. Testing of the model was carried
out by comparing predictions of the dispersion of a particle-laden jet with available
measurements, and by studying the effects of each individual extra term (chapter 6).

1-3-3 TWO-PHASENUMERICAL SCHEME

An extensive survey of numerical schemes used for two-phase flow is
unnecessary here since it has been done by Stewart & Wendroff (1984), Ellul (1989)
and Politis (1989); it suffices to point out the most salient points of these reviews.

All existing numerical procedures to solve the two-fluid model equations are
some form of extension of single-phase ones. The first effort was made by Harlow &
Amsdem (1975a), and was later somewhat simplified (1975b) . Their procedure was
based on the single-phase, semi-implicit ICE method (Harlow & Amsden 1971) and
included some techniques later utilised by many other workers (an example is the
implicit treatment of the drag term, used by Spalding (1985) and whiicheaused
here). The next generation of methods were based on the fully-implicit Patankar &
Spalding (1972) procedure (SIMPLE): Spalding (1977), Issa & Gosman (1981), and
Carver (1982; 1984). If initially these methods presented some difference in the details
of the solution procedure, this has evolved (Spalding 1985; Looney, Issa, Gosman &
Politis 1985) towards arsilarly structured sequence of operations in an iteration loop,
which can be summarised as:

1-solve each phase's momentum equations sequentially;

2-use sum of continuity equations, each non-dimensionalised by its reference density,
to derive a pressure-correction equation (in the same way as done for SIMPLE);

3-obtain the volume-fractions of the phases (denotechpy ocand ) from: the
dispersed phase continuity equation solved implicitly as a transport equation (Issa &
Gosman); or the difference of the 2 continuity equations used to derive one in terms of
as (Carver); or, solve both continuity equations &ar and , but update them in
such a way that the sum equals unity, e.g. @ewa; )a; € + ), (Spalding);

4-other scalar quantities (such as turbulence energy and dissipation¢ k and ) can then
be solved sequentially .

Differences between the methods arise more from the basic single-phase procedure on
which the two-phase algorithm is built and from the form of the working momentum
equations. For example in Looney al . (1985) the method is based on the single-
phase PISO procedure of Issa (1982; 1986) which, owing to an extended number of
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corrector stages, allows for a more implicit (but complex) treatment of quantities.
Another example is the work of Ellul & Issa (1987; 1989) which was based on a
truncated form of the gas-momentum equation, where the convection and diffusion
terms are neglected; this was justified for their applications, but may be a source of
numerical instabilities in areas of the flow where gasumulates, as recognised by the
authors themselves.

The choice of the method for the present work had, as alternatives:

a) procedures which do not follow the sequence given above, namely: at the crucial
point (end of step 3) the volume-fractions and the velocities u are simultaneously
corrected so that the new flux given lay ( u) will satisfy simultaneously the overall and
the individual continuity equations. This means that the pressure correction and the
updating ol must be interconnected.

b) variants of the above algorithms.

Alternative a) was investigated and is briefly reported in the proposals for future work
(Chap. 7). All results presented in this work were obtained using a form of the single-
phase SIMPLEC procedure (VanDoormaal & Raithby 1984), extended to time-
marching instead of iterative-marching algorithm, and extended for the presence of two
phases. Also implemented is an implicit treatment of the drag term which is explained
in chapter 3. The justifications for this choice are: (i) SIMPLEC is only marginally
more complex than SIMPLE but does not require under-relaxation factonisapion;

(i) time-marching gives the actual transient behaviour of a flow system, provided the
time-step is small enough, and so can capture actual instabilities of the flow; (iii)
SIMPLEC time-marching does not require any under-relaxation factor and only one
time-step size; (iv) SIMPLEC is less complex than PISO and therefore can be more
easily used to test variations of the two-phase algorithm.

1-4 REVIEW OF WORK RELATED WITH T-JUNCTIONS

The material related with T-junctions is divided in two sub-sections:
experiments (mostly in two-phase flow) and one-dimensional analysis; and
multidimensional numerical methods (only for single-phase flow)

1-4-1 TWO-PHASE ELOW: DATA AND ONE-DIMENSIONAL
MODELLING

Three research groups can be identified as providing the main contribution on
collecting and analysing data for air-water flow in dividing T-junctions: Azzopardi and
co-workers at Harwell (England), Lahey and co-workers at Rensselaer Polytechnic
Institute (RPI-USA), and the group at Karlsruhe University (KfK, Germany). Each
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group has concentrated on some specific flow regime, as illustrated in Fig. 1.2 (maps
from Taitelel al. 1976, 1980). The work of each group is reviewed separately in what
follows.

- Harwell: data and modelling

The Harwell work is mainly in the annular regime, at first being done for the
simpler situation of a vertical T-junction (Azzopardi & Whalley 1982; Azzopardi 1984,
Azzopardi & Purvis 1987), and later in a horizontal T-junction, with the complication
that the thickness of the liquid film varies in the circumferential direction (Whalley &
Azzopardi 1980; Azzopardi & Memory 1989; Azzopardi & Smith 1990). The data is
for low total mass-flux (G~ 50 - 150 Kg/sm ) where the superficial velocities are
quite high for the gas §J~~ 5 - 40 m/s) and low for the liquid~J 0.01 - 0.1 m/s).
As a consequence, void-fractions are close to unity ( ~ A 5 , is the volumetric
gas ratio,= Q /(Q+ @ )) and gas qualities are highzx 30 - 90 %. The data
show that the liquid from the film is preferentially extracted at low gas take-off ratios
((Q3/Q1)s < 0.3), but progressively more gas is extracted as that ratio increases.
Hence, for the annular regime, the data points fall on both sides of the even phase-
separation line on a liquid take-off versus gas take-off plot.

Recently (reference above), a sudden increase of the liquid take-off ratio at
high gas take-off was noticed by Azzopardi and was explained by the occurence of
either flooding for the vertical case, or hydraulic jump of the liquid film for the
horizontal case. This effect is more noticeable for wavy-stratified flows (Azzopardi &
Memory 1989) in horizontal junctions and explains the difference in liquid take-off
fractions for this and the annular regime, see Fig. 1.3.

Concurrently with experimental work, Azzopardi and coworkers have
developed a phenomenological model for predicting the phase separation occurring at
a junction for the annular regime. The model is based on the idea that the extracted
liquid comes from the part of the film encompassed within a circular sector around the
side arm. Geometrical considerations give (see Fig. 1.4):

P=X (0 — sirf),

where P is the ratio of the shaded area to the total cross-sectional area, which is
identified with the gas take-off 8 & /&Y ), and the argle is identified with the
fraction of the liquid film which is extracted € #2 (W /{4 E)W , E=fraction of
liquid being entrained at inlet). Later Azzopardi (1984) introduced a corrective factor
to account for diameter ratios different from 1, such that (ew )= /4.2(04D ) ,
bringing into the model the ability to predict the observed reduction of liquid take-off
when the diameter ratio is less than one. The parameter E is usually varied to fit the
data and cannot be known a-priori.
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- RPI: data and modelling

At RPI the experimental work has been concentrated on much higher mass
fluxes, G ~ 1300 - 2700 Kg/skn , and lower gas qualitigsyx 0.1 - 1.0 %, although
average void-fraction is still higli ~~ 40 - 85%. From Fig. 1.2 it can be seen that this
air-water data lies mostly in the slug and non-dispersed bubbly regimes, with
superficial velocities of around J =1 - 3 m/s agd~dJ 1-10 m/s. This range is closer to
the one of interest here, but it is not in the dispersed bubbly regime. The junction had
arms of the same diameter, but the angle of the branch could be varied, forming either
a T (90 deg.) or Ys (45 and 135 deg.). It was originally placed vertically (Honan &
Lahey 1981) and later horizontally (Saba & Lahey 1984). In these works the total flow
split at the junction was varied only in three stepg (W /W =0.3, 0.5 and 0.7), which
provides too few data for the proper assessment of phase separation over the full
W;/W; range. For this reason Hwang, Soliman & Lah#988) extended Saba &
Lahey's measurements to the whole range of extraction ratios. The collected data
reveal that:

» gas is preferentially extracted through the side arm, except for some of
Hwanget al.'s data at low W /W (<0.1);

* strong gas separation results in high peaks of x /x , attaining a value of 14
for a branch angle of 135 deg.;

» the separation is almost complete (all gas flowing into the branch) for
extraction rates higher than 0.3.

Honan & Lahey's data show that for the vertical T-junction the only important
parameter is the extraction ratio; the branch angle and inlet flow-rate do not influence
the quality in the branch,sx . Saba & Lahey's data corroborate such impression and
also show that the difference in phase separation between vertical and horizontal
configurations is small. These two points (branch-angle, vertical/horizontal position)
have to be taken cautiously since both data sets were taken at high extraction ratios
(>0.3) when, according to Hwang's data, there is almost complete separation. Indeed,
in Hwang's data set an effect of branch-angle is present, with higher gas extraction for
low W5/W; (<0.2) in the 135 deg. case as compared to the 90 and 45 deg. cases. No
evident effect of inlet mass flux seems to be present. If Hwang's data is plotted in a
liquid-to-gas take-off plot, see Fig. 1.5 (from Hwaatgal. 1988), the effect of branch
angle becomes less noticeable.

In the RPI modelling approach, the averaged one-dimensional continuity and
momentum equations are written for the mixture and the gas, along the main pipe and
the side arm. Empirical correlations are then used to close the set of 5 equations; these
are required for the pressure-drop and, most crucially, for determining the portion of
gas drawn by the branch. For this, the idea of “delimiting streamlines” is introduced,
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which bounds the region from where gas and liquid are diverted into the side arm. A
force analysis enables the derivation of an expression giving the streamlines' radius-of-
curvature as a function of an empirically determined exponent. This model is described
in Hwanget al. (1988) and a previous model valid only for high extraction ratios is
given by Saba & Lahey (1984). Reviews of existing models were done by Lahey,
Azzopardi & Cox (1985) and Lahey (1986), who attempted to merge Saba & Lahey's
model, valid for high extraction ratios, with Azzopardi's model, valid for low ratios. A
survey of the latest papers where model comparisons are made (e.getRilibel 1988)
reveals that no model is completely satisfactory for data outside the range for which it
was tuned. However, the approach of Lahey and co-workers seems more realistic, if
one has to rely only on 1-D solutions, because they relate the degree of separation to
the pressure field.

- KfK: data

Experimental work at KfK is reported by Seeger, Reimann & Muller (1986);
the tabulated data can also be found either in Seeger (1985) or in Lahey (1987). The
measurements are for air/water and steam/water flows in a horizontal T-junction with a
side arm positioned either horizontally or vertically (upwards or downwards). The
range of flow conditions was varied widely; & 500 - 7000 Kg/sm X 0.2 - 35
%, pressure for air/water 4 - 10 b and 25 - 100 b for the steam/water. The
corresponding superficial velocities are in the rarge J =2 - 40 m/s and J =0.5 - 7 m/s,
and from the flow regime map presented in Seegal. (1986) it can be seen that
dispersed bubble, slug and annular regimes are studied. For the horizontal branch case
the data taken falls mainly in the slug regime, as shown in Fig. 1.2, but closer to the
annular regime than Saba & Hwang's data. The trends are as expected (Fig. 1.6):

 For vertical-upwards branch, there is almost complete separation of the gas
for all W5/W; since the gravity force acts in same direction as inertia.

 For horizontal branch, the separation ragio x /x shows a maximum at around
0.3 (for the particular case of slug and annular flows, with J = 1 m/s), almost complete
separation for extraction ratios greater than 0.5, and for lgw W /W the data is not
conclusive (there are only 2 points with x /x less than 1); the authors suggest
however that x /x goes to zero ag W,/W approaches zero arguing that the liquid film
wetting the wall (like a laminar sublayer) is the first to be extracted.

* The case with the branch vertically downwards seems the more complicate
since both gas and liquid are preferentially extracted, depending on the mass rates and
extraction ratio; liquid is initially extracted assW {W is increased from zero (gravity
dominating), but as the swirling vortex in the bottom-flowing liquid reaches the level
where gas is present, this tends to be preferentially extracted (inertia dominating).
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Seegeret al. also give empirical correlations which fit the data for the three
branch orientations. An inspection of the tabulated data, provided by Lahey (1987),
shows however that large scatter is present which renders it difficult to ascertain the
effects of mass flux and qualities, as given by the correlations. A comparison of data
from Saba & Lahey (1984), Hwangt al. (1988) and Seegenml. (1986), for
approximately the same superficial velocitiess (J =bm/s, J =2m/s, slug flow,
G; ~ 2000Kg/sm ) is presented in Fig. 1.7. Scatter of the different data sets is present
with Hwang's data showing much higher degree of separation than Seeger's.

The few points of Seeger's data in the bubbly regime (Fig. 1.8) show lower
level of separation than points in the slug regime (maximum of x /x is around 2 for
bubbly/slug transition and 3 for slug). Such behaviour is expected since the gas phase
is more closely linked with the liquid for bubbly flow than for slug flow.

Another work from KfK and with particular interest for the present research is
the one by Popp & Sallet (1983). This is the only report on two-phase flow in a
dividing T-junction where local quantities were measured, namely velocities using
LDV and axial pressure variations with Pitot tubes. The flow cross-section was
rectangular rather than circular, having an aspect ratio of 4/1, which is shown to give
approximately a two-dimensional flow. Most of the velocity measurements were done
in single-phase flow but a few profiles are also given for a bubbly flow with low void-
fraction at inlet (& > 1.4 %), together with photographs and discussion of flow
visualisation. These data have been chosen as the main validation data set and further
details of the experimental apparatus are left for chapter 5.

- Recent work

More recently, further experimental works have emerged focusing mainly on
the annular regime in horizontal Tees. Ballyk, Shoukri & Chan (1988) measured phase
separation and pressure-drop in low quality, high mass-fluxes steam/water flows
showing that total gas separation occurs foy W /W greater than 0.3 and that
(X3/X1)maz INCreases when the quality decreases. Rubel, Soliman & $888)(did
similar measurements for high quality, low mass-fluxes, encompassing the wavy and
wavy/annular transition flows, showing that the effect of the flow regime is more
important than G orx . Very recently, Davis & Fungtamasan (1990) measured local
void-fraction profiles in churn-turbulent air/water flow across a vertical T-junction for
a few extraction rates. These data can be used for validating future numerical works.

The published experimental research on two-phase flow through T-junctions is
summarised in the table below.
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TABLE 1.1 Experimental work on two-phase flow in T-junctions

Author Position Fluids D; D3/D; G, X W3/W, p, Regime

main  arm [mm] [Kg/sm?] [%] [b]
Fouda & Rhode1(974) H V AW 51 0.5 90-170 35-60 0.3-0.8 1.4 A G
Collier (1976) H H AW 38 0.66 140 2.1-50 0.3-0.5 2 A G
Hong (L978) H HV AW 9.5 1 15-80 25-97 0-1 1.5 WA L
Henry (1981) H H AW 100 0.2 200-850 10-60 <0.06 1 A G
Whalley & Azzopardi (1980) VHH AW 32 04 80160 10-80 <0.2 1.5 A
G,L
Azzopardi & Baker (1981) V H AW 32 0.4 80-160 10-80 <0.2 15 C L
Honan & Lahey (1981) V H AW 38 1. 1355-2700 <1 .3,.5,.7 1.5 Sl G
Popp & Sallet 1983) V H AW 25x100 1. 1500 0.003 .36,.7 1 B G
Azzopardi & Freeman Belll©83) V H AW 32 0.8,1 80-160 10-80 <0.2 15 A G
Saba & Lahey (1984) H H AW 38 1. 1355-2700 <1 .3,.5,.7 15 Sl G
Seegeet al . (1986) H HV ASW 50 1. 500-7000 <1 0-1 6-100 SI,B,AG
Azzopardi & Purvis (1987) V H AW 32 1 80-170 2-90 0-1 1.5 AC
G,L
Hwanget al. (1988) H H AW 38 1. 1355-2700 <1 0-1 1.5 Sl G
Rubelet al. (1988) H H SIW 38 1. 15-50 20-87 0.2-0.8 1-2 St,w
G,L
Ballyk et al. (1988) H H SIW 26 1. 450-1200 2-15 0-1 <2.5 A G
Azzopardi & Memory (1989) H H AW 38 0.7-1 30-150 17-90 0-1 3 AW
G,L
Azzopardi & Smith (1990) H HV AW 38 0.3-1 77-144 28-90 0-1 15,3 AW
G,L
McCreery & Banerjee (1990) H H W/A 25x75 1 20-60 = 99 few 1. D G
Davis & Fungtamasan (1990) vV H AW 50 0.5,1 3000-7000 0.25 0.1-0.6 2.5 BC G

REGIMES: A-annular; B-bubbly; C-churn; S-stratified; Sl-slug; W-wavy; SA-semi-annular; D-droplet;
FLUIDS: A-air; W-water; S-steam;

POSITION: H-horizontal; V-vertical; u-upwards; d-downwards;

LAST COLUMN: fluid preferentially extracted, G-gas; L-liquid.

- Choice of validation data

From all the data reviewed, none appears as entirely satisfactory to validate the
present predictions. The bubbly regime is evidently the most appropriate, since it is a
truly dispersed regime. As for the T-junction orientation, a vertical main pipe seems
the most useful; however, the side arm will then be horizontal and will therefore
promote stratification (even for low void-fraction, as in Popp & Sallet). If the Tee is
horizontally orientated, stratification occurs in all branches unless the liquid superficial
velocity is high enough; the only few points within this range were measured by Seeger
et al but are not very useful for they correspond to a single extraction ratio. As for
modelling the annular regime (where most of the data lie), a segregated fluids model is
required to account for the liquidnf at the wall. A simpler case occurs when the flow
is in the droplet regime, which is also a dispersed regime and is more amenable to
predictions with the present method; however no data were available during the
present work in this regime. Recently a few data have been obtained and reported by
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McGreery & Banerjee (1990), who give the velocity profiles at inlet and outlet, and
separation ratios for a few extraction ratios; this may be used for future work.

Comparison of predictions with data which do not correspond exactly to the
same conditions poses some problems, as already shown in Fig. 1.6 and 1.7. There,
discrepancies are present between different measurements for approximately the same
conditions. For differing inlet conditions but for the same flow regime, the degree of
phase separation should be little different. This is not the case in the comparison
among data from several authors shown in Fig. 1.9 (Churn and Annular, from Saba &
Lahey and Azzopardi & Memory) and Fig. 1.10 (Annular, from Reball. and Ballyk
et al). Such behaviour demonstrates that the effects of quality or mass-fluxes are also
present, at least if these parameters are varied appreciably within the same regime. This
shows that phase separation is a complex phenomenon involving many parameters, and
data or predictions have to be cautiously compared.

From this discussion it emerges that an ideal comparison is not possible at
present. For comparison with local data, the work of Popp & Sallet is chosen.
Unfortunately Popp & Sallet have not measured phase separation and so the data of
Seeger and Lahey lying closer to the bubbly regime will serve to validate the
predictions of phase separation. A figure giving the range of existing phase separation
data in bubbly flow is reported by Azzopardi & Whalley (1982) anilalso be used
for validation.

1-4-2 NUMERICAL WORK

Multidimensional numerical work involving T-junction geometries is confined
to single-phase flow, for example: Vlachos (1978) (2-D, laminar), Pollard & Spalding
(1978, 1980) and Pollard (1978, 1979), andchiDiadis (1986). In the last reference
and in Pollard (1978) experimental work is also included; both dwelt on T-junctions
formed by intersection of rectangular cross-section channels and the calculations were
done in three-dimensions. Dimitriadis does a comprehensive validation work and
concentrates on the combining-flow arrangement (two streams join to form one flow),
as opposed to the dividing arrangement of the present work.

The interest here is to see how these authors could deal with the great amount
of memory required by a 3-D T-junction computation, which is a consequence of the
multiply-connected nature of a T-junction (Fig. 1.1). Pollard & Spalding dealt with this
problem in two ways: either 1) by having a very short side-branch (ref. 1978), or
omitting it altogether (ref. 1980), therelyiting the number of cells wasted out of the
domain of solution; or 2) by introducing a “partially elliptic" procedure, whereby only
regions with reverse flow were treated as elliptic (Poll#d9). A different approach
to avoid the inefficient use of inactive cells is taken by Dimitriadis: he devised a
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matching procedure whereby the flow in the main and side branches was alternately
solved and then coupled at the junction. Hence, during each half of the cycle, memory
is required to store fields for either the main or the side branches only.

An assessment of these alternatives reveals that they are complex; the former
(partial elliptic) is contrary to the present trend of having general procedures for
general geometries (the region of reverse flow is not known in advance); the latter has
the inherent possibility of non-convergence for the iterative matching procedure. A
more elegant remedy seems to be the indirect addressing technique introduced in this
work to deal with multiply-connected and block-structured regions.

1-5 OUTLINE OF REST OF THESIS

In chapter 2 the two-fluid model equations are presented and the averaging
procedure is discussed. Several terms of the equations are analysed in detail, namely
the pressure gradient, stress term and interphase forces. Turbulence modelling is
related to the necessity of applying a second averaging operation which leads to
additional terms arising from correlations of volume-fraction and velocity fluctuations.
The chapter ends with the presentation of the transport equations in a general
coordinate formulation and ready to be discretised.

In chapter 3 the differential equations are transformed into finite-volume ones
and the methodology developed to solve these by a sequential algorithm is explained.
A problem associated with the use of non-staggered meshes, namely the dependency of
the solution on the chosen time-step, is explained and a solution is proposed. Different
numerical formulations of the drag term are tested and a form of full elimination is
shown to be efficient when the drag is high. The formulation of the boundary
conditions is explained.

In chapter 4 several techniques related or auxiliary to the numerical
methodology are introduced. These include indirect-addressing, mesh generation, mesh
smoothing and particle tracking.

In chapter 5 results for the main predictive case are given. The T-junction flow
of Popp & Sallet (1983) is simulated and numerical predictions of single-phase and
two-phase bubbly flow are compared with measurements. Several parameters
influencing the phase separation are studied and the 3-D structure of the flow, not fully
understood from the experimental study, is clarified.

In chapter 6 the effect of each of the additional terms of the turbulence model
is analysed from numerical experiments. Such terms are influential in predicting
dispersion of a dispersed phase and the results are assessed from a comparison with the
measurements of Hishida & Maeda (1991) in a confined particle-laden jet.
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In chapter 7 the thesis is summarised and the main conclusions are pointed out.
Proposals for future work are given.
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CHAPTER 2
TWO-PHASE FLOW EQUATIONS

2-1 INTRODUCTION

In this chapter the equations for two phase flows are presented and discussed.
The discussion encompasses the derivation of the averaged multifluid equations, the
meaning and necessity of applying a second averaging operation, and the alternative
forms of several terms in the equations namely: pressure gradient, turbulent and other
stresses in dispersed flow, and interfacial forces. A major section is dedicated to
turbulence modelling specific to two-phase flow. The chapter ends with the
presentation of the working equations in a general coordinate formulation.

The intention here is to focus on some aspects of the two-phase flow equations
which are relevant to the present study and are not generally available in the literature.
In particular it is hoped to clarify the following:

-the effect of velocity fluctuations on the final form of the equations;
-alternative formulations of the stress terms.

The first point is related to the way in which turbulence in two-phase flows is
accounted for. It W be shown that two formulations are possible, the first is readily
derived from the instantaneous equations (as done below) whereas the second results
from a Reynolds decomposition of the volume averaged equations, in a manner akin to
that followed in single-phase turbulence. A choice between these two formulations will
probably require more fundamental work than what is presented herein. At present it is
only possible to assess these alternatives by practical application to a turbulent
particulate jet flow, for which reasonable turbulence measurements are available.

In section 2-11, however, an important result is demonstrated: the first
formulation can give identical equations to the second, depending on the closure
modelling of the various terms.

The second problem refers to the correct form of the stress term, and whether
the volume-fraction should appear inside the divergence terms. A similar controversy
has existed for some time about the pressure-gradient term, but this seems to have
been overcome and the present practice is to leave the volume-fraction out of the
derivative. It is shown here that the stress-term problem is identical. For the Reynolds
stress term, however, the present analysis shows that the volume-fraction should be
inside the divergence.
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The derivation given below is restricted to incompressible two-phase flow
without phase change and for steady-state conditions. Minimum but sufficient details
are given since the subject is treated in a number of publications (e.g. Ishii 1975, Drew
1983). The approach follows the one given by Drew (1983) and later by Kataoka
(1986) and Kataoka & Serizawa (1989), where a distribution Is used to mark the
phasesx, =1 or O if phage is present or not,xand is not differentiable in the sense
of continuous functions but as a “distribution”, see Schwartz 1950). In what follows,
phases are marked with subscript “ " which may became “ " to denote a continuous
phase, or d " for a dispersed one. For bubbly flows (the regime considered in this
study most frequently), the continuous phase is liquid, marked with subscript “L", and
the dispersed phase is gas, subscripted “G"; subscripts “b" or “p" denote an individual
bubble or particle. Tensors and vectors are denoted with bold letters.

The local instantaneous continuity and momentum equations for a continuum
phase are written as:

Sp+ Veopu =0 2.1)
2pu + V-puu = V-0 + pg, (2.2)

wherep is the density of fluidy its velocity vecter, s the total stress tens@ and
the gravitational acceleration. The fluid is assumed to be Newtonian and the flow
incompressible. The stress tensor will be split into the pressure and deformation parts
by o = — p6 + 7, wherer is the deviatoric part ef , ie.= 0, ahd s the unit
tensor. The constitutive law for a Newtonian fluid with viscosity IS
=u(Vu +wvu') — %M(V .u)é, which ensures;; =0.

The derivation below is based on these coordinate free equations. General-
coordinate equations are obtained after applying appropriate transformations to the
final averaged set, as explained in section 2.12.

2-2 CONCEPT OF AVERAGING

The equations of the two-fluid model are obtained from (2.1) and (2.2) after
multiplication by the phase indicator functigmn and averaging over an appropriate
volume V, or time interval T. The averaging operation may be illustrated by means of
volume-average,

XpP) = (¢ =1 xp¢ dv, (2.3)
whereas the more usual intrinsic phasic average of the arbitrary quyantity is defined
by:

k
<¢k> = vik f,dv :v_lk [xx¢ dv :\% [xz¢ dv :<Xk¢>/ak _ (2.4)
v Vv

Vi
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Note that in this last definition the integration is over the volume containing the
k-phase, Y . The sum of these volumes equals the total averaging volumg, \=V +V .
Also, the external area of V is denoted By V=S, and is decomposed in
S=>"S. =S +$ . The internal interfacial area js S and it should be noted that (S +S )
forms a closed surface enveloping the k-phase, S . In42.4) represents the volume
fraction of phase ky;, =M V, and it is an averaged quantity which is only meaningful
for a volume much greater than the typical size of elements of each phase (e.g. the
volume of a particle for solid/fluid dispersed phases). Equation (2.4) also shows that
the intrinsic phasic average is equal toxthe -weighted average, defined by the last term
in (2.4). Here, as usual (Drew 1983, and Delhaye 1981}l hendenoted bygk

Be = (8) = o (25)

In order to simplify the averaging of Eqgs. (2.1) and (2.2) the following
definitions and relationships, relating average of derivatives to derivative of averages,
are helpful (see Drew 1983, for derivation):

ap = <xk> (2.6)
o= &) - () e
Vo, = V{x) = (V) (2.8)
B + UV = O (2.9)
(xiV$) = V) — ($9x.) (2.10)
(xigo) = 50ue) — (23%) (2.12)

The physical meaning @fVy, is to “pick" out the valugpof atithe -side of
the interface (acting as a delta function), so the last term in (2.10) can be written as:

($9x.) = — & [én: da (2.12)
S

and, in this form, such terms clearly represent interface contributions. The unit normal
vectors, appearing in (2.12) and elsewhere, are always directed outwards from the
phasic surface areas to which they pertain. The vegtor in (2.9) is the velocity of the
interface (subscript ).

2-3 DERIVATION

The derivation of the average momentum equation proceeds as follows.
Multiply (2.2) byy, and average:



42

<xk%pU> + <ka-pUU> = <ka-0> + <xkpg>,

assume constapt for both phases (this is not an essential assumption but one which
simplifies the derivation), and use (2.6)-(2.11) to get:

p(%<xw> +V- <kaU>) =V <xk0> +p<xk9> + <(pU(U —U)—o0)- ka>-

The first part of the interfacial term represents mass transfer between phases,
which is not considered in this work. All averages are reinterpreted in terms of
intrinsic phasic averages (r -weighted) using Eq. (2.5) to yield:

p( %akﬁk + V-ak<(UU)k>k> = V-0 p + pras§ — <0‘VXk>

The velocity correlation can be further simplified by decomposging into an
average quantity plus deviation, ile.= U u+ whate varies strongly within the

average volume, such that:
k

<(uu)k>k = U U+ <(u’u’)k> :

This last correlation is similar to the Reynolds stress tensor of single-phase
flow, enabling the definition

™= — pk<(u’u’)k>k, (2.13)

where the superscriptpt " stands for “pseudo-turbulent”, since factors other than
turbulence can contribute to generate velocity deviatibons  as discussed in section 2-5;
with this, the final form of the equation becomes:

o (Gasll s + Vol Uy) = Vea@i+) + pad -
<a - vxk> (2.14)

The same manipulation for the continuity equation gives:

pk(%ak + V- U k) =0 (2.15)

2-4 DISCUSSION

Most authors accept equation (2.14) as being the basic momentum equation for
the two-fluid model. The apparent disagreements so-often reported are related to the
consequent treatment of (2.14), namely the modelling of the interfacial term (term
containingVy, ) and also of the stresses. A close inspection of the literature reveals
very little disagreement amongst authors. In most cases, under the assumptions taken
as a starting point for different problems, most equations are correct. There are some
differences in detail, for example the term derived by Prosperetti & Jones (1984)
differs slightly from other sources, but in general there is coincidence of opinions.
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Another problem is how those equations account for turbulent effects. The question is:
should the equations be time-averaged again to capture the correlations of turbulent
fluctuations, or are these already embodied in the first volume averaging? In most
studies related to the two-phase equations the effect of turbulent fluctuations is either
neglected or overlooked. Usually authors focus on the role of the pressure-gradient
and viscous-stress terms, and try to derive appropriate formulations for the interfacial
forces, e.g. drag and virtual-mass forces. Since most flows of engineering interest are
turbulent, the neglect of turbulence effects can only be explained by other difficulties
(such as the ill-possedness of the equations, see Lyczketnakil978) present even

when turbulence is not accounted for. One exception was Trapp (1986), who tried to
overcome the difficulty of ill-possedness by including turbulence correlations in the
momentum equation. As he was interested in instabilities of the Kelvin-Helmoltz type,
Trapp modelled the correlation’(Gyv) by a term proportional ¢p—u, > u ) ; shear-
induced turbulence (the common cause) was not included. He also argued that one
averaging was sufficient, irrespectively of being volume, time, or time+volume
average. It is interesting to note that the term introduced by Trapp, based mainly on
dimensional analysis, appears in a number of other publications, but applied either to
the interfacial pressure term (Prosperreti & Jones 1984, Pauchon & Banerjee 1986,
and Lahey 1988), or to model the usual turbulent stréss, (Drew 1983, Arnold 1988).
The appearance of the same term from three different analysis gives some support for
its use, and also reveals that the distinction between the interfacial and the stress term
in (2.14) is not clear cut. Parts of the former.(Vx,) ) term may appear later as part
of the V a0, ) term and vice-versa, and they cannot usually be distinguished. This
can be readiy illustrated with the pressure gradient, which is often split as
—V(@p )+ (pVx) = —aVpP + {((p—"p Wx), and where this last interfacial term

is usually identified with the form drag (section 2-6).

After this introductory discussion some of the points mentioned are examined
in more detail in what follows.

2-5 TIME/SPACE AVERAGING

For the derivation of equations (2.14) and (2.15) the syfmbol . has been taken
as a volume average, defined by (2.3), hence the equations are instantaneous volume-
averaged equations. It seems legitimate to apply now time-averaging in order to obtain
smoothed quantities, both in time and space. Representing this operation by an
overbar, results in:

pk<%akﬁ p+ Voo U U k) =V ai(7 ‘|‘Tlft) + prad — <0' VXk>

Pk<%ak + Vm> =0
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The time covariances are dealt with by defining new averaged quantities, called
a-weighted averages:

¥ o_ @
¢ = =. (2.16)
Using thea -weighted average the equations above are written as:

N R o~ s pt _ a3 T A
pk(%akﬁk+v'akﬁkﬁk> :V'ak(ak—H‘Z +7.) + p.a@ 10 —<0-V?(kil>7)

pk<%ak + Va;ﬁ k) = 0, (2.18)

where the volume averaged velocity has been decomposed in -average plus
fluctuation,

U =T +0", (2.19)
resulting in the “usuaky -weighted turbulent stress tensor
o= - e (2.20)

Qg

From the definition (2.16) the -weighted pseudo-turbulent strés§ is= a, 77" /ay;
and, after using the definition of*  given by (2.13), it becomes

Trp = — pkak<(u/u/)k>k/a_k- (2.21)

Equations (2.17) and (2.18) are the final form of the momentum and continuity
eqguations, after volume and time averaging. If in these equations the turbulent stresses
are lumped together they become similar to the one dimensional model presented by
Ishii & Mishima (1984), and appear to be identical to the ones derived by Drew
(1983). The word “appear" is here used because Drew did not specify the type of
averaging used; however, some derivatives were derived using space/time integrals and
one might conclude that the averages are also in space/time. This would lead to a
volume-fraction given by (from Eq. (2.6)):

o = () = $E[Packdt= 2 [(3)x o) dt= # far di= ay

i.e. thea used in Drew's paper corresponds taxthe used here, being a time-averaged
volume-fraction, and the other quantities denoted by an“over , called phase-averaged
in that paper, are here represented by a double , &eing -weighted quantities.

Those equations are also used by Gosetaal. (1989) and Politis (1989) in
their study of an Eulerian approach to two-phase turbulence modelling. Their idea is a
parallel to that of the turbulence approach to singIe-phaseNvariabIe-density flows,
where a Favre-average (Favre 1965) is defined as =1, akin taxf if is replaced
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by p. This work will be examined further when dealing with turbulence modelling
(section 2-11).

The necessity for a double-averaging procedure has been pointed out by
Delhaye & Archard (1977) and is described in Delhaye (1981) as a space/time
procedure (it was also demonstrated that the inverse, time/space averaging, is
equivalent). Delhaye & Archard even refer to a double time average, time/time
averaging, for obtaining smooth derivatives. But, since all averaging procedures are
equivalent under certain conditions (steady statistical case, i.e. repetition of
measurements gives same average results), the symbols for time, volume or statistical
(ensemble) may be interchanged at will. If those conditions are not satisfied, ensemble
averaging must be preferred (Arnold 1988). Other examples of double averaging are
given by Ishii & Mishima (1984), where the one-dimensional area-averaged equations
are obtained from the general time-averaged three-dimensional model, and Banerjee &
Chan (1980) who use a 1-D area/time average formulation for a separated flow model.
In the paper by Ishii & Mishima the consequences of the double averaging procedure
are discussed in great detail, particularly in relation to the difference between relative
a-weighted velocity {f , ) and the average of the true relative velddity () (since
U,=Uy,-U.andlU,= U ) — @U &), it follows thatl . £ , + denotes
a relative value). This distinction is important when defining the drag force, which is
normally taken as proportional to the average of the local relative velocity. Another
consequence is the proper treatment of the covariances (averages of products), to
which some reference is made later (section 2-11). Banerjee & Chan exemplify the
meaning of volume/ensemble averaging by using actual measurement. In their
experiment the void-fraction of air/water flow in a pipe is obtained by analysing a
portion of mixture enclosed between two taps (this is akin to an area-aerage, ). By
repeating this experiment a number of times Banerjee & Chan could obtain an
approximation of an ensemble average void-fractian, . The pldtof  (@nd
versus measurement number (Fig. 1 of their paper) shows that the volume/ensemble
average(a) tends to a constant mean value after a certain number of measurements
(smooth behaviour), whereas the single volume-avefage oscillates around the
mean.

Banerjee & Chan experiment shows that the problem of single or double
averaging is also related to the measurement techniques. Eventually one has to
compare predictions with experimental data, in order to validate the modelled terms of
the equations and also the numerical method. For this, it is important to know what the
value registered by the instrument actually is; an aspiration probe will probably give
some volume/time-average value, whereas a small thermocouple can give
instantaneous quantities with small spatial averaging.
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Many authors consider the single averaging as sufficient; this is explicitly stated
by Prosperreti & Jones (1984), Trapp (1986), and Rietema & van den Akker (1983).
The argument used is that the phase indicator ( =0 or 1) does not fluctuate (the phase
is either present or not), and that the spatial averaging is able to capture the turbulence,
hence any other average would be superfluous. When a single average is used, the
volume-fraction does not appear in any of the correlations. Yet, without fluctuations of
the volume-fraction the equations cannot account for phase dispersion, as in a
particulate jet, for example. This defect points in the direction of including a second
averaging operation, where the correlations invohing  correspond to a diffusion
process of .

The derivation of (2.17) may clarify this problem. The correlation
M= — p(U U), which appears after the first volume averaging, is related to the spatial,
dispersed-phase generated turbulence (some times called “pseudo-turbulence"). The
correlation related to the second time-averaging operatiatt ( ), arising from
ol = pa W0 + pa’t”™ 0", would be related to the usual time fluctuations of the
instantaneous volume-average velocities. This “turbulence” cannot capture length
scales smaller than the typical dimension of spatial non-uniformities (the diameter of a
bubble for example in a dispersed bubbly flow). Hence, with the derivation given above
one is able to identify and interpret two kinds of “turbulent” stresses which in the past
have been postulated, for example by Sato, Sadatomi & Sekogushi (1981). These
authors state that in a bubbly pipe flow there are two kinds of turbulence, one is bubble
independent (inherent liquid turbulence due to the wall-shear called “shear-
induced" turbulence, related t6 ), and the other is bubble dependent, caused by liquid
agitation in the wake of the bubbles (due to relative veloeity called “bubble-
induced" turbulence, related t&* ). Further specification of these stresses is left to
section 2-11. Now, the form of the different terms in equation (2.17) is examined.

2-6 THE PRESSURE GRADIENT TERM

The contribution of pressure in the momentum equation (2.17) is obtained after
decomposing the stregs  into a trace plus deviatoric parts. If the terms of (2.17)
involving o are calledl,, , for phase |,

Hgk = Vaﬁk — <0'ka>,
then the decomposition = ép-7T gives

M, = —Va,p, — v /pnda+ V'aiﬁk—<7'VXk> : (2.22)
S

The pressure part in (2.22) is now callégl and can be written as,
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I, = —a;VP, — & [(p—"py)n da, (2.23)
S

where the following relationship obtained from (2.12), with =1, has been used:
Va, = — v [n,da. (2.24)
S
From (2.23) several results can be obtained. The usual, Ishii (1975), Banerjee
& Chan (1980), Rietema & van den Akker (1983), is to conﬁdpﬁp =p (the pressure

of the continuous phase) and to decompose the interfacial pressure in mean (over the
interface area) plus deviation,;p{ )p ‘+p , such that:

M, — —a,YB +(p) ~PIVas + Fu . 2.25)

HereF,, is the time-averaged interfacial pressure force (including the form drag and

virtual mass force), defined by
Fo. = —v [Anda

which has to be modelled via a “constitutive relation”. For some simplified cases
(sphere, low Reynolds number, Re 1) the integral can be calculated analytically.
However, after averaging the details of the flow around the dispersed phase are lost
and soF, has to be specified (section 2-10). NoteRpat appears in the other phase
momentum equation as-F,  and this implies that' g o ( )’ p (because the

general interfacial force must sum to zero if surface tension is not included, and
V(a1+a2) :V(l) =0 )

A different interpretation is given by Prosperreti & Jones (1984). They argue
that the common definition of the mean interfacial pressure leads to a null contribution
wheneverVa =0, and so they prefer to define an average of the rapidly varying
pressure around say one bublﬁle, p, but which may vary from bubble to bubble. The
consequence is that the integral over S will be zero for all bubbles inside the averaging
volume, but the bubbles intersected by S will give a contributioWaG(’\Z)G p (G
means the gas, the dispersed phase, and the average ig over S ). The pressure term in
the liquid (L) phase momentum equation becomes:

I, = —a.Vp - vac(h® + Fp,
which can be identified with the previous form (equation 2.2W p is taken as
equal to({ p)' —=~p) and allowed to move out of the divergence (as if it was uniform).
Thus, the distinctive point of Prosperreti's formulation is the presen@‘@%f p inside
the divergence. The difference between the averaged pressure over the interface and
the phasic averaged pressufe,;; 3 ({ MPN) p , is important for stratified flows
due to gravity forces but it is also present in dispersed bubbly flows, for which
Prosperreti & Jones (1984), Pauchon & Banerjee (1986) and Lahey (1988) give, for
the liquid and gas (no additional time average considered):
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ApL = —1p (s —"uL)?,
Aps = 0.

It should be noted that Prosperreti & Jones derive the following for the gas phase:
Iy, = —oacVP — Fp,

which is in agreement with, & ;@ =0 is accepted.
Stuhmiller (977), on the other hand, gives the same pressure jump for both
phases as:

Apyp = — 0.37Gp, (U —")*

which is consistent with the assumption of negligible surface tension, =0. For a
typical drag coefficient of £~ 0.7, this term becomes identical toAhg p given
above, but in Stuhmiller's case it applies to both phases. It is worth mentioning here
that an order of magnitude analysis shows that the surface tension term neglected by
Stuhmiller, and by most other authors, is of the same order as the pressure jump terms
given above for air- water bubbly flows:

Apzva ~ 0.37GDpCLZ — _
(U/db)v(;d - U/db ~ 0037 06

(With Cp=0.7,p, =1000 Kg/th ¢ =0.07 N/m,u =01 0.3 m/sapdd-=1 3 mm.)
This justifies including the surface tension term if the dynamic pressure term (pressure
jump at interface) is included. A comparison of the latter with the dispersed phase
pressure gradient yields:

oV -~ 1 Lo\ UN2
0-37Copcrl)iVad - 0-376( L)( u) ~ (43 — 386,

for the same properties given above, together with typical mean velocities-of U 1
m/s, and where the length-scale rationof -variatipn () and mean flow (L), has been
taken as one. These length scales are defined by(A /p, ' u and
(, = (Aaja) ' £, is the length over whice varies significantly, measuring the
strength ofa -gradients. The rati(cf%) ~ 1 may be typical along the main flow

direction; however, in the cross-stream direction, that ratio may become less than one
(as in the case of strong lateral phase segregation) whereas the ratio of main-to-relative
velocity may become near unity, resulting in the above terms to be of equal
importance. The conclusion is that the surface tension and jump-pressure terms are less
important when the main flow is considered, but become important in studies of lateral
phase migration.

2-7 DISPERSED PHASE: PRESSURE AND VISCOUS STRESS

Here the role of pressure and viscous stress (p, ) in a dispersed phase is briefly
discussed. This is based on Rietema & van den Akker (1983), Prosperreti & Jones
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(1984) and Hwang & Shen (1989). The conclusions taken here are strictly valid for
finely dispersed flows only. This is the case of the particle-laden jet tackled in chapter
6, where the volume-fraction of the solid particles is around 10 . For bubbly flows,
where typicallyo ~ 10! | the interaction among bubbles may be strong enough for the
these conclusions not to hold.

Consider bubbly flow in a pipe. At a given cross-section there are numerous
bubbles with different radii. The pressure inside and outside the bubble surface are
related to the surface tension by p ;. po=R /r , whgre r is the radius of the bubble
which is assumed to be spherical. If it is assumed that,p =p , then every bubble at the
cross-section is subjected to a different internal pressure. The conclusion is that the
motion of the bubbles is independent of their internal pressure. It depends only on the
external pressure, that is the continuous phase pressure.

The same argument applies to the viscous stress. The hydrodynamics of
bubbles or solid particles does not depend on the intrinsic stress tensor existing inside
them. Viscous forces are exerted on the surface of the particles (either fluid or solid),
and arise from the stress tensor of the continuous phase. If stresses are required inside
a particle, they can be viewed as an imaginary extension of the continuous phase ones.
Usually this is not required since the divergence theorem always enables the internal
stresses to be transformed into surface integrals, by cutting through the particles.

Hwang & Shen (1989) give a more formal demonstration of this argument.
They also clarify the following point. The viscosity of a dispersed mixture at low
relative velocity is:,, B. (1+2&,; ), a result first obtained by Einstein. Hwang & Shen
show that the part (2251, ) can be viewed as the viscosity of the dispersed phase and
arises from the integration of the continuous phase shear stress over the interfacial
area. The factor 2.5 is a result of the precise integration of the known velocity field
around one sphere. In the two-fluid model these details are not known and this factor
(2.5) should not be considered, or alternatively it can be viewed as a modelled
viscosity just like the drag force {C =24fRe , from Stokes flow around a sphere). It is
not clear whether the use pf =2,5 does not account twice for the same effect (in
the stress term and in the drag force).

In conclusion, for a dilute dispersed phase, the pressure and viscous stress
represent pressure and stress of the continuous phase. The corresponding terms in the
dispersed phase momentum equation arise from the interfacial force (integration of the
continuous phase stress around the particles); the intrinsic stress of the dispersed phase
(i.e. o, in 2.17) is set to zero. If the the flow is not dilute or the phases separate then
pressure and viscous stress are accounted for individually, as equation (2.22) formally
shows.
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2-8 THE VISCOUS STRESS

The viscous stress part of the momentum equation for ghase in Eq. (2.22) is
calledIT,, and can be written as:

0, = +a,V-&i - (4,) Va, + F,, (2.26)

where(7;,) represents the deviation from the phasic average of the mean stress over
the interfacial area(t};,) = (n.)’ =% ), arld,,  is the time-averaged viscous drag,
resulting from local instantaneous fluctuationsrof over the same interface and which
has to be modelled. As with the interfacial pressure force, a force equaFto is
present in the momentum equation of the other phase and it is therefore sufficient to
consider just one interfacial viscous forde, . Usuélly &pd are modelled
together by means of a standard drag law (i.e. valid for a single sphere) and corrected
for regimes other than bubbly flow (see discussion in section 2-10).

Prosperreti & Jones (1984) give a slightly different expression, following the
same reasoning as that for the pressure term, whérgby for the liquid (continuous
phase) is written as- (?QG and is placed inside the divergence. The gas phase will
not contain this term for reasons identical as those invoked for the pressure term.

It should be noted that the volume-fraction is outside the divergence in
(2.26), as for the pressure gradient; similar expressions are given by Rietema & van
den Akker (1983), Prosperreti & Jones (1984) and Gray (1983). Pauchon & Banerjee
(1986) leave the volume fraction inside the divergence but explicitly say that a
manipulation identical to the pressure term can be done for the stress. Most authors
neglect the viscous term, therefore this problem does not arise. When viscous terms
are present it is more common to gee insMe (), since this eases the numerical
treatment of those terms, which turn out to be in a conservative form. Some authors
are more precise (Ishii & Mishima 1984, Lahey 1988) and include atetfq- Vo, ,
which the first of these references claims to be important in annular flows (to account
for interface effects between the gas core and liquid wa):fhowever, in actual
calculations, the term is neglected (Lahey 1987a, Drew & Lahey 1982).

The effect of leavingr insideM- ) (and where a terr, - Va IS not
present, which would effectively result in bringing out of the divergence) is usually
small. To demonstrate this, Fig. 5.38 shows the void-fraction contours of the flow of
two identical phases (sampe gnd ) injected without slip into a T-junction. The two-
fluid model cannot “distinguish” two identical phases, unless appropriate interfacial
terms are included, and therefore no segregation of phases should occur in this
example. However, some atrtificial segregation of phases is present near the bottom
corner of the Tee, resulting from the use\ofar | insteadwf 7 . To show how
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small this effect is, those contours can be compared with the ones in Fig. 5.32, which
correspond to the same flow conditions but with differing fluids (air and water,
pL/pg == 1000); in this case there is a genuine and much stronger segregation, resulting
in void-fractions of 80 % in the side branch as compared with the 4 % in Fig. 5.38.
This artificial segregation effect which should not be present vindicates the argument
for using the proper formulation given by eq. (2.26).

In reality the flow of two identical phases, one dispersed in the other, is
different from the flow of the same continuous phase occupying the whole domain. An
explanation for this has been given by Zuber (1964) and lies on the fact that the
dispersed phase changes the viscosity of the mixture. The dispersed phase, idealised by
many small spheres, has to deform the flow of the continuous phase around it. This
happens even if the two phases are made up of the same fluid; it may be called a
“presence" effect. It results in a distinction between the mixture and the continuous
phase viscosities, yielding for example the Einstein viscosity-law discussed in section
2-7. As mentioned then, these details cannot be included in the derivative stress terms
of the two-fluid model, but they can be introduced through the interfacial force.

The modelling of the stresses follows the Newtonian formulation. However,
since the final equations are in termscof -weighted velocities, whereas the rate-of-
strain in the expression linking stress and strain is based on time-averaged velocities,
some manipulation is required. This is explained in Appendix 2.3 which follows the
discussion of turbulent stresses, since these are also modelled using the same form.

2-9 THE TURBULENT STRESS

In this work turbulence will be modelled by means of the eddy-viscosity
concept (see section 2-11). Thus, all comments regarding viscous stresses apply here,
with the molecular viscosity replaced by a turbulent gue ( ). However, since the
turbulent stress arises from the covariance of the convective flux, after averaging, it is
guestionable whether the interface force should contain any turbulent effect and, again,
whether the volume-fraction is included within the divergence.

An inspection of equation (2.17) answers the last question: for the turbulent
stresses the volume-fraction remains inside the divergence, since those stresses are not
explicitly present in the interfacial term. However, turbulent effects are present in the
interfacial force (last term in 2.17) through time correlations involving fluctuations of
a , pressure and velocities. Such correlations arise after modelling the interfacial force.

Hence, the answer to the first question above, lies in the use of single or double
averaging. If a single average is considered to be sufficient, e.g. Rietema & Akker
(1983) and Trapp (1986), then the interface force does not contain turbulent effects.
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The derivation leads to equations like (2.14). Here Rietema & Akker have the only
inconsistency in their paper as they write the Reynolds stress of the continuous phase
asR. = p,(au’u”), , and it is not clear from their derivation why s left inside the
averaging operator. The quantiy  should rightly be included in the correlation but
only after applying a second averaging. In the discussion section of the paper they state
thatR,. accounts for (i) “usual” turbulence, (ii) sideward drift of dispersed particles in a
non-uniform velocity profile, and (iii) the existence of slip between phasesivhen IS
non-uniform, even if the particles have the same density as the continuous phase. As
already discussed, there is agreement with these pbints a double averaging is
performed thereby producing correlationscof ahd u . These correlations give rise to
momentum fluxes whenever there are gradienis of and therefore effects (i) and (ii)
can be understood. Effect (iii) is also discussed at the end of 2-8, when referring to
Zuber's paper, where it is stated that it can be generated by including an appropriate
interfacial force.

A single averaging does not lead explicitly to any term involving gradielis of
Such terms may be added a-posteriori, as modelled quantities, to account for forces
observed in particular flow conditions. However, it would be more satisfactory if those
terms appeared naturally during the derivation and averaging procedure. On the other
hand, they do appear when double averaging is performed (and where the type of
averaging can be any of the following: space, time or ensemble); they arise from:

* correlations involvingn  (after modelling with the eddy-diffusivity concept,
e.g.al = —v'Va );

e specification of the strain-rate, which should be modelled as
20 (JU ;/ox + 3 ;/9%), and not 2(5°y/d x+Jy/d ;x ; however, as
the final equations are based on fAe u velocities, the former has to be
transformed into the latter using the definition (2.16); this operation leads to
terms involving gradients @  (Appendix 2.3).

The precise form and derivation of the terms used here to model turbulent
effects is given in section 2-11. Results of the numerical solution of the equations
involving those terms are given in Chapter 6 for the problem of spreading of
particulate jets. This, and lateral phase distribution in vertical bubbly flows, are the two
basic problems for which terms involving gradientscof are necessary in order to
predict the transverse migration of one of the phases. The effect of these terms,
however, is small if additional transverse pressure-forces exist, as happens in T-
junctions (Chapter 5).
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2-10 THE INTERFACIAL FORCES

It is possible, from the analysis of the motion of a single sphere, to distinguish
several interactions between a continuous and a dispersed phase: drag, virtual-mass,
Basset and lift forces. These interactions are described by different mathematical
formulations: algebraic for the drag, integral for the Basset force and differential
expressions for the others. The first three interactions are classical, in the sense that are
known and well understood (e.g. Basset 1888); hence drag arises from local relative
velocity, virtual-mass from local relative acceleration (the dispersed phase has to
provide a force to accelerate not only its own mass but also part of the fluid which is in
front of it), and the progressive set up of a boundary layer around every particle gives
rise to the Basset force. As for the lift interaction, it involves several effects, such as
the Saffman force (lift due to low Reynolds number viscous flow with constant shear),
inviscid shear-induced force (lift due to circulation induced by the shear-strain of the
surrounding fluid - analogous to airfoil lift), Magnus force (due to intrinsic particle
rotation), etc.

The first two interactions, drag and virtual mass, are considered as the most
important for bubbly flow (see e.g. Albraten 1982, for an order-of-magnitude analysis).
However, for the present application virtual mass forces were found to be
unimportant, since convective accelerations are not too strong. The assumption that
forces other than drag are negligible compared with the drag has been confirmed by
analysis of the resulting relative velocity fields for the T-junction flow, where it was
found that they are at least an order of magnitude smaller than the drag force. On the
other hand, lift forces can be important to account for lateral phase distribution and
have been incorporated in the interfacial term. In what follows, expressions for drag
and lift are given and discussed.

The part of the interfacial drag force acting on phase k here denoted by
results from the integral over the interface of the deviations (pseudo-turbulence
related) and fluctuations (turbulence related) of the pressure and of the shear stresses.
Thus it is the sum of the previously definegd F and F . All these effects are lumped
together (since in most cases they cannot be separated experimentally) and are
characterised via a drag coefficientp(C ) which for a dispersed-gas liquid bubbly
flow gives the following drag force, per unit volume, acting on the liquid:

Fp, =3 SAZDW 6 —T ). (2.27)

For low bubble Reynolds number (Re p, . b/ / b C can be obtained analytically
from the Stokes solution which yields, C =244Re . However, in general it is specified

through empirical correlations based on experimental data. In this work use is often
made of the standard drag-law (Wall869):
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Co = A2 (1+ 0.15RE™) = 2 g(Re ). (2.28)

Whena is not small, and for regimes other than bubbly flow (i.e. not dispersged), C
and even the forcEp given above have to be corrected. Ishii & Zuber (1979) and Ishii
& Mishima (1984) discuss this problem in detail and give a table of drag coefficients
for various regimes, particle types and shapes (sphere, ellipsoid or other). C turns out
to be a function of Re within the viscous regime (also called non-distorted particle,
Rg, < 1), as in the expression given above, and a function of the void-fraction
(o = ag) for other regimes, which vary from distorted particle, to churn-turbulent,
and to slug. The viscosity used by Ishii & Zuber in the definition of Re is also
corrected by a coefficient which is a functioncof , such thai,Re , =Re f( ), where for

a bubble flow f& )=1— « . Hence in Ishii & Zuber's approach the influence of increased
gas volume fraction is included through a corrected mixture viscosity. Others, for
example Harlow & Amsden (1975), prefer to incorporate that influence by multiplying
Eq. (2.27) by a corrective functionof( ) which depends on the void-fraction.
Additionally, the density and phase size (bubble diameter) appearing in (2.27) are
assumed to be weighted values of both phases density and size, using the volume
fraction as a weighting function. This approach is more appealing from a numerical
standpoint because at thmits « — 1 (only gas) ande — 0 (only liquid) it gives the
correct behaviour, and is therefore preferred here. For example in Eq. (2.27) one could
have a multiplicative termd( )= (* o ) instead o&f( 9= , with the advantage of
obtaining zero drag when only gas is present. There are also physical arguments for
using a (1— o ) when the gas phase becomes less dispersed (Spalding 1987): drag
should diminish when there is nothing to drag. For values of in the mid range (from
around 0.2 to 0.5) the drag is higher than given by Egs. (2.27) and (2.28), and this can
be simulated by wusing d( ) @ o )@a?) (Zuber 1964). Use of

P, = acpg + aLp, instead ofp, in Eq. (2.27) also seems more appropriate, since the
resulting expression for the drag force becomes “symmetric” relative to either phase
(interchange of phase indices does not change the expression except by inverting its
sign — hereafter called symmetry principle). For dispersed-gas liquid flows this
does not significantly alter the results, siage  is smoall~ Lpgnd p, . It has
the advantage of recovering the right limit at high gas fractions, when the flow regime
probably becomes droplet flow instead of bubbly, with the gas becoming the
continuous phase. The same ideas apply to the bubble diametey; the d appearing in
Eq. (2.27) can be viewed as a typical length scale of the mixture, being an weighted
average of length scales of the two phases (Harlow & Amsden 1975).

Hence, in general, the drag force on phase is modelled as:

FDk:%W%CD(ﬁz—ﬁk) = U, -U,), (2.29)
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wherel denotes the second phase and, for the present study,,d p d , C is given by
(2.28) and, either

fla) = a(l—a), (2.30)
or
fle) = 455, (2.31)

as specified in particular applications.

Shear induced lift forces are much smaller than drag forces in the present
application. However, in preliminary test cases where bubbly flow in channels was
considered, those forces become important and are thought to be responsible for the
observed phase segregation (gas tends to concentrate near the walls for a vertical up-
flow). For these flows, the transverse lift is balanced by other small effects, such as
turbulent normal stresses and induced pressure gradient. The expression used for the
lift force acting on the dispersed phase is

F‘Cd = adpccﬁ(dc_ﬁd)x (VX’UC), (232)
where G is a lift coefficient. The above comments made earlier relating to the
symmetry principle for drag should also apply here, so that would become

p,,f(e). However as the lift force is significant only in dilute bubbly flow, Eq. (2.32) is
adequate.

2-11 TURBULENCE MODELLING

Two extensions of the single-phase k- turbulence model for two-phase flows
are explained in this section. The first is the application of the model to the mixture,
instead of the continuous phase. The second is the introduction in the equations of
additional terms resulting from correlations of volume fraction and velocities. This
follows the work of Gosmaret al . (1989) and Politis (1989), but a different
interpretation is here given.

k-e Equations for the Mixture

The «a -weighted equations for the transport of turbulence kinetic energy (k) and its
rate of dissipatione( ), for the continuous phase, are usually written as (e.g. Ellul
1989):

o

pc(gace v V.a b Ce) = V- @.5Ve) + a.£(G G~ Gpe) (2.34)

ack+v-acﬁck> = V- (@.2VK + a. (G- pe) (2.33)

k

2o

where the generation term is defined by
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~ o ~ T
G=yuvVu,. (VU,+ VU,). (2.35)
In the equations above it is assumed tifat> u , which is the condition for high
Reynolds number flows. Indeed, the k and equations are only valid under this
condition (Jones & Launder 1972). All constants in (2.33) and (2.34) are the standard
ones (last ref.) and are given in the nomenclature.

Now, if it is assumed that (2.33) and (2.34) apply to either phase, then one can sum
those equations to obtain:

(47 .k + V5,0 k) = V- (VK + (G, — pe) (2:36)

(

Pt + Vop ) = V(50 + £(GG, — Gpue), (2.37)

Pl

with
Pm = Ccpe + QdPy,

e _ _ _ 2
Hh = Gout + Qapy = GP o 'c

W= ¢k, (2.38)

U, = @pU. + awpd a)/pn,

G, =aG +a:G.
These equations represent the first extension of the single-plaase k- turbulence model
to a mixture of two phases. When the dispersed-phase volume-fraction is small, and
furthermorep, < p. as for gas liquid bubbly flow, Egs. (2.36) and (2.37) are little
different from (2.33) and (2.34). The advantage is that if the phases separate (e.g.
stratified flow) or are highly segregated, then equations (2.36) and (2.37) give the right

single-phase limit foeach phase, and are no longer singular as (2.33) would be in a
region where only the “dispersed” phase is present.

Volume-average and -weighted, time-average Momentum Equations

The second extension of the single-phase turbulence model arises from terms
involving correlations otx  and velocity fluctuations. These terms are present in both
the momentum equations and equations for the turbulence quantities. The momentum

equations are first examined.

The momentum equation (2.14) obtained after a single averaging operation can
be written, after using the results of sections 2-6 and 2-8, as:

+ (p) = By Var — () —F ) -Vap + Fp, + F,, . (2.39)
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Since the first average was illustrated by means of volume average, this equation can
be thought of as the instantaneous volume-averaged momentum equation.

Alternatively, then: -weighted time averaged momentum equation (2.17) can be
written, according to what is stated in sections 2-6 and 2-8, as

~ RPN ~ ~ — At
pk<%akﬁk+v-akﬁkﬁk> = —akvﬁk+akv'Tk+v'ak(;z 7))+

pra i@ +(p) — P Var—((m) —Fy) - Va,+ Fp + F, . (2.40)

From section 2-10, the sum Bf  with partFgf  can be identified as the usual drag

force, whereas the other part Bf contributes to the virtual mass and inviscid lift
forces, which will not be considered here. HeRgg +F ,, ~ F p,

Two Views for Modelling

Two possible views may be taken for the inclusion of turbulent effects in the
momentum equations, depending on the interpretation of the averaging operation
(again, one or two averages?). It is shown here that these two views can lead to the
same (or similar) equations.

View |, taken by Drew, Lahey and co-workers (e.g. Drew 1983; Drew &
Lahey 1979) regards one averaging as sufficient. However, this single averaging can be
thought to include simultaneous time and volume integration. As commented in section
2-5 this results in Eq. (2.40) with the overbar (denoting time-average) omitted. In that
equationa represents a local mean void-fraction (which does not fluctuate, i.e. it
corresponds ta ), a single* " represents average quantities (dgain, is equivalent
to the present! ), and the turbulent stresses are combined into one (denoted ).
Basically, the equations of “view I" are like Eq. (2.39), with replaced’by , and
where no further fluctuations are present. This view is based on the premise that it is
impossible to separate the turbulence at the level of the bubbles (for bubbly flow) from
the shear induced turbulence, and that fluctuations of (volume-averaged only) void-
fraction are inherently connected with the passage of bubbles across a point in space.
Perhaps, if the size of the dispersed phase is very small (small solid particles, in a
particulate flow), one is able to measure the two fluctuations: the first time average
(more feasible than the volume average) would be done for a time interval smaller than
the time scale of the energy-containing eddies, and then a second time average for a
longer period.

View I, taken among others by Gosmanal. (1989) and Politis (1989), is
based on Eq. (2.39) followed hy -weighted time average as effected here, the -
weighting being similar to Favre average treatment of variable-density single-phase
turbulent flow. The above workers do not recover equation (2.40) exactly because
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some modelling is effected before time averaging. For example, the time averaging of
the pressure term in Eq. (2.39) is developed by Politis as:

— a;,Vp P = —(ap +a§g)v@k +,\l}3;g) = _akvipk - a;Wp; (2.41)

and the correlation term is then modelled. This is to be compared with the derivation in
sections 2-5 and 2-6, resulting in the pressure gradient term in Eqg. (2.40), where no
pressure fluctuation correlation is included. This difference arises from the use of the
time averaged pressure by Politis, whereas hererthe -weighted pressure is used. It
must be remembered that any phase averaged quantity ( ) can be split as:

$=9+¢"=9%+3", (2.42)

and this enables the derivation of the following relations linking timecand -weighted
averages which will be used later:

J _ o, (2.43)
3" = —(ad)jm =~ )ja =~ e, (244)
¢ =4 +9 (2.45)

Demonstration that the Two Views are Equivalent

Drag Term in Momentum Equation with View Il

In Eq. (2.39) the terms from which correlations involving arise are the drag
force and stress gradients: viscous and pressure. The drag term is perhaps the most
important in the present application and it is time averaged as follows (as in Politis
1989, and earlier by Mctigue 1982):

Fo. = AppyaUy—U,) = ADpdad<(ﬁd+ﬁg) - (ﬁchﬁ/c/)) =

~

= ADpd<a 0=, — a4 Z) = ADpd<a =T, —
)
where (2.42), (2.43) an&v;, = “da. have been used. From Eq. (2.27), the
definition of the coefficient A is

Ap = (3p,u.Cp)/(thpy) - (2.46)

This form implies the use ofd( 3= and therefore is valid only for low void fraction
(dilute dispersed flow). Also, in the averaging abovyg A is assumed to be constant
with time (does not fluctuate). One of the main model assumptions is the gradient
diffusion for the transport of volume fraction by velocity fluctuations:

a ! = —qVa., (2.47)

where the diffusivity ofa,. is obtained from), = v'/o, , with the “Prandtl" number
here taken as unity,, = 1. With Eq. (2.47) the final form of the drag term is:
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FDC = ADpda d(ﬁ d —ﬁ C) + (A)pdnc/a C)Va d (248)

where the resulVa .= — Va,; has been used. It can be seen that the drag is
composed of the usual mean drag (term 1) plus a contribution proportional to the void-
fraction gradient which arises from turbulent fluctuations.of and u. The contribution
of the “turbulent drag" (term 1) can be quite important: in the T-junction flow of
chapter 5, it is about 10% of the mean drag in the zone where void-fraction gradients
are high.

Hence, the drag interaction derived from application of “view 11" to Eq. (2.39)
has an additional term, the turbulent drag, which is not usually included in (2.40) when
“view " is used. An explanation for this discrepancy follows.

Drag Term in Momentum Equation with View I: “Proper Modelling"

For the case of a single sphere, drag is traditionally made proportional to the
instantaneous relative velocity (or its square). This relative velocity is the difference
between the velocity of the sphere and that of the approaching fluid, and its time-
average is the difference of the time-average velocities. Therefore it seems incorrect to
model the drag force as proportional to the difference afithe -weighted velocities:

{F—Dc}viewl - FD(ﬁ ¢ u C)’ (2.49)

as it is commonly done by authors following “View I" (e.g. Drew & Lahey 1982). This
guestion was discussed in section 2-5 and by Ishii & Mishima (1984) as well. In the
drag modelling represented by Eq. (2.49) the turbulent drag term of “View II" is not
recovered. An alternative modelling view is to postulate:

Fo. = Wy —T,). (2.50)

Since ultimately the velocities solved for are the -weighted ones it becomes necessary
to transform  intdl . This can be done by using Egs. (2.45) and (2.44), which are
then substituted into Eg. (2.50), to get:

~

Fo. = Ro(@. — =) - @, - =) =

Qg

= FD(ﬁd_ﬁc)_ FD(ai—u;Z_ai—uc):

= W, -T,) + B(L + Z&)Va,. (2.51)
If the two diffusivities, n, andn. , are taken as equal (a generalisation of this
assumption is given later), then:
Fo. = Plia— T+ B2 Vay, (2.52)

c Qg0
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which is the same result as Eq. (2.48) because, from Egs. (2.29) and (2.46),
Fo = App,f(c) and the function f was taken asf(@z . In conclusion, it has been
demonstrated that “view I" also leads to a drag interaction containing a “turbulent
drag" term, if the relative velocity is modelled according to Eq. (2.50). The turbulent
drag term is responsible for promoting dispersionagf in a particulate jet, and
opposes the accumulation of bubbles near the wall for a vertical upwards bubbly flow.
Although it is probably of the same order of magnitude as the Reynolds stress
gradients, it was not included in the study of phase distribution in bubbly flows by
Drew & Lahey (1982), and subsequent papers on that subject by same authors.

Drag term for non-dilute flow

For higher mean void-fractions, ifof( ) takes the form (2.30) which is the
default form used in the present work, then from (2.51):

FD = ADpda prer C(ﬁ d — ﬁ C) —+ AD,Od( < ¢ —+ n.0 d)Va d s (253)

c

or, for equal diffusivities:

= Appaga .Uy —U.) + Aopm.Va . (2.54)

Fo

c

Equation (2.54) has the advantage over Eq. (2.48) that the volume fractions do not
appear in the denominator, hence avoiding numerical problems during the
computations ifa,. tends to zero. This is another argument for preferring
fla)=a(l — a) to fl@)=a. In Appendix 2.1 it is shown that a lengthy derivation
following “view 11" gives the same result as Eq. (2.54), except for an additional term
of less importance.

Modelling of the Turbulent Stresses

Now the modelling of the turbulent stress for both phases is examined. This, and what
follows for k ande , is based on the work of Politis (1989), where a thorough
derivation and modelling considerations can be found. Politis ends up with many new
terms but here, only the ones which can be easily derived are discussed and
implemented in the computer program. It turns out that the terms neglected contain the
volume fraction in the denominator, a feature which may cause numerical difficulties if
either phase fraction tends to zero. For the particulate laden jet used as a test case
(chapter 6) the dispersed phase is confined to a small region within the overall domain,
hencea, =0 outside that region. If terms havigg  in a denominator were present, the
magnitude of the term would be infinite which is implausible.

The turbulent stress for each phase is modelled following the Boussinesq
approximation, as

~ ~ ~ T ~
T = (VU + VAT ) — 2 VT + p k)6, (2.55)
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The last term in (2.55) containing the turbulence kinetic energy, and the turbulent
viscosities of each phase, are expounded in what follows.

Main Modelling Assumption and Time Scales

To deal with correlations involving velocity fluctuations of both phases, it is necessary
to relate the instantaneous velocity of one phase to the velocity of the other. This is a
key point in the modelling and it is expressed as:

% - g, (2.56)

where the turbulence correlation function C is given by:
C = 1— exp- &/ §). (2.57)

The two time scales above are the eddy life time (t ) and the particle relaxation time
(tp), which take the forms:

t. = 0.4 (% (2.58)

400,
to = (aapy/Fo)(1+ Gm’2) = g G m( 1+ Gus) =

= (au/(0)A0)) 1+ O %) = (riacame) (1 Gu %) (2:59)

This expression for the relaxation time is different from the one used by Politis (1989)
because, for bubbly flows, the virtual mass effect (coefficiep € 0.5) must be
taken into account. Otherwise unrealistic high accelerations would be attained by gas
bubbles or, equivalently, unrealistic low relaxation times (the corrective factor in Eq.
(2.59) is( 1+ Gmp,./p,) ~ 500 for air water bubbly flow). Note that the virtual
mass effect is important here because equation (2.57) is based on the time integration
of the Lagrangean equation of motion of a particle. For particulate flows the effect of
virtual mass ing is negligible; for solid liquid flows (case of Politjs) t is increased

by around 17%4,/p, ~ A 3).

Typical values of relaxation times are 15 ms for bubbly floyv (d =3 mmy u 0.3 m/s,
Re&, ~ 900), and 43 ms for particulate flow, (d =300, , u =0.43 m/s~Re  3).

If the particles are so big that® . t, then they take long to respond to changes in the
mean flow, much longer than the typical turbulent time-scale. In this gase C 0 and
the flow does not induce particle fluctuations. The other extreme is the response time
to be much smaller than the turbulence eddy time scale, meaning that the particles are
trapped in a given eddy and follow it for a while, gaining the same fluctuating velocity
as the fluid one, hence. & 1. For bubbly flow, C can typically vary from 0.2, close
to the wall (t ~ 3 ms), to 1 at the centre line in pipe flow (where turbulence is low,

te ~ 0.15).
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The constant used in equation (2.58) (from Politis 1989) seems to be too high; usually
the turbulence length-scale in accordance with the k- model is taken as
¢ =2C,K'" /e (Speziale 1987) ort, = (£)'° ,C'k/e  (Simonin & Viollet 1989),
yielding constants of 0.18 and 0.14, respectively= ;. ut, wherew k% or kis
the turbulent velocity scale). On the other hand, for a boundary layer in local
equilibrium (G= pe) the mixing length i€, = ¢ = *C 'R/e= 0.16k/e , and

W =u, =vr/p=C/vk, yieldingt = G Ke= 0.3k . The value of 0.18, instead

of 0.4, is used in the present work in equation (2.58).

a-Diffusivity and Eddy-Viscosity of the Dispersed Phase

With equation (2.56) it becomes possible to relate the diffusivity of the
dispersed phase to the one of the continuous phase. The gradient diffusion model given
by (2.47) applied to each phase results in the following equations for the transport of
ag by each phase velocity fluctuations:

aU! = —n,Vag, (2.60)
o), = —n,Vag. (2.61)
Use of (2.56) and (2.60) enables the latter correlation to be written as

adﬁ/d = adctﬂlc = — Gn.Vay,

and, after comparing with Eq. (2.61), provides the following relation between the two
diffusivities:
ng = Gn,. (2.62)

For responsive particles; & 1, and the two diffusivities are identical, as assumed in
Eqg. (2.54). For the case of gas bubbles in bubbly flow, the time scales being typically
tp~ 102 sandt~ 10' — 10 s,gve© 01 1.

In the same way the -weighted turbulence kinetic energy of the dispersed phase,
ki= a0 -U ) Jag, (2.63)
is related to that of the continuous phase by the approximate relation:
ki = Gk (2.64)

The full expression for k is derived by Politis (1989) and it is also analysed in
Appendix 2.2. With Eq. (2.64) the last term in Eq. (2.55) is written for the continuous
and dispersed phases as:

~2p.k6 = — 2p, ks, (2.65)
—2pkib = —2p,CKb. (2.66)

Identically, the turbulent viscosity for the two phases can be written as:
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pto= p.C K/e, (2.67)
He = £paGGR/e = GLEopL . (2.68)
The ratio of molecular kinematic viscositie%( ) arises fran, , Whereathe -

weighted dissipation of the dispersed phase (for instance) is defined and approximated
by:

NN e
€ = VdM ~ @delc/'w/c/ = @e%-

Qg

This ratio of kinematic viscosities is not present in the expression derived by Politis
(1989), which may be a consequence of his derivation being valid for dilute flows;
Elghobashi & Abou-Arab (1983) set this ratio to unity, to avoid the difficulty of
defining viscosity of solid particles. For the present particulate-jet calculations this
ratio is also set to one.

In the above expressions “k" means the turbulence kinetic energy of the
continuous phase. If k is computed as related to the mixture (see beginning of sub-
section), say k , then the following relation links both:

,Omkm = (acpc + adpdC%)kC'

At this point, the turbulent stress appearing in the momentum equation are well
defined. For the continuous phase, this stress is calculated using the Boussinesq model
given by (2.55); for the dispersed phase, equations (2.55), (2.66) and (2.68) enable its
calculation. The main difference between the dispersed phase, turbulent stress
calculated in this way and by Politis (1989), is that it is taken to be proportional to the
continuous phase rate-of-strain in the latter; here, following equation (2.55), the rate-
of-strain is that of the dispersed phase itself. This enables treatment of non-dilute, and
even non-dispersed, flow cases. An analysis of the other terms neglected in the
modelling of k; and”, is presented in Appendix 2.2.

Additional Drag-Related Source Terms in the k and Equations

Now, the equations for k and are examined. In two-phase flow the equation
for “k" contains an additional term, equal to the time average of the inner product
between the instantaneous drag force and the fluctuating continuous-phase velocity
(Favre 1965). This is:

Fo - U, =Foy — U,) U =Boag U ,-T.)+Boagj — U,)-UL

where B, = b/ fee ), and t )a . The first correlation is modelled as above for the
drag term in (2.48), and the second is approximated by (the terms neglected are
examined in Appendix 2.2):
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QU § — W)W WU — UL =
a(GU U —UL UL =~ a42KG— 1

Hence, the extra source for the k-equation arising from interaction of drag and velocity

fluctuations is:

S = — B(%(ﬁd—ﬁc)-Vad v 2K 1 g)) . (2.69)

ol

The last term of S constitutes a sink of turbulence energy (because C 1) which
gives rise to a dissipation equal to the term divided by the turbulence time seale (k/ ).
Hence the additional source in the -equation is

S= Gim2G- 1k (2.70)

The constant £ is taken as unity. In Politis (1989) this term appears with the opposite
sign.

The use of Eqgs. (2.69) and (2.70) in the k and transport equations implies
modifications for the near-wall zone. One assumption of the log-law is that there is
local equilibrium between turbulence generation and dissipation. The generation should
now include the additional sources given by Eq. (2.69), which are added to G in Egs.
(2.35) and (2.38). This increased generation is the one which should be used in the
wall terms for u, k and following the standard boundary-condition procedure (Jones
& Launder 1972, or Politis 1989 for two-phase flow).

Resume of the Model

The two-phase turbulence model is therefore composed of:

» the k ande equations, (2.36) and (2.37), together with the extra sources in
expressions (2.69) and (2.70), and the relationships for mixture quantities (2.38);

* the turbulent viscosities of the two phases are given by relations (2.67) and (2.68),
and the dispersed phase turbulence kinetic energy is given by (2.64) with these
equations it is possible to compute the turbulent stresses of the two phases using
(2.55).

The turbulent stresses are substituted in the phasic momentum equations (2.40), where
they are combined with the viscous stresses (see Appendix 2.3); the average interfacial
pressure and stress appearing in (2.40) are assumed to be equal todhe bulk -weighted
values; the pseudo-turbulent stress is not included for the present application; the drag
term is given by (2.51) where the dispersed phase -diffusivity is given by (2.62) and
n.=p. (2.67). The writing of all these equations under a general-coordinate
formulation, essential for solving flow problems in complicated geometries, is given in
the next section.
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2-12 GENERAL COORDINATES

All equations presented before were in a coordinate-free form. In this section,
the method to write those equations in general-component form is explained and the
final equations, in an arbitrary reference-frame, are given. To simplify the explanation,
the momentum equation for any of the phases (2.40) is here recast into a compact form
as

Pk(%azﬁkJrV-a;ﬁlﬁk) = _akvmf)kJrV'aﬁszr Sz .71)
with:

S =paig —Fi-Va, + b, — 2p,V@rk), (2.72)

Fyo= W (VT + V) - 2 VT e, (2.73)

ul =+ ol (2.74)

The present methodology is based on the Cartesian components for all vectors
and tensors together with general coordinates, which may not be orthogonal. Thus, a
Cartesian frame is defined, denoted by x , =1,2,3 for x,y,z, together with some general
coordinatest; | =1,2,3 fafn ¢, . There is a mapping between the two systems (Fig.
2.1), defined by equations x ;(%,) with a positive definite Jacobian (J).

Tensor notation with Einstein convention for repetition of indices is used
throughout. Also the indicesj , @&  are used to denote Cartesian components, and
indices! % ,... to denote directions (“directions” refers to alignment with the general
coordinate framég;, ).

There are many ways to derive the equations in the new coordinate frame.
Here this problem is avoided by defining and applying a set of transformation rules.
These are:

? 19
at = 3979
_ 9 10
U; - y-v
In these operatorsd, is thie component of the veBter ;2% x X (Vinokur

8£Z+1 8£Z+2
1989),7 is the transformed time, u is the Cartesian component of velocity ; and v is

the Cartesian component of the velocity of the new frame relative to the Cartesian one.
Both J andg,; are subject to easy interpretation when written in a finite-difference
form. J transforms td’ , the volume of the differential integration domain (hereafter
called cell or control-volume)g, transforms tg; B , the -component of the area-
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vector orientated along -direction (which may be wrien ). In this study, time is the
same in both frames, i.e. =t,andv 0.

After applying these transformations to equations (2.18), (2.71) and (2.73) these
become (average symbols and phase indices are here dropped):

%%(a/ﬂ) - %%(a,@ﬁlj H) =0 (2.76)
§5(Jeu) + S (antiuy) = —55 (59 + S (Ber)) + SE@TD
= (s ay) = 55 (e ) @79

These equations are said to be in a strong conservative form because all
differential terms are inside a derivative. This property eases the task of deriving the
finite-difference counterpart of the equations, but is not essential to obtain finite-
difference equations which possess the conservative property themselves. An example
is given by the pressure-gradient term which is usually expressed in a non-conservative
form, as — (@, /1J)0 @¥¢,) . The reasons for this practice are discussed in Appendix
2.4.

The source term in (2.77) is obtained after applying the transformation rules
(2.75) to equation (2.72); the terms containing gradients of or k are accordingly
transformed:

8 =pag— 54 (o) + - w-%(2+}) 2 (fe) - 152 (60®@79)

In this equation the symbol * denotes the “other" phase, and (2.51) has been used.

The turbulence model equations are obtained following a similar procedure, the
starting equations being (2.36) and (2.37):

SR -3 (re gl = SE(asE R+ 8. @80

al

Gl

gt (Jp”%) +

al

Hrawe) - 32(A05%) < s e

In the above equations the index “ " denoting mixture properties has been placed as a
superscript to avoid confusion with the direction indices. Furthermore, use has been

made of the geometric-law to interchange fhe ,s with the derivatives (see Appendix

2.4). The overall sources are given by (from Eqgs. (2:35) (2.37), (2.69) and (2.70)):
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S = @ - pre— B(Z(u- Wiglheo + 2%k 0) . (282
S = GG ~ G - 5 AL 0. (2.83)
The generation for any one of the phases is given by

G=5 %(5[;’%)(%(5@ u) + %(/Bm' Lj')) : (2.84)

The full set of equations to be solved is resumed at the end of next section.

2-13 CONCLUSIONS

In this chapter the equations governing each phase in two-phase flow were first
stated; the instantaneous volume-averaged form of the equations were then derived,
following the procedure given by Drew (1983). This first averaging results in the
appearance of new correlations of velocities which are interpreted as a Reynolds stress
tensor of pseudo-turbulence (turbulence generated by the wake behind the bubbles,
even if the far-flow is laminar). Arguments for the necessity of performing a second
averaging are presented and discussed. Basically, the second averaging is required for:
1- obtaining continuous derivatives for all fields (Delhaye & Archard 1977); 2-
obtaining terms involving correlations @f and , which are then modelled as
gradients ofa (gradient diffusion). The second average is exemplified by means of
time-average and the equations are written in terms of -weighted quantities, since this
involves less terms (similar to Favre average). The usual Reynolds stress arises from
this second averaging procedure and it accounts for shear generated turbulence.

Sections 6 to 8 are dedicated to examine the pressure gradient and viscous
stress terms. It is shown that the volume-fractions can be taken outside the divergence
and this implies the existence of a term equal to the pressure (or viscous stress) jump,
between bulk and interface, multiplied by the gradient of the volume-fraction. This last
term is neglected in the present work; however an order of magnitude analysis reveals
that it should be included, together with the surface tension term (which is even more
important), for problems where inertial effects are negligible as in fully developed pipe
flows. It is worth mentioning here that the pressure jump terms are similar to the
pseudo-turbulence ones given by Drew (1983) and Arnold (1988). Section 7 gives
some arguments for taking the stress of the dispersed phase as equal to the one of the
continuous phase; this is valid for low volume-fractions (dilute dispersed flow).

The interfacial forces are discussed in section 2-10; for the present work, drag
is the important force and the expression used is corrected by a function of the void-
fraction, to account for bubble interaction at high gas contents. The concept of
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symmetry is introduced as a guide to obtain interfacial terms which are invariant in
respect of either phase (if the symbols denoting each phase are interchanged, the final
expression is identical to the original one with opposite sign). The time-averaged drag
must be related to the time-averaged relative velocity, and nat the -weighted one.
This leads to new modelled terms appearing in the momentum equations; these terms
are derived in section 2-11 which deals with turbulence modelling.

The main result of 2-11 is that the turbulence modelling view of Drew, Lahey
and co-workers (basically, starting from the single-averaged equations, perhaps with a
simultaneous integration over space and time) leadsntlarsequations as obtained by
a second turbulence modelling view (as Gosman, Politis and others), where time
averaging is applied to the volume-averaged equations, yielding -weighted (or Favre)
guantities and many additional correlations. For this, “proper" modelling must be
made: the drag, for example, must be treated as mentioned above, followed by re-
introduction of thenr -weighted velocities. Identical procedures should be also applied
to the stress-strain relationship (Appendix 2.3), giving rise to additional terms. The
extra terms in the momentum equation consequently introduce corresponding terms in
the k-equation as well as in the -equation.
Other results of the section are: the inclusion of virtual-mass effects in the derivation of
C;, resulting in greatly increased particle relaxation-times for bubbly flow; the
derivation of the turbulent drag-term for non-dilute flows (Appendix 2.1); order of
magnitude analysis of all the new terms appearing in the momentumgk and equations;
modification of the wall treatment (log-law etc.) because of the extra generation terms.

Finally, in section 12 the equations are generalised into non-orthogonal
coordinates more suited to arbitrary geometries. The role of the geometrical
conservation law in enabling the areds to be placed outside the derivatives is
examined in Appendix 2.4; this is used for the pressure gradient term and the stresses.
The final set of equations comprises:

» continuity and momentum equations for each phase: (2.76) and (2.77); these are
completed by the stresses given by (2.78), sources given by (2.79), and overall
compatibility @, + a4 )= 1;

* turbulent kinetic energy and dissipation equations: (2.80) and (2.81); the sources are
defined by (2.82)- (2.84); the -diffusivity and eddy viscosity of the continuous phase
is given by (2.67), while the dispersed phase ones are given by (2.62) and (2.68),
which make use of C as given by (2.57) (2.59);

The solution of this set of equations using a finite-volume procedure is the subject of
the next chapter.
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APPENDIX 2.1- DRAG FOR NON-DILUTE TWO-PHASE FLOW

In this appendix the time-average expression for the drag term is derived for the non-
dilute flow case, whered( }* (2 o ) (see 2-11). The drag force is written as (the
symbol *[2 for volume-average is here dropped)

Fp, = Bpaga.(ug — U.), (A1.1)

where B = % e | Kg/m k or, if the drag coefficient is replaced by € = g(Re), it

becomes B = - g(Re ). The difference between this derivation and the one in 2-

11, is that here both volume-fractions in (Al.1) are included within the time-average
operation,

I:—DC = BDadac(ud - uc)- (A12)

After decomposing the velocitiesdn -weighted average plus fluctuation (here denoted
by a single *[2, s & +u” ), (Al.2) becomes,

Fo. = Bp (adac(ﬁ a—U.) + aga.(u] — u’c’)> . (A1.3)

The first term on the rhs can be simplified using

a.aq = .04 + Loy = Q.0 — oy
noticing thata, = — «/, , to become
O‘dac(d d - c) = adac((d d - c) - a/da/d(ﬁ d - c)' (A14)

The second term in (Al1.3) is re-written as

aga (U —u’) = — a3u + alul (A1.5)

c~c !

where the following results have been used:

ago Ul = ag(l-—og)U] = agu — agug = — agug ,
and
[/ _ [/ "o _ 20— A2
aga U = (1-o.)a U’ = au’ ozu) = —osul
The terms in (A1.5) can be further re-arranged after replaging @ byo’ and

developing the square product as

U = (@?+2'a +o” ) = ai + Zal + U = aald + U,
which makes use af’ = — aU’/a ardu” = ou’ . With this, (A1.5) becomes
— o) + QU = —agagU, — a’jug + T all + U =

= a U — @ g(aql, + a.Ul) — of (U —ul) =
= —n.Va.+aq.nVaq.+nva,.) —a;u—u)=
= (@any, + @m)Vaqg — of(uy—u), (A1.6)
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where the eddy diffusivity model andee . = — Va, have been used. The two terms
of (A1.3) are given by (A1.4) and (Al1.6) and finally, the drag force on the continuous
phase can be written as

Fp. = BD<adac(ﬁd—ﬁc) + (@qng, +amn)Vag — a’jw) , (AL.7)

where the instantaneous (volume-averaged) relative velocity isu,; — U, . This
equation is similar to the one obtained in section 2-11, but the term in the middle is
somewhat different (compare with (2.53)). This difference results from the
incorporation here of the correlatiana, (notice that (A1.7) results #p@yU, ,
whereas (2.53) results from .@ ;,u . ). If the diffusivity for both phases is assumed to
be the same)(+# 7% ) the drag becomes

Fp. = Bo(adac(ﬁd—ﬁc) +nVag - a’jur). (A1.8)

Compared with the derivation given in 2-11, there is an additional correlation term

— AU = = oUW ,) - (-,
The second term on the rhs above is a triple correlation which can probably be
neglected; on the other hand, the first term contains the corretétibn which has to
be modelled. However, this term can also expected to be small compared with the first

term on the rhs of (A1.8- the main drag term since a fluctuation of 1084 for
makes the term 100 times smaller than the mean drag.
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APPENDIX 2.2- TURBULENT STRESS AND KINETIC ENERGY OF THE
DISPERSED PHASE

In this Appendix the expression for the turbulent stress and kinetic energy of the
dispersed phase are examined. It is shown that the terms derived by Politis (1989)
which are proportional to the square of the mean -weighted velocity fluctuafion (

~ (Vay)* ) can be neglected if the gradient diffusion model is to hold. The
expression obtained here differs slightly from the one in Politis because a different
simplifying assumption (which seems to be more correct) is made here. This has no
effect on the final equations since the difference is in the terms which are neglected.
The order of magnitude of the drag terms in the k-equation is also examined (cf.
section 2-11).

The expression for the stresses obtained by Politis (1989) is
EWTT/ A ( UM g — LVeg d)é (1— & d)) , (A2.1)
I I

using the present nomenclature; the symbol for phase-averaging will be omitted and
~ is used instead to denate -weighted averagesaThe -weighted turbulent kinetic
energy may be obtained after contracting the dyadic products:

PTRTA 72
o= § o0t = q (k- 10 B0) h22)
with
— 1 oculul
K = | = (A2.3)
= LY (A2.4)

The main model assumptions embodied in these expressions are: the gradient diffusion
(e’ = —nVa) and the relation between phasic fluctuatiafig'¢’, = ; C). The only
simplification taken by Politis to derive (A2.1) was to neglect the triple correlation

o’u’u’ which is required to expressu’  from the following relationship
eV UV T T dud T
= = = u'u” = Ul + = u”u’ e, (A2.5)

This simplification leads to the expressions
ol _ u'u’, (A2.6)

«

and
v’ _ u’u’ — 4’ u”. (A2.7)

«

This last expression is not consistent with simplification taken by Politis when
modelling thes -equation, where he takes:
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vrow | ———————
¢, = VUV vu’ - v’ . (A2.8)

From this, it would seem more appropriate to assume the simplification:
Wy, (A2.9)

«

which leads to

@ — uu + ﬂm’ (A2.10)
and
T TUATCS (A2.11)

Equation (A2.11) shows that, with this simplification, the triple correlation is not zero,
and (A2.10) shows that the second term in the un-weighted stress expression appears
with positive sign, whereas before (A2.7) it was subtracted from the weighted
correlation. It is not surprising therefore that the expressiongfor k based on this last
simplification becomes

- N2
ki~ b = ¢ (k+ 3501 ay) (A2.12)

showing an excess af -weighted turbulence energy for the dispersed phase relatively
to the continuous one, for, C =1 (particles following exactly the fluid fluctuations). An
opposite trend is expressed by the previous equation for k (A2.2). These
inconsistencies give an indication that perhaps the term (Il) in (A2.1) is much smaller
than (1), for if U ~ 0 then all inconsistencies vanish.

Before analysing the order of magnitude of those terms we re-derivg the k -equation
based on a better simplification. After making use of:

u’u” = u'u + u’u”’, (A2.13)
which is readily derived from the averaging definitions (see Eq. (A2.18) below), then
equation (A2.5) is written as
e TR CC T VAT (A2.14)

«

The simplification is that the term between brackets can be neglected (noting that if
inner products are effected all terms are positive), hence:
~ u’u”. (A2.15)

Juu
a

yielding

au’u” — u//u// _ mm, (A216)

£ = ud + WW (A217)
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Comparing these expressions with the ones from the previous simplification, one can
see that now they are symmetric around the mean correlations. The kinetic energy can
now be derived from

QAU U] = Gl UL — & + ey -
= Gl Ul — W -Wfa).
where use has been made of:
U= u 4+ U, (A2.18)
uj = Gul — ul/ag). (A2.19)

The first correlation on the rhs can be developed as (using (A2.16)):

agul - ul = ul - ul — o Ul ul = (e.Ul - ul/a .+ Ul - u) el Ul =
= aq (e -u/a.) + ul-u’.
And, after substituting this correlation in the expression above, one obtains:
agul Ul = qz(%uad _ WW%J _

The turbulent kinetic energy of the dispersed phase is now always slightly less than the
one of the continuous phase, for all value& gf

= (k - § %), (p2.20)

The a -weighted turbulent stress can be written as

auu A
_ Pa%dtgty %uj Y = @ ('Z—‘jTé + <Lic)>2 pda c) ' (A221)

g

The first thing to notice in (A2.20) is that all terms are positive, therefore the second
term on the rhs has to be smaller than k . The ratio of these terms can be developed,
using the gradient diffusion hypothesis, as:

T N2

1 (W) — _ a k.
kc/( 2 (ay) @ C) T 052(Vaa/aa)”

If the o-diffusivity is given byn, =1, = G k/e , a length scale is defined for the
variation of void-fraction4, = ||Va 4/@ 4| ' ), and another for the turbulerice=(
2C,K'" ke, with G, =0.09), the ratio becomes

a.k. £y N\2
052(Vag/as) &)

For the gradient diffusion hypothesis to be valid one must hawe /. , hence the
second term on the rhs of (A2.20) and (A2.21) is negligible compared with the first.
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Finally, the expressions to be used for k apd  turn out to be those of section 2-11,
ie.:

ki= C k.,

™ = C e
Typical values for the length scales above may be obtained from real flow conditions.
From the data of Lahegt al. (1987a) the highest gradients of occur close to the
wall, for upward moving air/water bubbly flow. Typical values are (0.2 0.1)/0.15/5
103 (@ from 0.1 to 0.2 in 5 mm), vyielding, ~ 7 mm. Now, since these &igh -
gradients occur near the wall where turbulent dissipation is verydigh,  will be very
small (it should be proportional to the distance from the Wall, Ky); a close-to-the-
wall value from a numerical simulation of water flowing in a pipe gées 0.7 mm.

Hence {,/¢.)* ~ 100, showing that the term neglected is 800 times small than those
retained.

The drag term in the equation for the turbulent kinetic energy is now examined.
Following a derivation similar to the one given above, this term is:
g’ - (Ug—u.)=u’-(U,s—U,)—21- Gagk— U_Z'U_’c'(%fﬁc) (A2.22)

(1) (2) (3)

Because the simplification invoked here (A2.15) is slightly different from the one used
by Politis, the term he derived is the same except for the last term between brackets.
His term was

20 4(1- G)+ G/ay = (R,

Qg

Let us compare term (2) and term (3); these are in the ratio of:

21 Gtk _ 21 Calk _
W (@44 Ca.) (CK/e2)(Va.) (@, +Ca.)

_ (lg2 (1-C)

= (B macan
If C, is different from 1 (say less than 0.95), then term (2) is much bigger than term
(3). It is only for responsive particles that term (3) cannot be neglected since, for this
case, term (2) vanishes.

Let us compare now term (1) and term (3), putting C =1 to maximise term (3):

term (1) _ (U;—u.) Loy U,
term (3) u_Z/ad - EC(Z)(\/VC)

In the main flow direction term (1) will be much greater than (3) (Y times),
particularly if there are external forces creating slip between the two phases. However,
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in cross-stream directions the relative velocity will be small (of the order of the
fluctuating velocity scale) and therefore term (1) will be only marginally greater than
term (3). In order to keep the same approximation as the one used for the drag force in
the momentum equation (see section 2-11), if term (1) is here considered important
then term (3) should also be retained.

Finally, terms (2) and (1) are compared:

term (2) _ 2a4k(1-Cja. __ Loy /K
em@ — (cRen = AF)FI(1- G

It is difficult to quantify this ratio, sincé, /¢, > 1 buu/i/m < 1. Nevertheless, an
evaluation of that ratio along the main flow direction points to term (2) being greater
than (1), if the particles are not too responsive. Typical values for particulate flow are
€,/C ~100,/k /U, ~ 0.05y 0.4- 1for U 10 m/s ang & 200 , yielding a
ratio of (term 2)/(term 1)» 200. For bubbly flow € 1 at the centre line, and term
(2) vanishes. Close to the wall, C may become around’ 0<%, g.mm, 0.3 mm,
vk ~ 0.1 m/s, u~ 0.01 m/s (almost no slip in the cross-stream direction), yielding a
ratio of ~ 600, i.e. term (2) is much bigger than term (1).

In conclusion: term (2) in (A2.22) is the important one wheneyet C~ 0.95; if the
particles are very responsive, € 1, then all terms are important.
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APPENDIX 2.3- MODELLING OF a«WEIGHTED STRESSES

From section 2-11 it became apparent that one can take two views whelfinghode
some of the terms of the momentum equations. Either the modelling is done before
applying the time-averaging i.e. to equation (2.39) referred as view II, or at the
level of thea -weighted averaged equations (2.40)  view .

With the former view (view Il), the stress (assuming Newtonian form) in (2.40) would
result from

ar = a7 = au(Vu+Vu') — Zau (V- u)s, (A3.1)

where the symbol- is now used for -weighted quantities, and the index denoting
phases is dropped.

With the second view (view 1), the stress is modelled as
¥ o= p(Vu +vu') - 2u(V-U)s, (A3.2)

and now the time-averaged velocities must be written in terms of the -weighted ones,
usingu =U +U”. In both cases it is clear that additional terms involving gradients of
a will arise.

View Il makes the following development:

ar = p(Vau + Vau') — 2u(V - au)s — p(uVa +uva’) + 2u(u - va)é =
= u(Vall +vau ') — %,u(V-@'U ¥ — p(UVa +uva') + %,u(u Vo) =

—p@VU +a VU )~ 2u@ v U )6 — p(uVve +uva’) + 24U - va)s +
p Va +U Va ') — 2ut - Va)s =
—a% " +p(l Va —uVa)+pl vaT—uva') - 2ul - va —u. va)s.
Here the following definition is used
Tr=pVU + VT - 2V.U6),

hence? ™ is the usual model for the -weighted stress. All the other terms on the rhs
of the equation above are in excess of the usual stress model. After using

U Va —uVa = —Uu'Va,

the equation finally becomes

aT = a%®" — plU'Va + u”VaT) + 2u(u”- Va)s. (A3.3)
Further simplification can be made if the correlations are approximated as
UVa ~ U'Va = + X2va,
where the eddy diffusivity has been invoked. This yields
a? = a7’ — wn(Va)(Va)/a + iu(va)- (vVa)s/a . (A3.4)
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Equation (A3.4) is the proposed model for the stresses (viscous or turbulent). An
estimation of the order of magnitude of the terms which are usually neglected gives

at” éi v
2unVavaja HRG(E)’
where/, is a length scale for the velocity gradiefits<(||ul|/||Vul|| ), L is a typical
overall length scale, the Reynolds number is RezUL/ ,pand/! . For streamwise

motion the three length scales are of the same order and, for Re 10 =and’» 10
the ratio is 18 , indicating that the additional terms may be neglected. But for the
crosswise direction, if the profiles of have strong gradients in a region where the
gradients of velocity are still small (closer to the centre line) then the ratio may become
around 10, and the additional terms should be included. However, gradients of are
usually steeper near the wall, where the same goes for gradients of velocity and
starts to diminish; therefore, even for the crosswise direction, the additional terms may
probably be neglected in most cases. It should be noted that these terms are important
only in the dispersed phase stress, and its importance should increase as the Reynolds
number decreases.

The development following view | produces identical results. Substitution of u in
equation (A3.2) yields

a¥ =a% + pa (Vo + V) — ua (V-U)s. (A3.5)
The gradients are rearranged using
avVu’' =vau —u'Va = - Vo' —u'Va = — Vau' — u'Va
where it can be seen that the additional terms in (A3.4) are obtained, plus an extra term

which corresponds to the one neglected before. This term, after using the gradient
diffusion, becomes:

— u(Vall + Vau'') — 2u(V - all)6 =
= u(V(nva) +vnvaT)) ~ 3uv-(1va ) (A3.6)
This is a Laplacean term (diffusion @f ), and is smaller than the retained one
(u"Va ), by a factora . Since these terms are significant only for the dispersed phase

for which« is small, it is concluded that the term (A3.6) can be neglected. Hence the
results obtained from the two views are identical, within the approximations made.
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APPENDIX 2.4- NON-CONSERVATIVE FORM OF THE PRESSURE-
GRADIENT TERM .

The pressure gradient term can be written in a conservative manner as in (2.77), but
most often is written in the non-conservative form, as:

%/Blz' 3% Y (A4.1)

To demonstrate that the two forms are consistent, the continuity equation (2.76) is
here re-written for the case of constant density and no-flow,;i.e. u =0, but including the
velocity of the reference-frame itself:

23— %(@M) 0 (A4.2)

This is the so-called geometrical conservation law (see Thomas & Lombard 1979 and
Demirdzic 1982), and governs the evolution of geometrical properties of the general
coordinate frame. The finite-difference representation of these properties, i.e. the areas
B; and volumes V, must satisfy the difference analogue of (A4.2) in order to avoid
geometrical errors and inconsistencies with the continuum model. Hence (A4.2) may
be viewed as a constraint on how to calculate areas and volumes.

An easier interpretation of (A4.2) is possible if the -frame is not moving or, which is
equivalent, if it is moving with a constant velocity and without deformation (principle
of Gallilean Relativity). For this case (A4.2) becomes:

3%(51;’) — 0, (A4.3)

The difference analogue of (A4.3) represents the simple fact that a control-volume is
closed. This can be illustrated by applying (A4.3) to the control-volume sketched in

Fig. A2.1. For cell P, and fgr =1 (i.e. the x coordinate) equation (A4.3) gives:
2
>[AB,), = B.—B,) + (B.—B.,) = (B—B,) + 2B, sid = O.
=1
(the B's denote cross section areas)

As a consequence of the geometrical law the pressure term can be developed as:
10 _ 1 9 el _ 1 ap
~ 32 (ﬁlz’p> = - j(ﬁzm—& P+ p@ﬁza) = - ‘ﬁzaa_gl ) (Ad.4)

and the two formulations (conservative or non-conservative) are shown to be
analytically equivalent. If in the discrete problem areas and volumes are calculated in a
consistent way (in the sense of respecting A4.3), then the conservative and non-
conservative forms ought to be also numerically equivalent.

The same result holds for the viscous stresses as shown below:

0 I 96y 0
@(@jﬂj) = Bjze + Tige = ByaeTii (A4.5)
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where the term involving derivatives 6f  is identically zero because of (A4.3). This
can be clarified by expanding it (in 2-D):

T @z + 7 8@5@ (no summation far ang ),

and now it is clear that, for fixed apd , the two derivative terms are nullified by the
geometrical law.

The current practice in discretising the equations is to use the non-conservative
form for the pressure gradient and keep the full-conservative one for the viscous stress.
Reasons for the former practice are given below; for the latter, it appears natural to
relate the stress at a given cell-face to quantities which are calculated at that face. If
the non-conservative form were used, the stress at face “east”, for example, would be
multiplied by an area calculated at the centre of the cell (P). This renders physical
interpretation more difficult. Nevertheless such practice could, in principle, be utilised
without harmful effects.

Reasons for using the non-conservative form of the pressure-gradient term are:

1- Since this term becomes proportional@odép/ , the relative nature of
pressure is immediately apparent, i.e. p=p+constant will also satisfy the equation.

2- For a one-dimensional case where the cross-section area is changing (refer
to figure A2.1) a straightforward pressure balance shows that this form is correct (as
should from the geometrical law). The resulting pressure force along x is

Fo. = B,y — BR — Bider Ride-
The force in the x-direction from the side is given by:
Bside:Pside = B +BoR = 2B. p =(B— B)WP+ » )2
and it results in
Foe = m(m - (B,-8)/2 — p(B+(B- B 3=
P.(B,+ B)12— p(B,+ B)12= B(R— P .

Hence, it has been shown that the pressure force is equal to the area centred in P,
which should be calculated ag B z(B- .)B /2, multiplied by the pressure difference
across the cell, that is the non-conservative form.

3- An important consequence of the non-conservative form is that the resulting
discretised pressure-equation is represented by a symmetric matrix. As this matrix is
also diagonal dominant by construction with all elements being positive, it results that
it is positive-definite. This property is essential to apply some of the methods for
solving the equations.
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In what follows it is demonstrated that the pressure matrix is not symmetric if the
strong conservative form of the pressure-gradient is used. Using again a one-
dimensional situation (for simplicity, the results are the same for more than 1
dimensions) and the SIMPLE method, the discretised momentum and continuity
equations are written as:

G = HW) - ((Bpe - (Bpy) /& + §
(Bu*), — (Bu*), = diw*™ = O.

(The discretisation of the equations is a standard procedure, e.g. Patankar 1980, and

the nomenclature for coefficients and H-operator follows the one introduced by Issa
1986, e.g. H>_ A, and H'=H/A .)
nb

The equation for pressure is obtained by applying divergence to a simplified
momentum equation or, alternatively, by use of a splitting technique (Issa 1986):

= HW) - ((BRle — (BD) & + S,
The difference between this two momentum equations yields:
-y = — ((Bpe— (Bpw) /A,

where p =p — p, the B's are areas arfd A are u-coefficients (to be defined elsewhere);
now y* and [ (obtained from a u-equation centredin ) can be replaced in the
continuity equation above to yield the following pressure-correction equation:
(e )m = () (50— (0 )
If the coefficients for pressure (at cell P) are defined as follows:
Ae(P) = B/E—EUBE
Aw(P) = BV,X—ZB” ,
then for the neighbouring cells they are:
Ae(W) = 2,

Aw(E) = .
Itisseenthat A (P¥ & (E), andyA (B A (W), which means that the pressure

matrix is not symmetric. The resulting pressure equation can be written as:
(Avv(E) + AE(W)) P = Aw(Ppy + A(PR - diu .

Compared with the usual equation (from the non-conservative form) it is seen that the
diagonal element is now the sum of the elements in the same column instead of same
row.
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Fig. 2.1 Cartesian and general coordinates.

Fig. A2.1 Control-volumes in a converging channel.
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CHAPTER 3
NUMERICAL PROCEDURE

The numerical procedure used for solving the partial differential equations of
chapter 2 is here explained. The base method is explained in section 3-1; it is derived
from the SIMPLEC procedure of single-phase flow, suitably extended to the two-fluid
model. An improvement to the base method is given and assessed in section 3-2; this is
particularly useful in cases of high drag, and comprises a pre-elimination step of the
drag term from the two momentum equations (similar to Harlow & Am3&a®).

Section 3-3 describes the problems associated with the calculation of mass fluxes at
cell face on non-staggered meshes and proposes a solution. Finally, in section 3-4 the
treatment of boundary conditions is explained; for the case of symmetry planes the
notion of reflection principle is introduced.

3-1 THE BASE METHOD

In this section the base solution procedure is explained. This consists of:
discretising the partial differential equations which govern the flow of the two phases;
linearising the resulting non-linear algebraic sets of equations; devising an algorithm for
solving in a sequential and iterative manner the equation sets pertaining to different
variables; and solving each set by means of a standard, or slightly modified, linear-
equations solver. The two first parts are sufficiently well-established so only some
additional details are given below; the method is based on the overall approach of
Patankar (1980) and its application to non-staggered, non-orthogonal meshes made by
Peric (1985). The solvers used, being of the conjugate-gradient type, are also reported
in the literature. In the way they are applied, they include some modifications which
are explained as auxiliary techniques in chapter 4. This section is therefore devoted
mainly to the algorithmic part, for which a method to handle the coupling between
pressure, velocity and void-fraction has to be devised. Necessary details of the
discretisation are also given.

For completeness, the working differential equations, before discretisation are re-
written here (from chapter 2) as:

|

t(Jap q-) + % (pﬁlja u q) = - a@ig—g + % (aﬁlm) + pa g+ S+ Fusu)

o5}

%(a/ﬂ) + a%(pﬁzja l&') =0 (3.1)

< ay; ou; 2 9
T = 5 (ﬁnjagn +@m@ - §3_5n(ﬁnk Us)@j)
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(a subscript: denoting each phase is assumed everywhefe and u is the velocity of the
other phase).

In these equations the source term S contains all terms not explicitly written, such as
interfacial forces other than drag, turbulent correlations and other contributions arising
in the diffusive terms. The equations of the turbulence model are:

%(mek) + %(Pmﬁlj%n@ = %(ﬁzj nj%%) + 0@ p") + B
| (3.2)
5(Jpme) + %(Pmﬁzj Ure) = a%(ﬁzj nj%%) + (€8 — @) + S

3-1-1 DISCRETISATION

The only points on the discretisation of the equations specific to this work are:
notation for indirect-addressing; two-fluid model equations; and some details of the
diffusion term. The proper way to compute the convective fluxes, an operation related
to the discretisation, is also new (3-3). Otherwise the discretisation follows closely that
of Peric (1985), whereby equations (3.1) and (3.2) are integrated over a general 6-
sided control-volume, of which a two-dimensional representation is shown in Fig. 3.1.
In this process the geometrical quantities J@nd , betome (cell volume) and B ( -
component of area of cell-face along direction ). The derivatives of a general variable
¢ become simple differences of neighbour values along direction , thus:

AG)] =¢" — ¢"
(APl =[Ag)] = ¢F — ¢, (3.3)

where F and P superscripts denote centre-of-cell valueg and! and denote values at
cell faces (Fig. 3.1). For the convective terms, standard upwind differences are used.
With these rules the integration of each term in the equations above leads to:

o) ()~ () e
3 (pﬁzjaui Uj) - 123; [ARuY)l,. = fZGIl R A, (3.5)
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3
af; 58 - aF B 1Al (3.6)
P 3
o, (aﬁzﬂ g) - ;[A(GZBW i)l =
6 3
=2 () (TTB) B A, + TRE) B (Au)) - ST EIAR (37)

(Joag)- Vpag¥, (3.8)

where implicit differencing in time is assumed, and all variables are taken to be at the
new time level t™! except those with superscript “ " which denote old time level
values. The ¢ %) factor in (3.7) is used to obtain positive contributions from
outgoing fluxes and negative for incoming fluxes. Quantities F represent convective
fluxes at facef , the definition of which are given below and expanded in section 3-3.
The convective terms are upwinded, which is equivalent to defining

F = Max(F ,0) forf ¥,
= Min(F;,0) forf =" . (3.9)

In the diffusion term given by expression (3.7), quantities which are not stored at cell
faces are computed by means of arithmetic average, which is denot&’a =hy

(¢p + P02

DISCRETISEDEQUATIONS

The equations are cast in the general linearised form (for any vagiable ):
6
Appp = S Arp; + S, (3.10)
f=1

where S is the source term and the A's are coefficients defined as follows:
Af = Df + | Ffuwm| = Df 4+ Max(l—} ,O) fO[f:fi ,

= D; — Min(F;,0) forf = f", (3.11)
with the diffusion flux defined by

—7
D; = (%) ZB@B@ = 4085 (3.12)
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In this equationy; is the “face-volume" which is not calculated as the average of
neighbouring cell volumes, but s = AT/x ;B = A[; X 1/B
j

From equations (3.10) and (3.11) it is apparent that only the part of the diffusion fluxes
in (3.7) which is normal to facg (first term on the rhs of (3.7), withf = ; usually
called “normal diffusion”) is treated implicitly. The remaining part goes to the source
term as,

3 2 3 3
(S, Y = z(ly’ () (28, 8, Al + Y 8, 5,AyY,) (613
£f
(note: f=1,2,...6, for directions w,e,s,n,b;t, l.e. =-1,+1,-2,+2,-3,+3.)

If ¢ is not a velocity component, then the diffusion source contains only the first term
on the lhs of equation (3.13); the second term is specific to momentum equations and
is called 2¢ diffusion.

Hereatfter the contribution of surrounding cells will be denoted gs H(Q) ;¢,A
!

with A, = >_A;. Also, all quantities are assumed to be located at cell-centre P, if a
f

location index is not specified.
The individual discretised equations for the different variables are therefore:

Continuougpphasemomentum

3
(AG+ “L¥)u; = Hy(u;) —aE;Bﬁ[Ap]F +P(u,— u)+ § + =5 ¢ ,(3.14)

where the term S contains the cross-derivative terms arising from the transformation

of the stress terms into non-orthogonal coordinates, given by (3.13). In the case of the
extended turbulence model (2-11) being utilisefl, S will contain the turbulent drag

term (equations (2.48) or (2.54)) and the additional normal stress in equation (2.55)
(term — 2V(pa k), ).

Dispersedhasemomentum

(A + 0, = Hj(u,) — ol BIART + Fo(u — u)+ § +4Y ¢ . (3.15)

Here also 5 contains similar terms to thosein S .
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Continuougphasecontinuity
v 6
Elae — o) + (1Y R, = 0. (3.16)
f
Dispersedhasecontinuity
v 6
B(ag — af) + (1Y R, = 0. (3.17)
f

The fluxes | are defined as:

FF=a’pyBul, (3.18)
J

where® / denotes an upwinded volume-fraction at point f, obtained from egher  or
ar (Fig. 3.1) according to the sign of E }CJB’ fu . The “face-velocities" u are
J

velocities interpolated at cell faces using a special interpolation practice (introduced by
Rhie & Chow 1983) so that pressure decoupling on the non-staggered mesh is
avoided. The formulation given here avoids another problem which is that of the
dependence of steady-state solution on the time step, as explained in section 3-3. The
expression for the face-fluxes used in the computations is:

—f
1 apV

+ afp;Bfi(Agui—kaPB?i[Ap]?—(% ) —afB}[z.[Ap]}l)}, (3.19)

where A is the central coefficient of the u-momentum equation, defined from

equation (3.10). Expression (3.19) is free from t dependency, since in the limit of the
converged (or steady-state) solutioh+ , F afidu; u, and terms invélving t

cancel out (noting thatA =Adp) 6/ t).

Sumof dispersedndcontinuougphasecontinuities

<

6 6
{glac—ag) + Xf:(-l)f Fr./p} + {g(ea—ap) + Xf: (-1 F./pa} = 0O,

and sincex; . a & =1, the time derivative terms vanish. Hence:
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6
Zf)(-l)f(':fc/ﬁc + F./ps) = O. (3.20)

Dispersecphasecontinuityasana equation(herea=a,)

(AG + 2 + Max| — div(ug),.0 ) @ = Hi(e) + Makdivly ).0a" + 2¥a" , (3.21)

where the coefficients are made up of convective fluxes only:

A = Max(lifd ,0) forf =f
A = —Min(F;,0) forf=7f", (3.22)

6
F is a flux without volume-fraction (i.e/ E &/ ) and diy(=)>. (f-l)d F .
!

Turbulencekinetic enerqy

(AS+ Pk = H(k) + S + V(G —p"e) + K (3:23)

Here & contains the cross derivative terms arising from the non-orthogonal
coordinates.

Turbulencedissipation

A+ ZY)e = H() + S + VE(G G — Goe) + L (3.24)
with S containing the cross-derivative terms.

If the extended turbulence model explained in 2-11 is utilised, then S €and S will
contain the additional terms given by equations (2.69) and (2.70).

3-1-2 THE ALGORITHM

The above sets of discretised equations are solved iteratively in a sequential manner
whereby the velocity, pressure and scalars at a new time (or iteration) tevel (“ ")
are computed from their value at the previous time (or iteration) lexel (“ "). This
advancement in time is used herein as a pseudo time-marching techniqgue and may not
be time accurate. The algorithm falls in the fully-implicit class, with the pressure being



88

obtained from a pressure-correction equation derived from a combination of the
continuity and momentum equations for clarity, this derivation is left for the next
sub-section, 3-1-3. The explanation of the algorithm given below adopts the splitting
concept and terminology introduced by Issa (1986).

The steps in the algorithm are:

1- Solve the continuous phase momentum equation:

3
(Ag+ %)uz =Hr(u) — ale:BE[Ap”]zPJr (Y, - §)+ S + % @, (3.25)

where %" denotes intermediate values.

2- Solve the dispersed phase momentum equation:

3
(A5 -+ =52 +Fo)u, = Hj(u,) ~ "L BTART + By + § + 5% 4. (326)

Notice that the drag term in (3.25) is treated explicitly, whereas it is implicitly
incorporated in equation (3.26). This practice is analysed in section 3-2.

3- Assemble the pressure correction (p) equationThe pressure and
velocities are updated according to the equations formulated in sub-section 3-1-3.
These are:

A]I;pfD = zl:Alpr‘{l + % , (3.27)
3
<%>(“§iﬂ - U= - afZZI BlA 8 (3.28)
0ap5V +1 P 5 P
(T + FD)(% - 4) = —adZZI BlA 6 (3.29)
prit =+ B (3.30)

The fluxes F are corrected in the same way as the nodal velocities (equations (3.28)
and (3.29)) and the corresponding expressions are (see sub-section 3-1-3):

il = B, — AAp), (3.31)
Fit= B — KA. (3.32)
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4- Solve for all additional scalar equationsin the present case these are the
turbulence quantities to be solved for, k and

S piton PR
<A€+pV+VC2P ) e = H (1) + S +VE G G + £ (3.34)

With new values of k and the liquid and gas effective viscosities are updated. In the
case of the extended turbulence model (2-11) being utilised, the central coefficient on
the Ihs of (3.33) and (3.34) will contain the termrp2F—(1;, C) (from equations (2.82)
and (2.83)).

5- The dispersed phase continuity equations solved implicitly in order to
obtain an updated void-fraction & oy ):

(AO + 2V 4 Max — diviug), q) = H @ )+ Maxdiv(y ).0a" + 22a"(.3.35)

The updated void-fraction and gas flux directions are used to determine upwinded cell-
face void-fractions@ 7, which are stored.

With this the algorithm for two-phase flow computations is complete. The
solution will be advanced in time until the normalised residuals of all the equations are
smaller than a specified value (we uge* ). At this point the solution is said to be
converged and, since overall continuity for the sum of gas and liquid is satisfied
together with that of the gas, continuity will also be satisfied for the liquid phase. The
algorithm presented is a form of the SIMPLEC algorithm (VanDoormaal & Raithby
1984) extended to the 2 phases and applied in a time-marching fashion. In two-phase
flow computations it is important to advance the solution in time, instead of iterating,
because a steady solution may not exist and thiilasiwow in the evolution of the
residuals and monitoring values as a cyclic behaviour in time.

3-1-3 DERIVATION OF THE PRESSURE-CORRECTION EQUATION

The steps required to derive the pressure-correction equation for two-phase flows, in a
pseudo-time marching algorithm and using non-staggered mesh, are as follows.

1- Compute fluxes for both phases using (3.19), based on intermediate
velocities, U :
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- a’i‘pci d, (A g +ar Bapl— (5" o) —o/ 6 8p])) @30

v lp B (A el BP0 ~al 6 npf)} 63D

The only difference between these two equations, except for the continuous and
dispersed phase subscripts, is the central coefficient of the respective momentum
equations. From (3.25) and (3.26) it can be seen that

Ap = AG+ S5 = A+ A

Ay = AL+ 2 By = A+ A (3.38)
where A = A - A.

These expressions are valid for internal cells. Close to walls, additional source terms
are added to thefA  andsA  above (see sub-section 3-3-5).

2- Splitting of continuous phase momentum equation (following Issa's 1986
ideas), from (3.25):

azpV wtl =

ot Vi

= H(y)- A4 —aPZBC’ B+ B — )+ S+%2Y u (3.39)
3- Splitting of dispersed phase momentum equation, from (3.26):

(adﬂdV+FD> u?+1
= H(o)- A -—adz BA P+ B u+ S+ o (3.40)

4- Correction equation for continuous phase nodal velocity, subtract (3.25)
from (3.39) to obtain:

3
ST - y) = —af SEAGET - o) (3.41)
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5- Correction equation for dispersed phase nodal velocity, subtract (3.26) from
(3.40) to obtain:

( R+ FD)%“ —Y) = - adZ BlA @ - p)l) (3.42)

6- Splitting and correction equations for the fluxes. With non-staggered
meshes, the new time level fluxes can be obtained from an operator splitting procedure
similar to the one used for the centre-of-cell velocities. This turns out to be simpler
than the calculation of these fluxes from the corrected velocities (u ) using the
relationship (3.19). This derivation follows closely the one for the centre-of-cell
velocities given above and so only the final correction equations are given. In the
splitting process, only the la&t p terms of (3.36) and (3.37) are updatedté p ,so
that after the subtraction it results into:

3
o f = - {aln s dal g et - )]} -
- A/i-cf d ZPC B}EZ [AF”’C

where p= p™' — p is the pressure-correction, the area of f-face is
B = (ZBf Bf)l/2 and, after dropping the superscript which specifies where

averages are taken, the final expression becomes:

F =R - () BT (3.43)

A/ Uc

Identically for the dispersed phase,
= B - () BT (3.44)

7- Pressure equation based on sum of the 2 continuity (equation 3.20):
0 +1 +1
>y (B e+ R pg) = o (3.45)

After introduction of equations (3.43) and (3.44) into equation (3.45) and re-grouping
the different terms, the pressure-correction equation (centred at point P) is obtained:

ARpe = DA + (3.46)

where the coefficients and source term are given by:



AL = (‘?—a_ + Ed—d_d) B =A + A, (3.47)
AL = SAZ, (3.48)
7
6
S, = —Zf) 1 (B/o. + B /pq). (3.49)

Note that the primed central coefficients, from (3.38), are simply equal to the inertial
term (plus drag parameter, for the dispersed phase, for which drag is treated
implicitly):

A — acpV

c ot !
(3.50)

1 aapgV
A, = s T .

3-2 NUMERICAL TREATMENT OF THE DRAG TERM

3-2-1 INTRODUCTION

Different ways of handling numerically the drag term are here analysed. In
general the drag force is linearised by writing it as proportional to the relative velocity,
for example for the liquid phase (from 2.27):

FDL = FD(UG — UL).

The drag parameterpF is a function of the volume fractions, the physical properties of
the continuous phase and also, in most cases, of the relative velocity itself. By
introducing a drag factor C =8 #d ,oF may be written as (extensive to the control

volumeV ):

b= G-9gRe) &)V,

where g is a function of the bubble Reynolds number, (Re=, /d u/ ), given for
example by g= X 0.15R€ as in (2.28), and f( ) is a function of the volume-
fraction o which can be used as a corrective factor for high concentrations (given by
equations (2.30) and (2.31)). For law ¢ f( ) becomes equal to . For lgw Re the
function g is approximately 1, and the drag is linearly related to the relative velocity
U, = ||ug — u_||. For high Rg the drag becomes non-linear.in u .

It is also useful to define a time scale for the drag interaction by

oL = PLC%/ 18y ,



93

which is called the relaxation time (in this case for the liquid) and is related to the drag
factor via G _ fp, . Note that the relaxation time associated with the gas phase is
smaller thanp, by a factey pd ~ 10 (air water).

The problems associated with the numerical implementation of the drag force
occur because the relaxation time (especially for the gas) is usually small compared
with the time-step used in the computations, and this impliesthat  should be treated
implicitly. As an illustration, for air- water flow with 1 mm bubbles
7p,=1000%(10° § /18/10° =0.055 $p, ~ 10 s, and C =1.8 10 . If the drag were
treated explicitly it would be given by the product of a big number (C ) by a small
number (u~ 0.1 m/s). As a consequence any error. in u , which is likely to occur
during the iterative procedure, would be magnified by a factor equgl to C . The small
value ofrp, implies that the drag term in the gas momentum equation must be treated
implicitly.

All this is well known and is discussed in Stewart & Wendroff (1974). Yet,
there are a number of ways to treat numerically the drag term and this is the subject of
this section.

3-2-2 ALGORITHMIC VARIANTS

The variants listed below were implemented, first in a 1-D model and then with
the full 3-D code, and assessed in terms of iterations to convergence and robustness in
relation to the magnitude of,C .

To clarify the explanation, the discretised equations of motion of the two
phases (1 for continuous and 2 for dispersed) are re-written in a concise manner as
(from (3.14) and (3.15)):

Au = b(u—u) + B
(3.51)
Aw = b(u—uy) + B,

where the B,s contain all terms on the rhs of equations (3.14) & (3.15) except drag.

The variants tested can now be given:

1- Implicit drag for the dispersed phase:

Ay = B(U—-4¢) + B,

(3.52)
(A+P)w = g + B.
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(The superscriptri " denotes previous time-level.)

2- Implicit drag for both dispersed and continuous phase:

(AA+P)wy = G + B,

(3.53)
(A+P)w = Y + B.
3- A form of full elimination. Starting from:
(AL +Fo)w = by + B,
(Ao +P)e = DU + B,
eliminate 4 from the first equation to obtain:
(At +FACy - Aj)u; = B + FAG: B,
(3.54)
(A2 +FAC, - AjJus = By + FAG - B,
where FAG and FAC are generally denoted by FAC which is given by:
FAC = R [(A + Fo +7). (3.55)

The A denote either A orA , and is a small number{10 ).

The pressure equation, which is derived from the momentum equations, also requires
modification. The way to do this follows closely the derivation of the pressure
equation given in 3-1-3. That derivation is based on a splitting procedure where the
only retained terms are the pressure gradient and the inertial term (here denoted “E");
as a consequence, the diagonal coefficients of the u equations above (i.e. A +FAC .A)
will appear in the denominator of the pressure coefficients, with the Aaceepby

E,s (akin to the derivation of (3.47)). Hence the coefficients of the pressure correction
eguation are given by:

AT), = (@ & 1).(AREAY),.(Ei + o2 )"

(3.56)

-1
(AD)2 = (@ 5% »).(AREAY) 1. (B + g2 )
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In these expressionsE pVa 6 [, denotes face valuespand  is the volume fraction
of phasei , which can be the arithmetic average value ( ) or the upwindeddavalue ( )
at the face. It may be noticed that the coefficients used in the base method (3.47), are
recovered from the above expressions ik p <€ | E .

4- Improved linearisation of drag. The derivation for phiase- is as follows.

The velocity 4 present in the drag term is linearised as

b=Ww+ow,
so that phasé- equation becomes:
Al =h(W+o04b—U)+ B.

The increment 41 is obtained from an approximate pRase- equation, where only the
drag is retained:

ol =FRéu/(A+h) = b(u— §) /(A +b).
The equation for phase-1 becomes, after replaéing u from expression above:

At = Fo (U + Fo(u — 4) /(A +5 )- u) + B ,

or,

F F
(A1 +Fo = % Ju = B+ Fol — x5 ).

This expression can be written in a form similar to the previous variant by making use
of FAC defined above,

(Al 4+ FACQ.AQ)Ul = Bl + FACZ(AZUSL + FD(LS - @)) '
and similarly for the second phase: (3.57)

(AQ + FACl.Al)UQ =B + FACl(Alu? + FD(L? — @)) .
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Preliminary discussion

The usual way to treat drag is as in variant 2, where drag is implicitly
incorporated in either phase momentum equation (see Stewart & Wendroff 1984).
Looneyet al. (1985) argue that this treatment leads to slow convergence yvhen F is
big and the PISO algorithm is used, and show that variant 1 improves the convergence
rate. In fact, as the authors pointed out, improvement can be expected only if the
volume fraction of the dispersed phase remains small over the whole region of interest.
Otherwise the dispersed phase may become a continuous onedsay if >0.5) and the
implicit/explicit treatment accorded to the phase equations would have to be
interchanged. For these authors, such a problem did not arise because they were
dealing with solid- liquid flow at low solid-fraction. Variant 4 has been suggested by
Issa (1989, private communication) and it is here tested for the first time. The resulting
equations show some similarities with those of the full elimination (3.54), but the
elimination is not complete and some degree of approximation is brought in. The
advantage is that less computer storage is required. As for the full elimination, it was
first used in conjunction with the two-fluid model by Harlow & Amsden (1975) and
extended later by Spalding (1980). The form given above is slightly different from the
one used by Spalding; he writes; A +(A s+Ap)F2JA; u 5(F2/A )(Bo+B )+B , and he
mentions no alterations to the pressure equation.

3-2-3 RESULTS
3-2-3-1 ONE-DIMENSIONALTESTWITH LINEAR DRAG

For these tests the one-dimensional counterpart of the two-fluid model is
implemented in a computer program which is applied to a vertically upwards bubbly
flow. This program is run on a PC machine and the main differences between this and
the main code, are the use here of the staggered grid and absence of diffusion.

Details of the case are:
p,=1000. Kg/m ;p, =1. Kg/rh ; gravity vertically downwards with g=9.8"m/s .
Pipe dimensions: diameter D=50 mm, length L=500 mm.
Inlet conditions: y = =1. m/&y g =0.10and &l1- =0.90.
Initial conditions: zero field for all dependent variables ( 4 ,u ,p).
Time-stepd t=0.1 s. (or given below); Grid uniform with 10 internal cells.

All computations are done in double-precision and converged until all
normalised residuals fall below 20 . Note that the time-step corresponds to a local
Courant number @ & x) of (X 0.1/0.05 2.
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The linear drag is given byF 7€ €1- ), thatisfex (b ).

The results for several drag coefficients C (varying frofh 10 t6 10 Kg/m s)
are shown in Fig. 3.2. It is seen that the only method able to cope with very;high C is
variant 3, i.e. the full elimination. For this method the number of time-steps to
convergence (N ) remains fixed at 43 while C varies frofn 10 to infinity. All the other
methods fail for a large enough C , variant 2 being the more robust with convergence
for C; =10 but requiring a smaller time step of 0.01 sec. The first variant to fail is no.
4, the linearisation procedure, and this may be explained by the presence in equation
(3.57) of terms 5 (p 4 ), which yields an unstable iterative procedure whenrgver F is
large.

Further illustration of the aforementioned trends is provided by Figs. 3.3, 3.4
and 3.5. These figures present the decay, of u -residuals as a function of time (which
can be seen as an iteration counter). Figs. 3.3 and 3.4 show the residual history for
variant 2 and 3, respectively, for,C 210510710 antl 10 with t=0.1 sec. The full
elimination shows identical behaviour for all values of C , whereas for the standard
implicit treatment lack of convergence occurs fof C greater thdn 10 . Fig. 3.5
compares the residual decay for variants 1,2 and 3, at € =10 and with a time step
smaller than before, t=0.01 sec. Here it can be seen that the variant with one term of
the form b (§ -8 ) (variant 1) is already showing oscillations, although eventually
converging.

It is useful to have an idea of the order of magnitude of the C which occurs in
reality. For this, the following table gives the terminal relative velocity for different
values of G

C;[Kg/n’s] u [m/s]
10° 10.

10t 1.0

10 0.1

10 0.01
10° 0.001

(these values may be obtained analytically; a force balance assuming that only drag is
present gives.u =yp IC .)

Since the terminal velocity of an air bubble rising in water, with-d 1 mm, is
known to be around 20 cm/s (Walli969), it means that the actugl C is below 10 .

Thus, it could be argued that a better method is unnecessary since all variants work
well for that G (see Fig. 3.2). However, in more complex situations where forces

other than gravity are present, strong segregation of phases may occur in specific flow
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regions, leading to much higher; C ,s. A robust method should be able to cope with
these situations. Furthermore, a high drag value can be artificially prescribed to C in
order to provoke zero slip (no relative velocity between phases), which may be useful
to model homogeneous flow.

3-2-3-2_ ONE-DIMENSIONALTESTSWITH NON-LINEAR DRAG

The objective is to assess the behaviour of variant 3 (full elimination) when the
drag is not linear. The non-linear drag is obtained with g=1+05Re

The computations show no problems of stability and the variant is found to
work as well as with the linear drag. The following table summarises the results:

ds[mm] itera. 6 t[sec] o [%] umis]  w[mis] £ [Kg/in s]
0.2 42 0.1 9.9 0.998 1.015 6.0°10
1.0 40 0.1 9.1 0.990 1.102 8.7'10
5.0 56 0.1 7.1 0.969 1.411 2.210

It is seen that the number of time steps (or iterations) to convergence varies little with
a drag coefficient varying from 2 40 to 6°10 ; for the high C case, the number of
iterations is similar to the tests with linear drag. Notice that the void-fraction
diminishes as the bubble diameter increasesatlmse the bubbles accelerate owing to
diminished drag, and conservation of mass impligs=u  constant.

3-2-3-3_ THREE-DIMENSIONALTEST

The previous results revealed the good stabilising effect of full elimination
(variant 3). In order to check that this quality remains unchanged in more complex
situations, where recirculation may be present, variant 3 has been implemented in the
3-D code and tested on the two-dimensional T-junction problem (see chapter 5 for
details). The improved linearisation (variant 4) has also been implemented but it
showed little difference compared with variant 1, which is the variant used in the base
method of section 3-1, and so it is not discussed further.

Details of implementation

The full elimination scheme has been rejected by Loatesl 1985) on
grounds of increased complexity and storage for a 3-dimensional implementation. It
turns out that, with the novel scheme used here to avoid the t-dependence problem
(see 3-3), the memory overhead is limited to 4 arrays only (size of arrays equal to the
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number of cells). This is because the diagonal elements of the momentum equations
(Ap in equation (3.38), or A and.,A in (3.51)) are the same for all 3 velocity
components, whereas previous program implementations (e.g. Peric 1985) use
different coefficients for the u, v and w equations. Hence, the additional storage
requirement is 1 array for;A (overwritten by A for the second phase) and 3 arrays for
B:, which is different for the three Cartesian velocity components; B is also
overwritten by B for the second phase.

The coding of expressions (3.54) (3.56) requires only a few additional
program lines. These are limited to setting up the arrays A and B, and modifying the
pressure-equation coefficients. There is no additional CPU-time requirements as the
following results from a “T-junction” run, on an APOLLO DN10000, show:

No.Time-steps  CPU-time Total inner iterations

[sec.] u % p k €
gas implicit (var. 1) 2194 3209 2253 2225 269702203 2216
elimination (var. 3) 2161 3201 2240 2180 254902170 2180

Comparison when both variants work well

From the results of the one-dimensional test-cases it is expected that the full
elimination procedure will perform as the implicit variant, when both converge to a
steady solution. The objective here is to show that this is indeed the case for the
multidimensional implementation. To illustrate this, Fig. 3.6 shows the mass residual
and void-fraction at a given point, for the case of a 2-dimensional bubbly flow in a
vertical channel. The paths are almost identical. Similar results are obtained with a
more complicate flow. This is demonstrated by Fig. 3.7, which also presents the time-
marching history of mass residual and void-fraction at a given cell, for the case of two-
phase flow in a T-junction, using variants 1 and 3. From Fig. 3.6 and 3.7 it is also seen
that the final, steady-state values of void-fraction at an arbitrary cell predicted by
variant 1 and 3 are the same, therefore demonstrating that the “full elimination" variant
has been correctly implemented in the code.

Improved stability of full elimination

The residual history shown in Fig. 3.8, for one of the “T-junction” runs, is more
interesting because the nelmination procedure converges readily, whereas the usual
“gas implicit" variant shows an oscillatory behaviour which repeats forever, hindering
convergence. For this case the usual drag parameter is dividedby (1- ) (Zuber 1964),
thus the corrective factor introduced above is fer)=—@ ¥@A=xn —Hd> ).
Consequently the drag becomes high and non-unifoam if  is high and non-uniform. In
the recirculation zone rich with bubbles located at the side-branch of the Tee, there are
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high local void-fractions. For this case the highest was around 70 % compared with
1.4% at inlet, leading to a 500 fold increase in drag purely from the dependengcy of F
ona (b depends on as /1% ), and the ratio of this factor calculated at the point
wherea is maximum divided by its value at inlet is (0.7/0.3 ) /(0.0147.986 ) =540 ).
The rapid variations ofd~ , coupled with high values, are probably responsible for the
oscillations seen in Fig. 3.8.

3-2-4 CONCLUSIONS

From the evidence presented it may be concluded:

i) Only the “full elimination" scheme (variant 3), implemented in conjunction
with the SIMPLEC algorithm of section 3-1, could handle high drag factors.

ii) For “well behaved" situations the results from “gas implicit" (variant 1) and
“full elimination” (variant 3) are the same.

i) “Full elimination” has a stabilising effect; ituppresses o#ations,
promoting convergence, when the drag is either high or very non-uniform.

iv) The computer storage required by the “full elimination” scheme is 4
additional arrays; the coding required is minor and run-time overhead is trivial.

3-3 AN ASSOCIATED PROBLEM:
FACE-VELOCITIES IN A NON-STAGGERED MESH

3-3-1 DESCRIPTION OF THE PROBLEM

The main difficulty related with the use of non-staggered meshes in a finite-
volume method is how the velocity at a cell face is determined. These velocities are
here called face-velocities. Since the velocity vector itself is computed and stored at
the centre of the cell, as all quantities are for this mesh arrangement, an interpolation is
required to obtain the face fluxes which must satisfy continuity over the cell. These
fluxes are related to the face-velocities by simple expressions,

7 1

3
F; = & /p> B U/, (subscripts denoting phases are dropped) (3.58)

where the symbol &= " is used to denote “face values", which need to be defined and
are not mere linear interpolations between the two neighbour values. As before,
arithmetic averages are denoted by an overbar.

The problem with face-velocities is that the obvious interpolatiom u =u does
not work, a fact that has been known for a long time and which is the essential reason
for the widespread use of the staggered-mesh arrangement (Harlow & Welch 1965).
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The cause for this misbehaviour is explained by Patankar (1980). Basically, the use of
central differences to represent the pressure gradient in the momentum equation, has
the consequence that the velocity at cell P (Fig. 3.1) becomes decoupled from the
pressure at that same cell, P. Hence anomalous pressure distributions may be found,
which will satisfy the discretised momentum equation but are physically absurd. Rhie &
Chow (1983) devised a better interpolation scheme which couples the velocities to all
pressures around them. In their scheme, the face-velocity is obtained from linear
interpolation of momentum equations written for the two adjacent cells. However, the
pressure-gradient term is centred at the face instead of being interpolated, becoming
proportional to the difference{p- pp ), see Fig. 3.1. This notion was re-interpreted by
Peric (1985) and successfully implemented in a fluid-flow code which was used as the
starting point of this work.

Along the course of the present work some inconsistencies in the
implementation of the velocity interpolation scheme have come to light. Such
inconsistencies produce errors in the numerical solution of the flow equations, which
may be important in some applications. This was that for the same final steady-state,
different solutions are obtained for different under-relaxation factors ( ) that are used
during these computations. An example is given in Fig. 3.9 (reported by Younis 1986),
which shows axial velocity profiles obtained with different , for the turbulent flow
behind a flat plate. As it can be seen two different solutions are obtained, the difference
being quite substantial. An identical problem arises when the algorithm marches in time
instead of iterating (these two notions are somewhat equivalent), the solution will then
be dependent on the time-step t; this is here called time-step dependency problem.

The cause for this unacceptable dependency of the numerical solution of a
steady flow on some numerical parametets ( 6or t) was traced back to the
formulation of the face-velocity by Issa (1986, 1987; private comm.). Proposed
remedies, based on seemingly adequate approximations, failed to eradicate the problem
completely, for if the solutions were no longer dependent on , the process would not
converge for smalb 's.

In this section the problem is analysed and a solution is given (Oliveira 1988;
int. note). In first instance the analysis is done for a simplified one-dimensional
situation. Extension for multi-dimensions and for non-orthogonal meshes is straight-
forward, and is left for a later sub-section.

3-3-2 SOLUTION

The discretised momentum equation for a time-marching algorithm is given by
(from Eq. 3.14):
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(Ao +E)u = Hu) — apBApP+ EO + S, (3.59)

where the velocity u is calculated at cell P (Fig. 3.1), the Cartesian and phaseiindices
andk have been discarded for brevity, the inertial termas EpV ¢ 6 ) / t, the pressure
difference is centred at &y p~/'p- ' p P B is the area of a cell cross-section also
centred at P, and for the moment the drag term is included in the squrce S .

Rhie & Chow's interpolation consists of averaging all terms in (3.59) except the
pressure difference, which is shifted from a centre-of-cell to a face-centred position. A
straightforward, and seemingly correct, way to obtain the face- and average velocities
is to set the central coefficient top A& (A +E, divide equation (3.59) by A , and apply
linear interpolation:

U = H)— (a/A)BAp+ (Bu) + S, (3.60)

and

= (H)- (a/&)BPAp+ (Eu) + S, (3.61)

where the prime denotes division by A . Note that (3.60) is a definition but (3.61) is
derived by averaging equation (3.59). The term that multiflies p in (3.60) could be

defined in different ways, for example ’)B ; these alternatives will be discussed later.
Subtraction of (3.61) from (3.60) yields:

U =1 + (ol BPAp— (/A BA D (3.62)

This equation clarifies the role of the pressure differences as weighting-factors in
interpolating the face-velocity. & , A , and ared B were uniform then a linear
pressure decay would result in a face-velocity equal to the averagé one, u =u . Hence
the A p terms in (3.62) adjust the average velocity, in order to accommodate non-linear
variations of the pressure gradients. Zig-zag pressure distributions become impossible
since, from (3.62);"u is adjusted in such a way as to oppose pressure changes in
consecutive cells.

A closer inspection of equation (3.60) reveals some formulative weaknesses.
As a steady-state solution is approached, the difference between the old and new time-
level velocities should vanish, i.e=u ™ u ; the same holds for the face-velocity,'u =u
In expression (3.60), the face-velocity at the old time-level does not even appear and,
if the approximation®t~ "~ is done (which is wrong as it will be shortly shown), the
right limit is not retrieved écause the term E is inside the averaging symbol. Clearly,
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the term containingu ought to be written a8’E u . Another problem arises from the
division of the original equation (3.59) bypAe A £ A apV o/t The tis
kept within all primed terms after the averaging process is applied to equation (3.59),
with the consequence that the solution will depend on the time-step used. The obvious
way to escape this complication is by averaging equation (3.59) without previous
division by As.

From these considerations, the correct definition for the face-velocity appears
to be:

Al = (H) — (@)B/A'p+ (BU") + S (3.63)

And, since Ap =A, +E , the limit wheit  — "~ u becomes:

A = (H) - (a)BFA'p+ S, (3.64)

showing that the face-velocity for the steady-state solution is independent obeither t
or any old time-level velocity. The incremental form of (3.63) is obtained after
subtracting the corresponding averaged momentum equation,

Apu = (H) — apBPAp+ (Eu) + S, (3.65)

from (3.63), to yield:

U = (‘E“n” + (Anu—i—apB)Ap— Eo — ap BA/ b») Th.  (3.66)

This will be the equation used to compuaed-velocities. There is no dependence on
ot in the limit of the steady state solution, since all terms containing E cancel out to
give:

U = (AoquapBPAp— a—pB‘Af@ . (3.67)

3-3-3 ALTERNATIVES

It is of interest to report some alternative formulations of the face-velocity
equation (3.66). Three have been tested.

The first was™u =u, which has been discussed above. It was found that
solution for the problem of fluid flow in a straight channel (two-dimensional) could still
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be obtained, but oscillations and lack of convergence happened for other problems,
whereas (3.66) would converge readily.

Another formulation with some appeal in theory, but again proved not to work,
is derived from a re-arrangement of the momentum equation (3.59):

Eu=HUu— w»)— apBAp+ Et+ S, (3.68)

where’H (u-g = H(u» A @ . This form has some similarities with the one used to
derive the SIMPLEC method (VanDoormaal and Raithby 1984), as done in section 3-
1-3. The face-velocity is now defined from (3.68), in the same way as for (3.63),
resulting in, after division by E (denoted by prime):

U =H't-Yp) —d BEAP+™T + B,
and replacingﬂl +S b S vyields:
U =Tup— 0 +U" +aBAp-a (BN p. (3.69)

The attractive feature of this expression is that the face-velocity becomes independent
on the way the discretised momentum equation is solved. Note that in equation (3.66),
the coefficient A depends on the way the momentum equations are linearised. This is
readily apparent from equations (3.38) which give the A for the base method; the
dispersed phase coefficient contains the drag paramgter F and the continuous phase
coefficient does not. But, the linearisation of the drag force could follow variant 2 of
section 3-2-2 and then the continuous phase coefficisnt A would corain F . The
solution should not be dependent on these options, neither Should u . With formulation
(3.69) such dependency is relaxed.

Unfortunately (3.69) performed as badly as the simpler’u =u . This behaviour
may be explained by noticing that in the limit, whenu=u “an&’d =u , equation (3.69)
simplifies toa BA p= (BJA’ p, i.e. the pressure gradient tends to become linear.
But in most cases this is not true and the approximation breaks down.

A final formulation that works as well as (3.66) but with small differences in
the way the interpolations are done, can be obtained by dividing (3.59) net by A , but

by Ag:

(1+B)u= Hu - cp AP+ EtI+ 'S, (3.70)
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where now ()= ( )/A, and recalling that,A is the sum of the neighbouring
coefficients (A= > A ).

Using same procedure as before results in the following face-velocity expression:
(WE'Ju = (1+ B u+ BAp- (@ TA) BA pr TEYD - @0
In the steady-state limit, this expression becomes:
U =71 + BPAp- BAp

which is to be compared with (3.67). When the mesh is refined these two expressions
become closer, since differences in interpolating products or products of interpolated
guantities tend to smooth out. The térm E i (3.71) may be set equal to E , or to
E/A..

The term E in (3.71) can be interpreted as the inverse of the local Courant number for
a convection dominated situation, as shown below,

E = E/A ~ (apVbt)lepBu) = Ax/(ét)= 1/€ (using =BA x).

3-3-4 INFLUENCE OF NON-ORTHOGONAL MESH

For the general case, when the mesh may be non-orthogonal, equations
corresponding to (3.63), (3.65) and (3.66) are derived from the discretised momentum
equation (exemplified by the dispersed phase equation (3.26)):

3

Ao+ 22 +Fo)u = Hu) -~ " BIAR + (Bt §) + %4378 )
l

(1 is the velocity of the second phase, no phase indexing)

which is re-written as,

3
Apu; = Hu) — P BIAR + SU + ¢ . (3.73)
l

Similarly to (3.63), the definition of thaée-velocity is:
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f

_ —
A H(u)f—aplgi[Adf ~a/ g oy + ST + () " (374

and the arithmetic average of the momentum equation (3.73) yields,

= Hu) - aPZE{’Ap}l + S+ (%) oo (3.75)

Agz Uz'f

After subtracting (3.75) from (3.74) the incremental face-velocity equation is obtained:
apV fr\; n apV f
() - () )@t

This is the face-velocity for the general case of non-orthogonal coordinates. It is

important to realise that overbar means arithmetic average (linear interpolation would
lead to errors when using non-uniform mesh spacing), and that this averaging should
be effected exactly as shown in equation (3.76).

——=f
Ul = (Apuz +aPB, AT —a /B [Ap] +

3-3-5 PRACTICAL ASPECTS IN THE COMPUTATION OF THE
FACE-VELOCITIES

The practical implementation of equation (3.76) in a computer program
requires some attention. Considerable amount of computer memory would be required
if (3.76) were implemented as it is: the 3 velocity components at the 6 faces of a cell
would require 9 storage arrays, if reciprocity is allowed. Such requirement represents a
considerable overhead.

This problem can be overcome if it is realised that:

- only the fluxes [ are needed, not each individual face-velocity component;
« the coefficients & are in fact independent of Cartesian index .

In what follows these points are examined.

Fluxes across faces are determined from (using 3.76),

3 3
F=9a'p> B0 = a/py

| eap AP N i Ty N\
{B;Z(Apzui +aPBR. A _afsﬁi[Ap]ﬁJr(%) U - (%ug) )/AJ }
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and since it will be shown that the central coefficient of the momentum equations is
independent of indekx (denoted now by A ), it can be brought out of the summation,
yielding:

Fr=4a {zj:B;(APUZ + P (AR —(%@)f_afgi[ﬁpi)Jr

— 3
apV f e fn
+ () sefu it

The last term in the above equation is identified as proportional to the old time-level
flux, F}, hence the equation to determine fluxes in actual computations becomes:

1 Tapyy!
Fr=srl (&) B+
”fp2$(/§u+aP$A@ Ty ol B e} @7

which is the equation (3.19) presented in 3-1-1 without demonstration. This expression
is free fromo t dependency, since in the limit of the converged solutier F;  F and

u® — u;, so that the terms involvirdg t will cancel out (noticing that A, =¥ o6 / t).

It is left to demonstrate that the central coefficients are not dependént on . In
general these coefficients are written as,

Ay = Agra’ll +SP: (3.78)

where SP arises from the linearisation of a general source term,-S=SJp SP  (e.qg.
Patankar, 1980). For non-staggered meshes the first two terms are independent of (if
the grid were staggered,,A Y ;A would be different for different velocity
components). For internal cells, an inspection of equations (3.25) and (3.26) show that
SP“ =k (for the dispersed phase), which is also independent of (the drag is a
function of the magnitude of the velocity vector and not of any individual velocity
component). SP contributions can still arise from boundary conditions. An examination
of usual boundary types (e.g. inlets, outlets, walls, symmetry planes and cyclic
boundaries) reveals that only the wall boundary conditions can possibly cause
problems, if not properly formulated. This is explained hereafter.

The contribution from wall stresses to the momentum balance in cell P (Fig.
3.10) is:

; Ui — Uy
S = —area myar = — Bu g,
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where u,, is the velocity of the wadl, is distance along the normal from P to the wall,
B, is the scalar area of the cell-face at the wall, and the fluid velocity at point P is
decomposed in components parallel and normal to the wall, as:

3
u=u +u, = W= - (u-n p= u— (3 unn.
J

If the diffusion flux at the wall is denoted,B= ,B &2 , the total source can be
written as

3
St =20,m-yn+ W) 2D u=
J

SU“ = 2D, (M un+ 1 X3.79)
SPi = 2D, .
This is the proper formulation for having a SP independent of . A different
formulation used in some computer programmes is:

2
St =20,(M-yn+ W) 2Du(n)= SP= 2D{7n),
J#i

and the SP term becomes dependent; on . Besides resulting if an A -coefficient
dependent on , this formulation has the disadvantage of a smaller central coefficient
and consequently diminished numerical stability.

The formulation of the wall boundary conditions represented by equations
(3.79) is also valid for turbulent flows, with, D= ,B T vKek /IN{E ). In the
present work no conditions were required for which SP would depetd on . It may be
that for some particular applications different SP are assigned to different Cartesian
components, as a numerical trick to simulate directional resistances. In this case, the
formulation given above cannot be used.

3-3-6 ALGORITHM IN TERMS OF FACE-VELOCITIES

In order to derive the pressure equation and understand the correction of fluxes
given in 3-1-3, it is necessary to effect the splitting procedure in terms of face-
velocities. From equation (3.76), the face-velocities based on predicted velocities are
(see 3.25):

ARU T =

f

L 2 o foo
= W' - e Eapl - algnef syl ()

The splitting of this equation is:
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[y v E

/ —

- H® _aPlgg’Ap —al g pp S + ()

where Ap = AL — AY, and the fact that these central coefficients are independent of
has been used. Subtraction of these equations gives the face-velocity correction,

w/—ul - (Z%) pip-pf (3.80)

Ay

To obtain the correction in terms of fluxes, multiplication by the face area and
summation (using equation (3.58)) yields:

Fr= B-sd! () BBY = B -sABe]. (3.81)

Finally, these flux-correction equations are written for both phases and are used in
conjunction with the overall continuity to derive the pressure correction equation and
its coefficients, as explained in section 3-1-3. The newly calculated values are set to the
new time-level ones, i.e."t! = *u /P = *p, and"F= * F . Note that the
pressure coefficients for each phase are different, accordingly with the treatment of the
drag term. In 3-1-3, drag is treated implicitly for the dispersed phase and explicitly for
the continuous phase, therefore the primed velocity coefficients appearing in (3.81)
become:
GRS
(3.82)

——af aly
W), - oo e

and are similar to the ones given in the base method for the nodal velocities, equations
(3.50).

3-4 BOUNDARY CONDITIONS

Four types of boundary conditions are used in this work: inlet, outlet,
symmetry plane and wall. The imposition of these boundary conditions follows
standard practices, for example as in Ellul (1989), except for the symmetry plane
where the idea of reflection law is used. At inlet, all the dependent variables are
assigned measured or assumed values, depending on the specific application. At exit,
there may be more than one outlet plane (e.g. in a T-junction) and this requires a
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special treatment as will be explained next. This is followed by the explanation of the
reflection laws which are applied to both symmetry planes and walls. At the walls, the
standard log-law is used (Launder & Spalding 1973) and the details of its application
are omitted.

3-4-1 OUTLET

The outlet conditions for a flow through a T-junction can be specified by
specifying either the outlet pressure or the extraction ratip (W /W ). Here, the
extraction ratio is fixed since no pressure measurements are available. This is achieved
as follows:

» Compute the mass fluxes for each phase at every nodal plane adjacent to an
outlet (see Fig. 3.11):

Fr, = 2ppom, > Bl (3.83)

where ‘e " indicates the interior cell points adjacent to the outlet boundary “ "i The -
component of the cell-face area at the outlet plane “ " is dengied B .

* The total flux known to exit through outlet plare “ " is:

F, = fag E, (3.84)

where fag is the given extraction ratio at ouidet (e.g. if the branch outlet is
considered, then fac= fae= W /W ), ang F is the total flux at inlet, consisting of
the sum of each phase inlet-flux which are given as inlet conditions:

k

» The guessed (denoted by ) phase fluxes at outlet are based on velocity
components equal to the ones computed at the adjacent plane (see Eq. (3.83)):

Uy = U, (3.85)

and similarly for the phase fractions:
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o = oy, (3.86)

so that:
F., = 20 2By, = R, (3.87)

The corresponding total flux is:

« The total flux E must be corrected so that the actual outlet flux becomes
equal to the known fraction of the inlet one, given by Eq. (3.84); this is done by using
the correction factor defined by:

f, =

7k

o

= fag &= | (3.88)

and by correcting each individual velocity component and phase fraction as:

Ui, = LU, , (3.89)

and:
= aj . (3.90)

e Each individual phase flux based on a velocity from (3.89) and a volume-
fraction from (3.90) can be expressed as:

Fr, = 2o 2By, = >p0r X Bifdu, = IR . (3.91)

To demonstrate that overall continuity is satisfied by the boundary conditions
(3.89)— (3.91), the resulting phase fluxes at outlet are summed to give:

>R, = Zk)foﬁ; = E%)P;; = iK,

k

and, according to Eq. (3.88), this corresponds to the known fraction of inlet flux going
through outleb .
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Note from Eq. (3.88) that a single correction factor is used, and not a different one for
each phase. For example, the use,0&f 4 / E, F would lead to erroneous results
because the sum of the phase fluxes would not be conserved. Note also from Egs.
(3.89) and (3.90) that the outlet boundary condition for velocity components contains
the factor § , whereas the one tor does not. Outlet boundary conditions for all other
dependent variables (k, , etc.) follow expression (3.90).

3-4-2 SYMMETRY PLANE

Imposition of boundary conditions at symmetry planes is complicated when the
mesh close to the plane is non-orthogonal. The method developed here is based on the
principle that the same numerical solution should be obtained by solving the flow
equations in the domain with the symmetry plane, or in the corresponding overall
domain for which symmetry is not considered. This has been checked in actual
computations involving one- and two-phase flows in channels, where the present
method yielded exactly the same results (correct to 3 significant digits) for the two
cases (with and without symmetry plane). In contrast, the usual procedure of setting
the boundary coefficient in the equation to zerg (A  0) resulted in slightly different
results. Such errors, although insignificant in single-phase flows , can lead in the case
of two-phase flows to peculiar behaviour of the computed volume-fraction close to
symmetry-planes. It was later found that some aspects of the method developed here
had been used by others, for example by Harlow & Welch (1965) for Cartesian
meshes.

Fig. 3.12 represents a cell P adjacent to a symmetry plane boundary B, and the
corresponding reflected fictitious cell P .

» The reflection law for the velocity vectdr is that the tangential components
at P and P are the same and the normal components have opposite signs:

(3.92)

Here the velocity vector is decomposed into components normal and parallel to the
symmetry plane a8 = ,d+ ,d , wheaie ahd are the corresponding unit vectors.
From equation (3.92) it is possible to derive the velocity at péint P, as:

or.
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(Wp = (Wp — A y)dT, (3.93)

where the following relation is used:

., = U0 — un.

Equation (3.93) is the boundary condition for the velocity vector at a symmetry plane;
it is written in component form as:

U = Wb — 2U)ph
Vo = Ve — AU)ph (3.94)
Wp = Wp — 2 UJpN.

The velocity components at the boundary point B are obtained by interpolation, as was
done for the internal cells, viz.

U = 5(b+ W) = k- (Wph
Ve = :(Ww+Vp) = Vp— (U)ph (3.95)
W = 3(Wp +Wp) = Wp— (U)ph .

As an example, for a symmetry plane aligned with the x-axis=(n ,6s n 1),
equations (3.95) give the usual conditions:

U = W
VB = W — (U)p = O,

since
u, = d-n (3.96)
is here equal topv .
» The reflection law for a scalaf is obtained from (3.95) With)p &= 0,

yielding the simple result :

$g = Pp- (3.97)
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It is stressed that this expression should also be used for the pressure, instead of linear
extrapolation from the two interior cells closest to the plane.

In conclusion, the boundary condition at a symmetry plane is given by Eq. (3.95) for
velocity components and by Eq. (3.97) for all other scalars. After imposing this
condition, the cell is treated as any other internal cell in as far as the calculation of the
diffusion fluxes across the boundary face are concerned. It is noteworthy that with this
treatment, some stress terms in the momentum equations are introduced though the
boundary conditions at non-orthogonal symmetry planes. For example, the normal
stress term— 745/ r which appears in the radial momentum equation in cylindrical
coordinates is obtained within the Cartesian component equations from the boundary
conditions at the two symmetry planes delimiting the wedge used to model an
axisymmetric situation.

3-4-3 WALL

The wall boundary conditions may be derived in one of two ways: either by
assuming a localised Couette flow near the wall or by applying specific reflection laws
as was done for symmetry planes. The former approach is the usual and a derivation
can be found in section 3-3-5, leading to the following expression (see equation
(3.79)):

st = 20, (n(we+ W) — 20( b (3.98)

This is generalised to two-phase flow in a obvious way (as e.g. Ellul 1989), leading to
the following log-law treatment (Launder & Spalding 1973):

Define:
Yy = 6(0,C* vk ) /e

and compute diffusion fluxes as:

Doy = ((akakCﬁ'%Jkkp)/ln(Eé)) B, ify > 12,
or
Dur = (app,/6)B, if ¥ < 12.

The alternative derivation uses the following reflection laws for the wall (Fig.
3.13):
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(U)p = —(Wp ,
(3.99)

(Ur)p = —(W)p + 24y .

Compared with the corresponding laws for the symmetry plane (eq. 3.92), it can be
seen that the tangential velocity at P has the opposite sign and that the velocity of a
moving wallu,, is included. The factor 2 appears because the relation

(U)p = Uw) = = ((Wp = Uu)

has to be satisfied.
The velocity components at P are obtained in the same way as for the symmetry plane,
yielding:

U = — Wb+ 24
VP = — Vp + 2V, (3.100)
Wp = — Wp + 2W,.

Interpolation to point B gives:

g = 5(b+ W) = y
Vg = %(fo—i—Vp) = (3.101)
Wg = 3(Wp + Wp) = W,,

Thus the wall velocity is recovered as expected. The contribution of all fluxes across
cell-face B (on the wall) to the transport balance of cell P, can be simplified because:

« convective flux is zerou(, is parallel to the wall);
* [Au]alongwall plane: 01 for a rlgld Wa.”

With this simplification the whole diffusive flux given by relation (3.7) for direction
f = w becomes:

st = (2 (B(y — w) + BiB(u— u)
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Noting that the components of the normal vector are given by ry;/ B B and that
the diffusion flux defined as for internal cells (eq. 3.12) yields the same D used above,
ie.:

then the reflection laws (3.100) enables re-writing the wall source as:
st = 20,( = n(Wp+ wi) - 2D( Up . (3.102)

By comparison with the standard treatment (eq. 3.98, section 3-3-5), it is seen that the
term y, n appears with opposite sign. This is because in the standard derivation using
the Couette flow approximation (eq. 3.98), the normal stress at the wall is neglected.

3-5 CLOSURE

This chapter gives all details of the finite-volume numerical method used to
solve the two-fluid model equations. The base method is explained throughout section
1-2, where the relevant points of the discretisation are given and the algorithm is
derived. The sets of linear equations to be solved are (3.25) to (3.35).

When the drag forces are high, the base method is supplemented by the full
elimination scheme explained, tested, and compared with other possible variants, in
section 3-2. This improved version of the algorithm is more robust, enabling
convergence of difficult cases which would otherwise diverge. The required
modifications to the base method are small: the momentum equations are given by
(3.54) in place of (3.25) and (3.26); the pressure-correction coefficients are given by
(3.56) instead of (3.47).

The present finite-volume approach is based on the use of non-staggered
meshes, following the work of Rhie & Chow (1983) and Peric (1985). A key-point in
the use of the non-staggered mesh arrangement is the determination of fluxes at cell
faces by proper interpolation. A way to do this consistently was devised and is
explained in section 3-3. The final formulation for the face-fluxes is given by equation
(3.77), which is consistent in the sense of giving a solution which is independent of the
time-step used.

Different types of boundary conditions are encountered in the present work and
the way those are treated is explained in section 3-4. When the flow domain contains
more than one outlet, a special block adjustment procedure is implemented to ensure
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that overall continuity is satisfied (equations 3.88 3.90). At a plane of symmetry,
reflection laws were proposed (equations 3.95 and 3.97) and their validity checked by
obtaining the same values of the dependent variables there irrespective of whether the
whole flow domain was solved or only half of it. The same treatment was also applied
at the walls but with different reflection laws (eq. 3.100) so that the resulting sources
(3.102) in momentum are somewhat different from the ones arising from Couette
assumptions.

Results of the application of the described numerical method to practical two-
phase flow problems are reported in the next chapters.
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Fig. 3.1 Generic cell (P) and its neighbour (F) along face f.
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Fig. 3.9 Dependence of steady-state solution on the
under-relaxation factor URF (from Younis 1986).
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Fig. 3.10 Near-wall cell.
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Fig. 3.11 Treatment of outlet boundary.
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Fig. 3.13 Control-volume at wall boundary
with reflected cell and velocity.
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CHAPTER 4
AUXILIARY TECHNIQUES

In this chapter additional numerical techniques are presented which are
instrumental for solving the flow equations. Two techniques originating from finite-
element methodology were adapted to finite-volumes and are discussed first. One is
the system of indirect-addressing; its implementation in a new computer program, and
its effect on solver performance are described and assessed. The other is an algebraic
method for automatic generation of computational meshes based on isoparametric
transformations. Some methods to smooth mesh lines based on application of the
Laplace operator are tested and an improved version is proposed; this avoids the
problems of overspilling and unwanted smoothing of expanding mesh spacing. Finally,
a novel procedure to locate particles within arbitrary three-dimensional meshes is
described and tested. It is illustrated by tracking some pathlines of a T-junction flow.

4-1 INDIRECT-ADDRESSING

4-1-1 DESCRIPTION AND IMPLEMENTATION

Flow domains which can be viewed as composed by several connected parts,
enveloped by irregular boundaries and possibly with scattered regions of no-flow
(solid-obstacles, resulting in a multiply-connected region), are here called complex
domains. A computational mesh covering such a domain does not map onto a single
cubic space, but rather onto a set of connected cubes. To address cells in this sort of
mesh a system of indirect-addressing is more appropriate than the usual (i,j,k) system.
This is illustrated in Fig. 4.1, showing a two dimensional T-junction as a particular case
of a complex domain, and the two possible addressing schemes.

With indirect-addressing, indices of cell neighbours are stored in special arrays
called connectivities, which are prepared during the mesh generation process. No
special relation between indices of consecutive cells is required. This is to be compared
with strict order of the (i,j)-system, for which it is even possible to define a global
index, 1=(-1).N + i, ( N : number of cells along x). Thus, an advantage of indirect-
addressing is the absence of pre-determined index ordering, which eases the task of
generating a mesh by domain decomposition. The main advantage of indirect-
addressing is the reduction of the number of cells in a mesh, for a complex domain as
Fig. 4.1 shows; with this system, 26 cells only cover the T-junction. This is to be
compared with the normal addressing system which requires a total of 54 cells, 28 of
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which are inactive. Hence, indirect-addressing brings about economy of computer
memory and running time. Its use is also inevitable when unstructured meshes are
required, as shown below (Fig. 4.2) in two examples of local-refinement of a mesh
covering a channel. The present work does not however exploit such unstructured
mesh configurations.

The disadvantages of indirect-addressing are:

. more effort during the mesh generation stage, namely to set up all the
required connectivities;

. the organisation of the code becomes more intricate;

. additional computer memory taken by connectivity arrays; this is largely offset
by the memory gains mentioned before;

. for non-complex domains, the CPU time is somewhat increased due to the
accessing-time of connectivities.

The way in which indirect-addressing has been implemented is described next.
Neighbours of a cell are addressed through cell-connectivities . These are arrays

giving the index of any cell neighbour(l ), along directibn , from arbitrary cell P
(index ),

Il = Ls(lp), (4.1)

with 1p=1,...,NCELL (NCELL= total number of internal cells). There are six cell-
connectivities for the six directiong,=1 ,6.., fdr <,+ ,9,€ £,+ , where , mand

are local (cell-based) coordinates. Cells that lie on the domain boundary have negative
indices, and are called boundary cells.

The vertices (called “nodes” in finite-element terminology) of each internal cell
are addressed through the nodal-connectivities,

where N is a global index for vertices (N=INODE, NODE=number of vertices),
andn 4 ,..8 is a local index defined as in Fig. 4.3.

Identification of boundary cells requires special boundary connectivities, so that
the adjacent internal cell can be known from a local boundary-cell index:

lp = LB (lg,), (4.3)
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where |, is an index local to the boundary, wigh | =1,..,NBND , NBND is the
number of boundary-cells on boundary with orientatfon , and there is a total of

6
NBND=}"NBND;, boundary cells. Fig. 4.4 clarifies this addressing. Note that the
!

global index of boundary-cell B must be determined from the usual cell-connectivity
as:

lg = Ly(lp), (4.4)

and k is a negative integer.
To facilitate the imposition of different types of boundary-conditions, the
boundary type is marked and stored in an appropriate array, as:

T = ITYP(l}), (4.5)

with 15=1,...,NBND. For examplel =1 for inlets, 2 for outlets, 3 for symmetry planes,
4 for walls, etc... for other types.

An assessment of the extra memory required for indirect-addressing in a
computer program can now be done. As compared with an equivalent program with
i,j,k ordered addressing, 14 new arrays of dimension NCELL are needed (6+8, for cell
and nodal connectivities, respectively), excluding boundary arrays. These arrays are
integer, requiring half of the memory of a double-precision array (1/4 in some
computers). Furthermore, the present implementation of indirect-addressing does not
require storage for over-boundary planes in all arrays (including coefficients and
auxiliary arrays). This isdrause boundary cells are addressed only when necessary,
using the boundary connectivities referred to above. For example, in standard i,j,k
programmes the coefficients of the linearised equations are dimensioned as
A(NI,NJ,NK), but the storage for i=1 and NI, j=1 and NJ, and k=1 and NK (called
over-boundary) is not used at all. Hence, with indirect-addressing the memory increase
for storing connectivities is balanced by the absence of over-boundary storage in many
real arrays. A comparison of two equivalent 3-D codes shows that one with indirect-
addressing uses approximately the same memory for small three-dimensional meshes
(with up to 18 =3375 cells). If double-precision is used (as is most done in the present
work), the code with indirect-addressing needs less memory for meshes with tp to 30
cells, and more memory for finer meshes. For example, indirect-addressing requires
5.6% less memory with a 20 mesh, and only 5.4% more with a fine 3-D mesh having
40° cells. These figures are based on cubic meshes (the worst case for indirect-
addressing) and a program using 38 real arrays.
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4-1-2 CONSEQUENCESOF INDIRECT-ADDRESSING ON LINEAR-
EQUATION SOLVERS

At every time-step (or outer iteration), sets of linear equations for each variable
(see section 3-1) must be solved. The solvers used in this study are of the conjugate-
gradient type:

. ConjugateG radierse ymmetric (CGS), for the symmetric pressure equation;

. Bi-ConjugateG radient (BCG), for all other sets of non-symmetric equations
(momentum and transport equations for scalars).
CG solvers were chosen because indexing multiply-connected (non-cubic) meshes
results in coefficient-matrices without well-defined bands. Hence, solvers making use
of bandedness of the matrix, such as the tri-diagonal algorithm (TDMA) or the method
of Stone (1968), are excluded. CG solvers without pre-conditioning are completely
independent of indexing order, but are slow to converge (see Meijerink & Van der
Vorst 1977, 1981); some evidence of that is also given below. Pre-conditioning is
therefore necessary for efficient operation, but this will bring into play ordering effect
on the performance of the solver. In what follows, two types of pre-conditioning and
influence of ordering are studied.

Two types of pre-conditioning have been tried, symmetric successive over-
relaxation (SSOR, Fletcher 1976) and the approximate LU decomposition (Meijerink
& Van der Vorst 1977 for CGS; Mikic & Morse 1985 for the BCG). Their
performance has been assessed by solving a simple flow problem and comparing the
computing time and the number of iterations required for convergence. The problem is
that of a steady, two-dimensional, laminar, channel flow, with a Reynolds number of
1000 and an aspect-ratio of 10/1, solved with the SIMPLE algorithm (under-relaxation
factors ofw, =0.75 for velocity, and w =0.25 for pressure) on a uniform mesh of
15x15 internal cells. Convergence was assumed when the maximum normalised
residual of every variable fell belolv =10 . Also, at each outer iteration, the linear
sets of equations are iterated until the ratio of the final-to-initial residual fall below a
given tolerance ~( =0.05). This procedure of stopping the inner-iterations (Van
Doormaal & Raithby, 1984) has been found to be more effective than fixing them to a
pre-determined number, and is used throughout this work.
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The results were:

Solvers CPU Iter. Inner-iter. P it.
(sec) U \Y P
1 BCGSSOR 345 25 74 74 1126 45.0
2 BCGLU 163 25 55 55 211 8.4
3 BCGSSOR+ICCG151 25 72 77 212 8.5
4 BCGLU+ICCG 143 25 55 55 211 8.4

P /it=average number of inner-iterations for pressure, per outer iteration;

CPU based on APOLLO 3000;

BCGSSOR= BCG solver with SSOR pre-conditioner;

BCGLU= BCG solver with incomplete LU pre-conditioner;

ICCG= CGS solver with incomplete-Choleski factorisation mrdiioner (for pressure equation only).

From the first two rows, it is evident that the LU-preconditioning is much more
effective than SSOR, mainly in solving the pressure equation. This is apparent from the
much higher number of pressure inner-iterations required by solver 1 as compared with
solver 2.

Therefore the LU pre-conditioner should be used for the pressure equation. Solvers 3
and 4 both use a form of LU-preconditioning for the pressure equation, and the
comparison of CPU times shows that using BCGLU for the momentum equations still
requires less time than using BCGSSOR. This improvement is brought about by a
reduced number of inner-iterations to solve the u and v momentum equations.

The solver based on incomplete Choleski factorisation (ICCG) is equivalent to the one
based on the LU factorisation (BCGLU), as revealed by the equal number of pressure
inner-iterations for solvers 2 and 4. However, ICCG requires less computer work
because is based on the fact that the matrix is symmetric. Hence the total CPU time for
solver 4 is less than for solver 2.

The number of (outer) iterations is the same for all cases, indicating that the linear sets
of equations are solved to an adequate tolerance ( =0.05).

The conclusion from the table and remarks above is that the pressure equation should
be solved with ICCG and all non-symmetric, scalar transport equations with BCGLU.
This conclusion is based on the particular problem chosen as test case, and on a fairly
coarse mesh. Our experience from other problems shows that the same holds for finer
meshes. Notice that the test case is a non-linear one, but it can be seen as a succession
of linear problems (at every outer iteration). Hence, its use to test linear-equations
solver is justified.

For the LU pre-conditioner to cope with arbitrary ordering of cell indices,
special care is required when computing matrix multiplications. It is essential not to
rely on an assumed structure of the coefficient matrix, such as assuming that the
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coefficient linking a cell to its neighbour on the left wilaessarily lie on the left-hand
side of the main diagonal. A set of linear equations Ax=b, is pre-conditioned with LU
by approximating matrix A byNA =LD' U, where the lower, upper and diagonal
matrices are based on:

1) Diag(L)=Diag(U)=D,
2) off diagonal elements of L and U = corresponding part of A,
3) Diag(LD ! U)=Diag(A).

With these rules the diagonal matrix D is constructed by the algorithm,

Di = A; — Y AzALD.L

k<i

and the summation must be computed exactly as written above, without relying on any
assumed structure of matrix A. That is, one has to look for all coefficients on one side
of the main-diagonal. The other operations involved in backward and forward
substitution of the system (LD U)z=r, where r is the residual vector, must follow the
same principle. A modified version of the BCGLU solver, incorporating these
principles, will be denoted by BCGLU-M. Identically, a modified version of ICCG is
denoted by ICCG-M.

The following three test cases were conducted to assess the behaviour of the
modified BCGLU under different ordering of cell indices.

1- Random interchange of indices between pairs of cells; the problem is again a
channel flow, 15x15 mesh, but with Re=100. Without the mentioned modifications, all
solvers end up failing after a few indices are randomly inter-changed.

The results with BCGLU-M were:

Number of CPU It. Inner-it. - P it
re-ordering (sec) U V P
10 315 54 101 106 459 8.5
2 12 364 54 107 113 720 13.3
3 50 764 53 115 116 2896 54.6
4 0 (no precon?) 643 53 101 106 6836 129
5 50 (no precont) 668 53 115 116 7000 132

Notes:t number of pairs of cells whose indices were interchanged,;
T pressure equation solved with CGS without pre-conditioner;
* maximum number of inner iterations (150) often reached.

The table shows that the CPU time to obtain a converged solution increases as more
and more indices are randomly interchanged. The main factor appears to be the
increased number of inner-iterations needed to satisfy the pressure equation to the
specified tolerance~y( =0.05). When no pre-conditioning is used for the pressure
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solver, the performance is, as expected, little affected by the ordering (compare 4 and
5); this is because ordering only affects the pre-conditioning operations. The
differences between 4 and 5 are due only to ordering effects on the momentum solver.
However, a comparison of 1 and 4 reveals that the absence of pre-conditioner in the
pressure solver is highly penalised (15 times more pressure inner-iterations). The
increase in CPU time is less accentuated because the pre-conditioner is the most time
consuming part of the CG solver. For this reason, case 5 takes marginally less time
than 3, when 50 cells indices were inter-changed. Nevertheless, without pre-
conditioner the pressure residuals at many iterations are not reduced below the
specified level, and this may cause divergence.

2- Interchange of two well-ordered blocks forming a channel flow mesh (see
Fig. 4.5). The mesh is generated using two blocks (section 4-2). In case | the cells are
numbered consecutively from 1 to 150 in block 1, close to the inlet, and then from 151
to 300 in block 2. In case Il the two mesh-generating blocks were inter-changed, so
that the cells close to inlet are numbered from 151 to 300, and from 1 to 150 in the
block close to the outlet. Naturally, the resulting flow field is independent on the way
the mesh is constructed, but the solution path may differ because case | and Il have
different coefficient-matrix structures owing to the indexing change. Solution times
and number of outer and inner iterations were:

Case CPU It. Inner-it. - P it.
(sec) U \Y P

I 462 55 104 109 614 11.2

I 460 55 104 110 615 11.2

For this test, the performance of the solver appears to be unaffected by the re-ordering
of the mesh.

3- Four ordering arrangements in a mesh for a two-dimensional, laminar
(Re=100), T-junction flow. The different cell-indexing arise by interchanging the
blocks used to build the mesh (Fig. 4.6). Each block has a rectangular 15x15 mesh,
uniform in the cross-stream direction, and expanding from the junction zone to the
extremities. Results with the BCGLU-M solver for all variables were:
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Case CPU It. Inner-it. ~ P it.
(sec) U \Y P

I 1204 47 95 98 556 11.8

I 1221 47 121 94 556 11.8

11 1245 48 97 98 584 12.2

\Y 1229 47 123 97 561 11.9

Again, CPU time and inner-iterations are little affected by these changes of indexation.

CONCLUSIONS:

. LU has been shown to be a more efficient pre-conditioner than SSOR, for
using in conjunction with BCG and CGS solvers;

. pre-conditioning with LU brings ordering effects into the CG solvers, and
modifications of matrix multiplications are required to ensure convergence;

. after these modifications the solvers (BCGLU-M and ICCG-M) are almost
insensitive to re-ordering of the mesh by inter-change of mesh-blocks; extreme
situations, when many pairs of cell indices are randomly interchanged, lead to a
deterioration of the performance of BCGLU-M and ICCG-M, mainly with an increase
in the number of inner-iterations to solve the pressure equation.

4-2 MESH GENERATION

Automatic means of generating computational meshes are required for complex
flow domains. Fig. 4.14 illustrates a complex domain, a T-junction formed by two
intersecting cylinders. Generation of a mesh inside this body is not straight-forward.
The task of mesh generation is to determine automatically the position of all nodes
forming a mesh in a domain of any complexity, and to prepare all the connectivities
referred to in 4-1. The position of the nodes is specified by their Cartesian coordinates.
For a mesh generation method to be useful, it should also require the least possible
amount of work from the user.

There are two main mesh generation techniques: the body-fitted system based
on solution of Poisson equations (Thompsotmal. 1982), and the transfinite mapping
based on solution of algebraic equations (Gordon & Hall 1973). The method
developed falls in the latter category, where the transformation function are the
isoparametric functions used in finite-element methods.

In what follows, a method to generate block-structured computational meshes,
suitable for a control-volume based computer program incorporating indirect-
addressing, is presented. It is based on a two-dimensional, finite-element mesh
generator reported by Fernandes & Pina (1978), which was adapted to finite-volume
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(the connectivities are different) and extended to three dimensions. The method is first
described in broad terms, and theoretical details are then given. Examples of meshes
generated with it are also shown.

4-2-1 GENERAL DESCRIPTION

The basic idea of the method is to sub-divide a complex flow domain in several
simpler sub-domains (called blocks), to generate a mesh inside each block, and finally
to merge all block-meshes into the final computational mesh. Because the shape of
each block is simple, they can be mapped onto a cube on a transformed gpace ( , , ),
where a mesh can easily be fitted and then transformed back to the physical space
(x,y,2). This transformation is done with isoparametric quadratic functions, which are
detailed and discussed in 4-2-2. Blocks are defined by the Cartesian coordinates of
their vertices and mid-edge points, following the local indexing of Fig. 4.7 which is
relative to an arbitrarily defined ¢ ¢ , )-frame. The orientation of this frame must be
the same for all blocks, so that each ofghe , ¢and direction is continuous from one
block to the next, otherwise a non-structured mesh would result.

The mid-edge points in Fig. 4.7 allow for curvature of domain boundaries. An
example is given in Fig. 4.8, where a mesh is generated inside a circle. If the
boundaries are straight, these points can still be used to control mesh distribution along
the edge, as in Fig. 4.9.

The process of generating a mesh is therefore a sequence of two steps:
1- A mapped mesh is created inside a block.
2- This “block-mesh" is merged with the already created mesh for the adjacent
block.

These steps are repeated for each new block until the complete mesh is
obtained. Fig. 4.10 illustrates the division of a T-shaped domain into 4 blocks, defined
by the coordinates of the points marked “0", and the resulting mesh. Note that the Tee
is not mapped onto a square but each individual block is.

When the block meshes are merged, a check is first made to find which nodes
of the newly formed block-mesh coincide, in the physical space, with nodes of the
adjacent block-mesh. All information relating to the coincident nodes are then merged
into one node. This entails a compression and re-ordering of arrays containing node
and boundary connectivities. Every node at the interface between two block-meshes
must belong to both of them and must, therefore, undergo a merging process. For a
“proper merging”, the number of cells and expansion factor in both sides of the block
interface must be the same, ifsstrated in Fig. 4.11. Otherwise, in most cases, an



-133-

error flag will be activated denoting that the inbed merging is not proper. For some
cases, only visual inspection or node and cell count (these are known beforehand), can
reveal an imperfect mesh.

Once the overall mesh is generated, the cell- and additional boundary-
connectivities are set up, together with auxiliary geometrical quantities like
interpolation-factors and cell volumes.

4-2-2 BASISOF TRANSFORMATION

Here the transformation functions are formulated and the process to generate
the mesh inside a block is described. This corresponds to step 1 referred to in 4-2-1.

The physical domain D is defined in the physical Cartesian (x,y,z)-space and
subdivided in several blocks,D , such that LkD): D . Each block can be mapped onto a

unit edge cube existing in thé# ¢ , )-space. Relatively to this frame, the 20 points used
to define each block( . x .y ,Z n,=1 89 ) are indexed as in Fig. 4.7.

The transformation functions are the isoparametric quadratic functions, widely
used in finite-element methods (Zienkiewicz & Irons 1970). This choice is based on the
relatively simple form of these functions, which are well suited to 6-faced cells, and
also on the fact that they can be defined with a few points on the boundary of the
domain. The expressions of these functions are:

N,¢ng) =
= 3 (I &O( M n,m( H 60O E+nn+ .6~ 2) (for corner nodes)(4.6)

N, (&,

,C)
(1-&)( T nn( (.0 (for mid-edge poisy =9, = ¢, +=( 14.7)

FNTENE

Similar expressions exist for the other mid-edge nodes. The transformed cube has
double-unit edge and the origin of then(¢, , )-frame lies at its centre (Fig. 4.7). The

corner nodesp. =1,3,5,7,9,11,13,15, are situated, respectively, atp( =4, =-1, =-1),

(£=+1p=-1{ =-1), etc. From these expressions it is clear that the transformation

functions take the value 1 for the node in consideration, and O in all other nodes
defining the block. It is this property which ensures that an edge or a face of the

original block will be an edge oade of the transformed cube.

The transformation (x,y,z2» £(n ¢, ) is given by:
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X = %O: N.(En£) %  (and similarly for y and z), (4.8)

n

which, after replacing N by its expression, can be written under the general form

x;=fi(£;).

With these relations the process of generating a mesh inside each block may be
illustrated by a sequence of figures (Fig. 4.12, where 2-D is used for clarity), and
described as follows:

1) Define the physical block, i.e. specifyx =1 2®

2) The block in the transformed space is a cube with double-unit edge (in two-
dimensions it is a square).

3) Generate the mesh in the transformed space using simple expressions. For
example, in 2-dimensions, for a uniform spacing:

& = (i—DA¢  (i= 1, NX+ 1),
n; = (—DAn (= 1,NY+ 1),

with A¢é=1/NX, An=1/NY; NX and NY are the number of cells in the gnd
directions, respectively. A geometrically expanding mesh is implemented as
A& 1=A¢.RX, where RX is the given expansion factor (identically for the other
directions).

4) Transform the {n,¢, ) back to the original physical space. For example, the
point (i,j) of the mesh created in step 3) is transformed to:

8
Xij = 2}1 N, (& ;) %

8
Yij = ;Nn(gz ;) Yo -

The way to generate a mapped mesh inside each block has now been explained.
This section is closed with two relevant comments:

1- The transformation functions (4.6) and (4.7) are quadratic in x, y and z; as a
consequence they are able to fit exactly a parabolic function. If one wants to fit a circle
using just one block, then 8 equally spaced points may be used to define the block (Fig.
4.8). The resulting figure is not exactly a circle, although visual inspection can hardly
distinguish the two, the error being less than 2%. To improve the accuracy of the
fitting more blocks may be used to define the domain, since any curve can be piecewise
fitted with parabolas.
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2- Curvature of cell faces is more difficult to fit, as opposed to curvature of
edges mentioned in the previous point. This is because the blocks do not have nodes
situated at the middle of its faces. In a practical application, this curvature has to be
tested by trial-and-error, and is controlled by the curvature of the edges of the given
face.

4-2-3 EXAMPLES

Examples of meshes generated with the method developed here are given in
Fig. 4.13 and Fig. 4.14 for a three-dimensional plane and three-dimensional pipe T-
junctions. In Fig. 4.14 the sub-division of the physical domain in blocks is shown on
the left. The points represented on these blocks are the input data required by the mesh
generation program. On the right, the final mesh is shown. All the information about
the mesh is stored in a file, which is subsequently read by the fluid-flow program.
Hence, mesh generation is a pre-processing task, which is decoupled from the main
calculations, and so allowing for more flexibility.

An Example of a mesh generated inside a circle has already been mentioned
(Fig. 4.8).

4-3 MESH SMOOTHING

The computational meshes generated by the method given in 4-2 may, for
certain given domains, result in acute angles between grid lines, which are undesirable
since the accuracy of flow predictions isnthished (Pericl985). Smoother grid-lines
can be obtained by applying the Laplace operator to the nodal coordinates, which is
equivalent to substituting each value by a simple average of surrounding values. The
idea of using the Laplace operator to smoothing computational meshes is well known
(Thompsoret al . 1982; Wilson 1986) and is here developed and applied. Some simple
methods are first described and their effect on meshes is shown. Two shortcomings of
the original scheme (overspill and unwanted smoothing of expanding meshes)
motivated this investigation which led to an improved version. Finally, the idea is
extended into an alternative method for mesh generation, which is particularly suited,
and easy to apply to round-pipe T-junction.

4-3-1 SEVERAL SIMPLE METHODS

Several methods of smoothing are here presented; they are variants of the same
simple application of Laplace operator to the nodal coordinates; each has different
features designed to improve the smoothing process. The nomenclature to denote
mesh points (nodes, or corners of cells) is similar to the one used for cells, see Fig.
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4.15. Differences of coordinates are represented,as Xx§¢ €.gn¥ 3 Y, and actual
Cartesian lengths are denoted , &.g. =dist(P,E). Nodal components are represented
with capital letters (X,Y,Z), to avoid confusion with the Cartesian coordinates.
Methods and examples are given in two dimensions for brevity; extension to three
dimensions is straightforward.

Method 1: Application of Laplace operator in the transformed space to each
nodal coordinate, as

2 2

St =0

o (4.9)
o+ 2 =0

These equations are solved numerically after discretisation od ¢he ( , )-mesh, which is
uniformly spaced; the second order derivatives are represented by central-differences.
An iterative solution procedure, the successive over-relaxation (SOR), is used here and
for the other methods. The resulting expressions:

Xp = Xp + f (Xw—i—XE—i—X s+ X y—4X ﬁ,
(4.10)
Yp = Yp + f (Yw—i—YE—i—Y st+Y n—4Y ﬁ,

show the well-known fact that coordinates of point P are a simple average of the ones
of the four points around, if the relaxation factor is set to one.

Method 2: The Laplace operator is applied in the physical space, instead of
transformed space as before. With this, non-uniformities of the mesh can be captured.
The equation for X is (similarly for Y):

2 2

o+ =0 (4.11)
and the second derivatives are now discretised as follows,

X 1 X X

o= 2 (2. - (2),),

with o6xp = X, — X, = (6% + 6%,)/2, and @ XO x) = (X — Xp)bx . After re-
arrangement, the final equation ready to be solved with SOR reads

Xp = Xp + 2 (xE+ Xwl, + A(Xn+Xg3,) — BX F) (4.12)
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where the coefficients are given by:

By = 6%I0%,,

B, = 6Yul6Y:,

ot = %oy, (4.13)
a = 0%,

A = @) (1),

B = (1+4,)1ta"a ).

Note that for a uniform mesh all these coefficients become equal to one, except “B"
which becomes 4, and method 1 is recovered.

Method3: As method 2, but the coefficients ( ¢5, ,s, A and B) are computed
at iteration one, and fixed at those values. In method 2, the coefficients change as the
iterative application of SOR-sweeps proceed.

Method 4: As method 3, but with different coefficients. Instead of the
differences of coordinates used in Eq. (4.13), the actual lengths are used:

B, =LA, = B,
B, = l.h, = B,, (4.14)
at = Ih,,
a = Ik,

These lengths are calculated as usual,lg;g.\/( E— Xp)2 x( g—-Y p)2 Y

This method can be viewed as an application of the Laplace operator in the
transformed space, but keeping distances as in the physical space. One way of writing
this, is:

PX 42X — 0 (and similarly for V). (4.15)

12
8'5

4-3-2 ASSESSMENTOF THE METHODS

Assessment of the methods described above is done by applying them to some
meshes which were previously generated with the procedure of 4-2. The smoothing
program reads the coordinates of the mesh nodal points and all connectivities, and
starts the iterative algorithms defined by Egs. (4.10) or (4.12). During the smoothing
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procedure, nodes situated on boundaries are not allowed to move. Iterative smoothing
will proceed either for a prescribed number of iterations, or until the SOR method
converges. Convergence is here assumed when the residual of Egs. (4.10) and (4.12)
(term between brackets on the RHS), divided by its initial value, falls belotv 10

Method 1 is the simplest and the only one reported in the literature (Thompson
et al. 1982). It has two drawbacks, it smooths meshes which purposely have a non-
uniform distribution of nodes, and if smoothing is carried for too many iterations some
nodes may fall outside the original domain (overspill). The first drawback is illustrated
in Fig. 4.16, for an expanding channel mesh, and Fig. 4.17, for a mesh inside a square
with nodes concentrated near two intersecting walls. The meshes obtained after
smoothing with method 1 are not what it is desired. This problem led to development
of method 2 (and, consequently of 3 and 4), which when applied to the same meshes of
Fig. 4.16 and 4.17 gives the desired result: no changes occur.

The second drawback of method 1 is illustrated in Fig. 4.18 a), where
smoothing of a mesh over a triangular obstacle is shown. The node close to the top
vertex of the triangle falls outside the domain after a few iterations, which is an
unacceptable situation. With method 2 the mesh linksot cross the boundary, but
tend to concentrate over it. The part of the mesh over the triangle tends to become a
rectangular uniform mesh. Again, as with method 1, the resulting mesh is not
acceptable and this led to development of method 3. Method 2 fails because the
coefficients in Eq. (4.13) are allowed to change with the mesh as the smoothing
proceeds. The remedy is to compute those coefficients at the first iteration and fix
them, as in method 3: the resulting mesh shown in Fig. 4.18 c) has the desired smooth
gualities, and no spill of nodes close to the triangle vertex.

Method 3 works well for the mesh in Fig. 4.18, but inspection of the
coefficients given by Eqgs. (4.13) reveals a subtle weakness: the method depends on the
Cartesian reference frame. It is clear that the final smoothed mesh should be the same
irrespective of the reference frame used to define coordinates of nodes; that is, a
smoothing method must be invariant to rotation and translation of the reference frame.
Also, if Eq. (4.12) is seen as an interpolating expression to obtain X from the four
values around, then boundedness can be assured only if two rules are respected: the
coefficients must be positive and sum to unity.

To test these issues, the mesh of Fig. 4.18 was rotated by 45 degrees and then
smoothed by methods 1, 2 and 3. The results of Fig. 4.19 shows that method 3 gives a
different mesh, as expected. Method 1 is clearly invariant to reference frame (see Eq.
4.10), and possesses the desired interpolation rules (the 4 coefficients are 1/4 and sum
to 1). If the rotation angle is increased to 60 degrees, Fig. 4.20, then methods 2 and 3
diverge quickly.
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If the differences of coordinates are replaced by distances between nodes in the
coefficients (4.13) then all the desired properties are obtained (this gives method 4):

. coefficients (4.14) are independent of the (x,y)-frame because distances are
invariant;

. all coefficients are positive;

. the four coefficients sum to unity (see 4.12 - 4.14),

(L6
L+B:+(ata) ﬁ (1+8,)

(UB)+(B: IBY+(AB)+(AG/B) = —— 1 5giar— = L

Figs. 4.18 d) and 4.20 a) show indeed that the same mesh is obtained after applying
method 4 to the unrotated and 60 deg.-rotated triangular mesh.

4-3-3 EXTENSION OF THE IDEA TO GENERATING MESHES

A novel and elegant way of generating complex computational meshes is
proposed here. The main objective is to generate a mesh inside a round-pipe T-junction
in an easier and more flexible way than the methodology of 4-2. From Fig. 4.14 it
appears that the definition of blocks for that methodology is not a simple task and
requires considerable ingenuity and preliminary analysis. If the diameter of the pipes is
changed, or the ratio between side and main diameter is altered, then more work is
required to define the new blocks. The method presented herein starts from a mesh
generated by the methodology of 4-2 inside a simpler geometry: two intersecting
square prisms, a situation where it is easy to define the blocks. The boundary nodes of
this mesh, lying on the lateral sides of the prisms, are then moved from their initial
position (over a square, in a cross-section) onto the desired cylindrical shape (over a
circle, in a cross-section). Finally, this stretched mesh is smoothed with the help of the
methods given above until a convenient mesh covers the T-junction.

The described procedure is demonstrated with the help of two-dimensional
examples. Fig. 4.21 a) shows an original square mesh generated with the method
developed in 4-2 (or any other means). The square boundary is then stretched into a
circle, Fig. 4.21 b), where the option is taken of keeping the nodes on the circle to be
uniformly spaced. The smoothing method-4 is applied to this mesh, with the precaution
of basing the coefficients (4.14) on the original square mesh (Fig. 4.21 a); for this case,
this is equivalent to using method-1. Fig 4.21 c) shows the final smoothed mesh, which
is very similar to the one generated by methodology 4-2 in a circle (Fig. 4.8).
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For applying this procedure to the three-dimensional T-junction, one has to
make sure that the stretching of a square into a circle, in the plane of the junction
between the two original prisms, will not result in an overlapping mesh. This could
happen because the original stretching of the square into a ciliclaove nodes
beyond the next row of nodes, and it is not evident that the smoothing method will
displace these overtaken nodes out of the circle again. This is better understood from
the example that follows. Fig. 4.22 a) shows a mesh which could exist at the interface
between two prisms forming a Tee (Fig. 4.22 d). The marked square, which would
delineate the cross-section of a T-junction's side-arm, is stretched into a circle as
shown in Fig. 4.22 b). It is seen that some nodes have been “over-taken" by the circle,
and they must be pushed out of it by the smoothing technique. This indeed happens, as
shown in the final mesh after smoothing with method 4 (Fig. 4.22 c).

From the considerations above, the new mesh generation procedure can be
summarised as:

1- define simpler shapes (preferentially square prisms) enveloping the desired domain;
2- with method 4-2 generate a mesh inside this original domain (preferentially
composed with connected square prisms, thus requiring little work to define the blocks
needed by method 4-2);

3- move the boundary nodes of the original mesh into the position defining the
boundary of the desired domain; usually, this can be done with simple transformation
rules;

4- smooth this stretched mesh (which has the desired boundary shape, but whose
nodes are very badly distributed) using method-4 of 4-3-2, with coefficients (Eq. 4.14)
based on the mesh of step 2.

4-4 PARTICLE TRACKING PROCEDURE

This section addresses the problem of locating a particle within an arbitrary
finite-volume mesh and interpolating field values, known at mesh nodes, to the particle
position. For this, a novel method is developed which, given the particle position
P = (xp,yp,zp) and a computational mesh (% .,y ,2%  1,NODE, generated by
method 4-2, for example), will provide answers to:

a) locating the particle: in which cell is the particle?

b) interpolating values at the particle position: what is the value of any variable
(velocity, temperature, etc) at point P, given its values at mesh nodes?

L . =0 : =
If the particle is moving, say from poift (cell location known) to p&int

(unknown cell location) with the restriction that these two points are not separated by

more than a row of cells, then the method also gives an approximate indication of the
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cell containing poin® . This property is also helpful in deciding on which cell to look
next, if the particle is not in, but is close to, the cell first checked.

4-4-1 THE NECESSITY FOR INTERPOLATION, POST-PROCESSING
AND LAGRANGEAN CALCULATION

Interest in locating and tracking “particles” (considered here in general a sense)
is important in a number of areas, such as:

» Lagrangean calculations, where a dispersed cloud of drops or solid particles
interacts with a continuous surrounding phase; e.g. modelling of Diesel sprays, particle
laden jets, etc;

» Generation of streamlines for three-dimensional flows to enable visualisation;
here fluid particles are followed;

» Automatic generation of graphic profiles from computed nodal values on a
complex 3-D mesh; here a line is defined across the mesh and, at specified points along
it, variables are interpolated from mesh node values.

In the present work, the tracking procedure is used for the last two purposes.

Notice that the present method is not concerned with the way the particle
position is obtained. This position (X, y and z coordinates of point P) may be obtained
in several ways, depending on the problem and particle types considered. The position
will also evolve in time in several different ways. For example, if a drop in a spray is
being followed, then its position is determined by solving the dynamic and kinematic
equations of motion. If, on the other hand, the interest is on determining the
streamlines of a flow field, then it is enough to solve a kinematic equation (such as
u = dx/dt), starting from several chosen initial positions, and using an appropriate
time-step to advance the particle position along a streamline. For graphic purposes,
“particle” positions are pre-determined to cover uniformly the field in question, so that
profiles or contours may be obtained by interpolation.

After the particle position is known, then the present method can be applied to locate
the particle within the computational mesh.

Procedures for locating particles on two- or three-dimensional Cartesian
meshes are straightforward, since the cells are delineated by planes normal to
coordinate directions, thus enabling a separate search along each coordinate direction.
Some curvilinear orthogonal coordinates are also easy to deal with, such as cylindrical
and spherical coordinates.

However, for arbitrary meshes this simplicity is not obtained, even for 2-D
cases as Fig. 4.23 illustrates. It is noecessary to determine the location of the
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particle relative to all 4 edges to find out whether it falls inside the cell or outside it.
This is usually done with geometrical reasoning (for example, for the case of Fig. 4.23
it is necessary to check that all vectorial prodd@s: 1P 23x 2P , etc, are positive),
and becomes very cumbersome in three dimensions. In this case a cell face may not
even be a plane, complicating the geometrical approach. Examples are given by
Gosman & Peric (1985) in two dimensions, and Amsderal . (1985) in three
dimensions.

Find the particle location solves only half of the problem; it still leaves the task
of field variable interpolation from mesh values to the particle location. This is usually
based on interpolation methods for non-grided data (Jensen 1972; Perrone & Kao
1975; Liszka & Orkisz 1980), where nodal values are fitted by an assumed variation.
For example in two dimensions the surface:

p = A+ Bx+ Cy+ Dxy

may be used, where the constants A to D are determined from the known ,s at the 4
nodes. In 2-D this entails the inversion of a 4x4 matrix,

p = A+Bx + Cy + Dx vy,
p = A+ Bx + Cy + Dx vy,

(....)
that is,

{#} = [Ay] {Coef} = { Codf = [ A]{4} . (4.16)

In three dimensions, these matrices become 8x8 (or 7x7 if the origin is placed at one of
the cell vertices), and have to be inverted for each cell in the mesh. Since these
inversions are usually done by LU decomposition, it means that every variable will
require additional 8x8 matrix inversions.

The method developed here solves the problems of locating the particle and the
interpolation simultaneously. It is based on the isoparametric interpolation functions
(already used in mesh generation, see 4-2), which transforms each cell in the physical
space into a well-behaved cubic cell in a transformed space. If the transformed
coordinates{n ¢, p of a particle can be determined, then it is easy to check whether
the particle is inside the cell (4 £ < 1,...) and to obtain interpolated values (as in 4-
2). The way to obtair¢(n,¢, ) and details of the method are given below.



-143-

4-4-2 THEMETHOD DEVELOPED
The tri-linear isoparametric functions (Zienkiewicz & lrons 1970) applied to a
6-faced cell with the local node-indexing given in Fig. 4.24 are:

N.(€m$) = g (1+ £6(1+ n,m)( 1+ ¢.0) (4.17)

where thet, 5, and, take the values 1 corresponding to the node in question
(n=1 to 8). Equation (4.17) is different from Eq. (4.6) used in the mesh generation, in
that mid-edge points are not considered here. Cells are not restricted to be 6-faced,
and collapsing shapes are allowed. Any varigble (x,y,z), with known values at the 8
nodes ¢, » =1 .8 ), can be expressed at any other point as:

8
¢(X,y,2):5€né):;|\k€n€)¢n, (4.18)

whereg represents the same variable in the transformed space. The same expression
holds for the Cartesian coordinates of any point P:

8
Xp = ;Nn(ipﬁpgp)' X

8
Yp = ;Nn(ipﬁpgp)' Yo s (4.19)

8
Zp = ;M@PWPQP)' % .

Hence, given the physical coordinates of a partile, p =¢x sy ,z ), equations (4.19) can
be inverted to obtain its transformed coordina&s,gpg& ¢p , ), and then (4.18) can
be applied for interpolation purposes. Knowledge_épof will answer all the previous

guestions:

a) location: the particle is inside the cell if, and only#, <1 ¢n(C,p, ¥ + 1;

b) interpolation equations (4.19) can be applied readily to find the required value;

) nextpositiorn if the particle is outside the cell, its relative position is
determined by§n, ¢, p) ; for examplegf =1.5 and bgth &nd are lesstthan 1,
then the particle is probably in the “east” cell (i.e. the adjacent cell iné&he +
direction).

The task therefore is to devise a method to solve the set (4.19), in order to_éobtain
The developed iterative method is described below.
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ITERATIVE SOLUTION OF (4.19)

The iterative method is based on the algorithm:

1- guess the transformed coordinates of the péi*nt,g,i w<p . )

2- use (4.19) to obtain the corresponding physical poipt, {XzY ,Z );

3- calculate the distance between this gu?sgs and the particle position:
a6 %} + G ¥+ #Y)

4- if the distance is small, stop (convergence achieved);

5- otherwise use this distance to obtain a new guess and return to step 1.

The key steps are 1 and 5, i.e. how to achieve a good guess. An answer to this
guestion can be summarised, in mathematical terms, by saying that the point in
transformed space is located approximately by the normalised contravariant

coordinates of the physical point, when referred to the local covariant unit basis. This

basis is formed by vectors joining centres of opposite cell faces, see Fig. 4.24. The
normalisation is done by dividing the coordinates by the half-length of these spanning

vectors. From Fig. 4.24 the spanning vectors are defined as

Spanning vectorss we Sn bt (4.20)
where points at the centre of each cell face are calculated as (west face, for example):
W=1(X; + X, +X5 +X5s). (4.21)

The centroid € ) of the cell is defined by:

C =

GO =

8

SX; (4.22)
i=1

whereX,, is the vector defining node

The local covariant unit basis, with origin@t , is defined by:

— _Wwe — _sn B — bt
& = [ @ = oy andg = ER (4.23)
where|| - || denotes the Euclidian norm.

It is easy to demonstrate that if the centroids of faces are defined by (4.21), then the
centroid of the cell (point C) is in the middle (half-way) of any of the 3 spanning

. = 1 N — 1 % = .. . . .
vectors (.eC 5 & ® )5 € )7 b t)). The normalising distances for each direction
(&£,m,€) can therefore be defined by:

|5 = H_é— C_i

1, = ||[i-C|,and. = |[T-C| . (4.24)
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To obtain the contravariant coordinates of the particle point it is necessary to compute
and invert the change-of-basis matrix. The usual Cartesian basis, denoted by
i, = (i,},k), is related to the covariant basis by,

or: {8 =[A{}

The coordinates of point P in the new covariant basis are denoted by x , and can be
determined from:

This can be expressed in matrix form as
{x} =[(A)T{ ¥k (T denotes transpose matrix) (4.25)

and the approximation t@ ¢ { , ) is given by the  after normalising by (4.24), to yield:

& = E’ N = Z’ and¢* = z (4.26)

=3
oy

The algorithm used in the actual computations differs from the description above in a
minor point: no normalisation is required if the spanning vectors are defined by starting
from point C.

ALGORITHM
For a given patrticle position (P), and a given cell defined by its 8 nodes, compute:

1- central points of east, north and top fa@&di( , ,tand in Fig. 4.24) with (4.21), and
cell centroidC  with (4.22);

2- matrix of change-of-basis [A], whose rows are formed with the Cartesian
components of the following 3 vectors:

Ai=8-C A =1-C andA=1-C, thatis A= (XJu— €.
3- distance from centroid to particle position:

d=F-¢ and ¢=|d= dscP) = (@ 8 +

(Ve — Yp)*+H(zc — ZP)2> v ;
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if this distance is less than a given tolerance, stop (convergence achieved);
4- invert and transpose 3x3-matrix [Ak> | *HT ;
5- first guess, defined by components of vector  in the new hasis { },
&y = Ay
6- isoparametric functions for poiét  (Egs. 4.17);
7- new approximation to particle position, with (4.19) SR

8- error of approximation, defined by distance betwen Pand

—/ =k

=P-P,

d = dist(P, P )= \a’

9- new guess if’'d is not small, from:
€} = {&} + {6¢}, with {e¢} = A ']" {d},
and return to step 6; otherwise stop (convergence achieved).

Note that steps 1 to 5 in the algorithm above are necessary only for the initial guess.
After iteration 1, the algorithm just proceeds through steps 6 to 9.

4-4-3 IMPROVEMENTS AND APPLICATIONS

The described algorithm has been implemented in a FORTRAN subroutine and
tested for a number of cell shapes and particle positions. Depending on the skewness
of the cell, the required number of iterations (tolerance of 0.01 and cell dimensions of
1 to 10) varied between 1 to 5. For Cartesian meshes the initial guess gives the
solution immediately. For cells with little mesh skewness, 2 to 3 iterations are typical.

The convergence, as measured by d, was always monotone, even for low
tolerances (10° ). Divergence only occurred when the particle is “far away" from the
cell, say more than 10 times the cell dimension, depending on its skewness. Divergence
is also monotone and fast; therefore after a few iterations (say 5) one can decide to
stop the process if d is increasing.

A sample of results for the cell shown in Fig. 4.25 is tabulated below. Two-
dimensionality is used for clarity, the actual cell spans from 0 to 1 in the ¢ (or )
direction. Convergence is assumed when the distance between guessed and given
point, normalised by a characteristic dimension of the cell (defined as (cell vbftime) ),
fall below a relative tolerance of 10
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X Y it. 19 n

13 4 3 +0.54 +0.78
7 2 2 -0.15 -0.38
6 7 5 -0.94 +1.43
10 7 5 -0.33 +1.72
3 -1 4 -0.49 -1.74
10 05 4 +0.69 -0.83
16 1 4 +1.66 -0.28
4 4 3 -0.96 +0.21

In order to demonstrate that the present method used for interpolation is competitive
with the one based on inversion of an 8x8 matrix (see 4-4-1), a comparison has been
made of CPU times required to computé 10 interpolations.

The coordinates of the 8 cell vertices and the corresponding values of the variable
are given by:

n= 1 2 3 4 5 6 7 8

X 2 11 16 5 2 11 16 5

y 1 1 4 4 1 1 4 4

z 0 1 1 0 3 5 5 3

) 1 2 2 1 1 2 2 1
Interpolation is at the pointx =8.0py =1.3, angd z =0.7.
CPU times on an APOLLO 3000 machine were:

« direct inversion (L-U decomposition): 96.5 S€®P, pomes  —1-63;

* present method: 31.5 S€CH, poaea  —1-62.

These results show that the new method is about 3 times faster, for this particular case,
and it also locates the particle as well, whereas the matrix inversion method does not
locate the particle.

IMPROVEMENT FOR OSCILLATORY CONVERGENCE

Application of the previous algorithm to triangular cells (Fig. 4.26), used for
example to simulate cells in a polar mesh, may result in slow convergence. For some
cases, it has been observed that correction§’ to in step 9 had opposite signs in
successive iterations, yielding an oscillatory convergence to the final vadue of . This is
demonstrated in Fig. 4.27, where variation of the distanges, dand with the
iterations are shown for a particle situatedmgat x =0.8 and y =0.2 (see Fig. 4.26). In this
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case, 15 iterations are required to bring the distahce d below a relative tolerance of
1073,

An obvious way to remedy this behaviour, is to use just half of the correction
to & whenever oscillatory convergence occurs. This is implemented by re-writing step
9 as:

9- compute the correctiofse” ¥ [ Al {dr} ;

if( 6 -5k 1y < o) ,thens¢ = 0.5¢ (the same for and ):

update™ as beforg™ F {¢& W {6¢ }

With this new step 9, the previous example took just 6 iterations to converge
(Fig. 4.27). A number of other examples that have been tackled confirmed that this
modification works well whenever oscillatory convergence occurs.

IMPROVEMENT FOR TRIANGULAR CELLS

While the previous modification works well when oscillatory convergence
occurs, it has been observed that for triangular shaped cells convergence may be slow,
although monotone (in terms 6§, ). This can happen also for 4-sided cells (in 2-D)
which are very skewed, for example when two opposite edges form an acute angle,
instead of being parallel. Fig. 4.28 illustrates the convergence history for point
xp=0.05, ¥ =0.005, very close to the vertex of the triangle in Fig. 4.26. Unlike the
point given before (Fig. 4.27), there is no oscillatory convergence here, but 19
iterations are still required to bring the distance (d) to below 10 . More examples
are given in Fig. 4.30 for the two points marked in the triangular-shaped cell of Fig.
4.29. For point x =4.8,y =2.7, the number of iterations to convergence is 127, with
an oscillating pattern (Fig. 4.30 b) (the modification given above would drastically
reduce this number to 4 iterations); for poipt x =1.2, y =0.94, 29 iterations are
required without oscillation.

Inspection of part c) of all previous figures showing the convergence history,
provides a hint on how to reduce the number of iterations. It can be seen that the
absolute values afn  (the slow-converging component for these cases), in a semi-log
representation, have a “perfectly” linear variation with the number of iterations.

From this observation, one can write:
logio(6n*) = A-k+ B = &F = Ce* |, (4.27)
where A,B,C and a, are constants, and k is an iteration counter. The iterative particle-

locating procedure amounts to a successive correctign of , as given by step 9 of the
algorithm, that is:
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771 :6771,
o=+ o,

k
Using (4.27), the sequence can be represented by:
k i n
nt = ;Ce*“” = C_ (em",

which is the sum of a geometrical series with ratio equal t6 (e ); since a>0, then
(e*) < 1, and the sum converges to:

im (") = n* = C (%) = C (&) (4.28)

kE — oo

The constants “C" and “a" can be determined from application of (4.28) at two
iterations, k andk , to yield:

(") —In(y"2)

a = ko —k; !

In(C) = ‘el i) (4.29)

The reasoning above can be applied to the oscillating case, for which one has:

7 = C3 (Ay(e ) - et et g
n=1

__)_2(e72a_’_ ef4a_'_ efGa_’_”‘)} ’

and, in the limit

= C (& - 7). (4.30)

The constants are determined from expressions similar to (4.29) but taking the
absolute values of, . It has been found satisfactory to base their values on the first
and second iterations(k =13 k =2), and the resulting expressions can be simplified to:
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a= In|nt/n*|, and C= ‘%' . (4.31)

Practical implementation of this “extrapolation to the limit" technique follows:

- at the end of iteration 1, before updafiig in step 9:

. compute “a" and “C" from Egs. (4.31);
.. compute a limit value faf; based on the appropriate equation,

if( (6¢2.5¢) < o) use (4.30) to obtadii® , otherwise use (4.28);
... update fromd¢" }= {¢* }and go to step 6.

After introducing this modification in the program, the cases of Fig. 4.30 were found
to converge in just 2 iterations. For these cases, §ince( and were already converged,
the extrapolation to the limit of eaches the solutiammediately.

Note that the modification just described can always be used, and not only for
triangular cells. Indeed a check was made to verify that this modification does not
degrade the convergence rate, when it is not required (in all tests, at most one extra
iteration was necessary, as compared with the same cases without the modification).

As an actual example of application of this locating procedure, Fig. 4.31,
shows pathlines of several fluid-particles in a laminar flow inside a rectangular cross-
section T-junction. Initially, the particles are placed at the inlet section of the Tee (at
the bottom of the figure), and are equally spaced. They are then tracked for a given
time-interval, and the successive locations within the mesh are determined with the
procedure given above.
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Fig. 4.2 Example of irregular (a) and non-structured (b) meshes.

Fig. 4.3 Local indexing for nodes in a cell.
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Fig. 4.4 Addressing a boundary cell.
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Fig. 4.5 Cell indices in a mesh formed with 2 blocks:
(1) original; (ll) interchanged blocks.
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Fig. 4.6 Four block arrangements to generate a T-junction mesh.
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Fig. 4.7 A mesh block in the transformed space.
Local indexing of block nodes.
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Effect of mid-edge nodes.

Fig. 4.9

—0

Fig. 4.10 Mesh in a plane T-junction.

Four blocks are used marked by points “o“.
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NY=10 NY=11

RY=11 RY=1.0

Fig. 4.11 Examples of merging two-blocks.
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a) Define the block.

=

: -
1 z

3

b) Transform the block into (£,7,¢) space.
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c) Generate mesh in (&,7,5) space.

d) Transform coordinates of nodes back to (x,y,z) space.

Fig. 412 Sequence of operations for generating a mesh.
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Fig. 4.13 Mesh in a 3-D T-junction with rectangular cross-section.
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Fig. 4.14 Mesh in a T-junction formed by intersecting two pipes.

s

Four blocks are used: corner points “o”; mid-edge points “x”.
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(Note: e=(P+E)/2, ...)

Fig. 4.15 Computational molecule for mesh nodes.
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FIG. 4.16 Smoothing of an expanding mesh (method 1).

ORIGINAL MESH MESH AFTER SMOOTHING
1.0 1.0
0.5 — 0.5 —
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0.0 0.5 1.0 0.0 0.5 1.0

FIG. 4.17 Smoothing of a mesh in a square, expanding
in two directions (method 1).
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FIG. 4.18 Smoothing of mesh with triangular obstacle.
Four methods are used.
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FIG. 4.19 Effect of mesh rotation on smoothing methods.
Rotation angle 45 degq.
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FIG. 4.20 Effect of mesh rotation on smoothing methods.

Rotation angle 60 deg.
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Fig. 4.21 Example of generating a mesh in a circle from a square mesh.
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Fig. 4.22 Example of a smoothed circle mesh inside a square mesh.
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Fig. 4.23 lllustration of a 2-D non-orthogonal cell.

Fig. 4.24 Cell in the transformed space.
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FIG. 4.26 Example of

triangular cell with 2 particle points.
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Fig. 4.27 Convergence history for particle 1 of Fig. 4.26.
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4.30 Convergence history for locating the 2 particles of Fig. 4.29.
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TEE-JUNCTION FLOW (VLACHOS)

TIME STEP= .0625 SEC.
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Y= 1441 (010 14.8
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Fig. 4.31 Application of the locating method to track fluid-particles in
a T-junction flow (pathlines).
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CHAPTER 5
RESULTS FOR T-JUNCTION FLOW

5-1 INTRODUCTION

The literature survey in chapter 1 revealed the scarcity of experimental work
with detailed measurements of flow in Tees, either for single or two phases. Popp &
Sallet's (1983) work emerged as the most complete set of data with visualisation. They
put considerable effort in assessing the two-dimensionality of the flow, inlet effects and
measurement uncertainties. Because the flow is in a rectangular channel with a width
to depth ratio of 1 to 4, it is almost two-dimensional, at least for low deflection ratios.
This is advantageous for numerical simulation because, at present, computing
resources allow for solution of 2-dimensional flow problems in fine enough meshes
within reasonable overall time, but the solution of 3-dimensional problems in meshes
with the same fineness still takes excessive time and therefore these problems are
resolved using medium 3-D meshes. Moreover the rectangular cross-section enables a
Cartesian grid to be used, thus avoiding additional complexities resulting from a non-
orthogonal grid like, for example, the one needed to fit a T-junction formed by the
intersection of two round pipes.

For the reasons given above, Popp & Sallet's data have been used as the main
validation set for the present predictive methodology. The rest of this chapter shows
comparisons between experimental results and computations for both one and two
phase flows. For the latter, other data sources are also used, since Popp & Sallet did
not provide information on the phase segregation, which is of primary concern in this
work.

The geometry of the flow domain is first introduced, the grids used for the
computations are then illustrated and assessed in terms of ability to resolve the flows.
Since the interest of this work is as much in numerical aspects as in the underlying
physics, those are next discussed, such as convergence rate for different grids and the
effect of time-steps on convergence. This is followed by the comparison between
experimental and predicted velocity profiles along the run and branch for two
deflection ratios: 0.38 and 0.81. Discrepancies for the higher ratio led to the study of
three- dimensional effects. Another effect discussed is the upstream influence of the T-
junction.

Pressure will be shown to have a profound influence upon the segregation of
different phases when a mixture of a heavy and light phases flow through a Tee. For
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this reason, pressure is studied in detail: contours are presented and pressure loss
coefficients are calculated and compared with several data sets for vayying Q /Q . The
resolution of the corner recirculation zone present at the branch entrance is checked by
comparing predicted recirculation lengthsz(X ) with values obtained from visualisation
for different deflection ratios. Streamlines are also given which provide a qualitative
picture of the flow (capturing flow peculiarities present at low and high Q /Q ), and
will be compared with photographs presented by Popp & Sallet.

Experimental data from two-phase flows are rather sparse; few velocity profiles
are given along the run, which hardly differ from their single-phase counterparts as the
average inlet void-fraction for this bubbly flow is small, (around 2%). Nevertheless the
photographic evidence provided by Popp & Sallet allows for qualitative interpretation
when compared with computed contours of gas volume-fraction. Streamlines for both
phases are also given, as well as velocity vectors in the region around the junction in
order to show the computed separation effect generated by the local pressure
distribution. Phase segregation is quantitatively compared with the data presented by
Azzopardi & Whalley (1982) (in terms of {Q {@ ) versus;(Q /Q ) ), and measured
by Lahey and co-workers (1981), (1986) (x /x versus (Q/Q ) ).

5-2 GEOMETRY

The experimental setup was fully described by Popp and Sallet (1983) and only
the geometry of the computational domain and reference frame are briefly presented
here.

The T-junction (Fig. 5.1) is formed by the intersection at 90 deg. of two ducts
with rectangular cross-sections of width  depth=25mm  100mm (WxD). The aspect
ratio of D:W=4:1 results in an almost two-dimensional flow especially in the vicinity of
the mid-plane, which is the symmetry plane used in the 2-D calculations. The Tee arms
are denoted inlet (1), run (2) and side-branch (3), and have lengths: L =5W,
Lo=L3=10W. All the results are referred to a system of axes identical to the one used
by Popp & Sallet: x-axis is along the main branch (from inlet-1 to outlet-2) and y-axis
is along the side-branch (from T-section to outlet-3). The origin is situated at the
intersection of the midline along Branch-3 with the left wall of the main branch (see
Fig. 5.1). Hence, according to this frame, the junction zone varies from X/W=-0.5 to
+0.5, along the main branch, and is connected to the side-branch at Y/W=1.0. In the
third direction, the z-axis is measured from the symmetry plane (Z=0) to the end wall
(Z=2 W).

Boundary conditions are defined at the following locations: inlet
(X/IW= —5.5); two outlets (X/W=10.5 and Y/W=11); and solid walls at all other
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boundary surfaces. The inlet conditions were generated from a fully developed solution
in a straight channel. Relevant inlet parameters are:

Inlet volume flow rate: @ = 3.836 10 3m /s;

Inlet bulk velocity: V; = 1.53 m/s;

Maximum inlet velocity: Yy = 1.71 m/s;

Centre-line turbulent kinetic energy;, k U~ 0.2 %

For the single-phase runs the fluid is water with a densijty of * =10 *Kg/m and
a viscosity ofy, =10° Kg/ms; the second phase is air, haying =1.2°Kg/m and
p=2 x 107° Kg/ms.

For three-dimensional computations only half of the actual domain occupied by
the fluid is used, spanning from Z=0 , the symmetry plane, to Z=50 mm=2 W, the end
or bottom wall.

As a matter of terminology, referring again to Fig. 5.1, the walls along the side
branch at X/W=-0.5 and X/W=+0.5 are called lower (or upstream, or low-pressure)
and upper (or downstream, or high-pressure) walls. It is also necessary to distinguish
the side walls along the main branch at Y/W=0 and 1; these are called left or opposite-
to-branch, and right or branch-side walls. As for the orientations, axial or streamwise
will denote the x-direction along the run, or the y-direction along the side-branch.
Directions perpendicular to those will be denoted radial or crosswise, if in the (x,y)-
plane, and spanwise or secondary if along the z-direction. Flow structures in planes
normal to x or y axis are denoted secondary flows.

5-3 COMPUTATIONAL MESHES

The flow domain described in the previous section is covered with a computational
mesh as shown in Fig. 5.1. Three two-dimensional meshes are considered, a medium
(GRID1), a fine (GRID2) and a coarse mesh (GRID3). These meshes were generated
using the procedure described in chapter 4, where 4 blocks are used as basic defining
structures: block 1, 2 and 3 for Branch-1, -2 and -3, and block 4 for the junction zone.
The details for each block and full 2-D meshes are given in the following table:

MESH NC BLOCKS 1 2 3 4

NXxNY fx  fy NXxNY fx  fy NXxNY fx  fy NXxNY fx  fy
1 1600 20x20 0.88 1.0 20x20 1.20 1.0 20x20 1.0 1.20 20x20 1.0 1.0
2 2600 30x20 0.94 1.0 40x20 1.07 1.0 20x40 1.07 1.0 20x20 1.0 1.0
3 650 15x10 0.864 1.0 20x10 1.1451.0 10x20 1.0 1.145 10x10 1.0 1.0

with: NC=total number of interior cells; NX and NY=number of cells along X and Y;
fx, fy=expansion factors along X or Y, defined as the ratio of two consecutive cell lengths.
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All meshes are uniformly spaced in the zone of the junction, Avith x=2.5 or 1.25 mm
for the grids with 10 and 20 cells across, respectively. From there, the cell length
expands geometrically along the three legs with expansion factors designed so that the
first axial spacing equals 2.5 or 1.25 mm, to avoid spatial discontinueties in the mesh.
The three-dimensional grids can be viewed as generated by translation of 2-D grids
along the z-direction, maintaining a uniform z-spacing. Hence, GRID4 (the coarse 3-
D grid with NC=6500) is obtained from GRID3 using 10 cells along Z, and GRID5
(the fine 3-D grid with NC=52000) corresponds to GRID2 with NZ=20 cells. For
some cases where the run was extended to 15 widths instead of the base case of 10 W,
the coarse 3-D mesh has 7500 cells (GRID6) whereas the fine 3-D mesh has 64000
cells (GRID7).

5-4 SINGLE-PHASE RESULTS

5-4-1 NUMERICAL PARAMETERS

The first results were obtained with two-dimensional meshes (see section 5-4-7
for 3-D). A preliminary study of convergence rates has been conducted with GRID1
(the medium mesh) at a deflection ratio gf Q /Q =0.30. Once the optimal timé step t
has been found, additional runs using the other two meshes were performed. The
residual history for these three runs is shown in Fig. 5.2, where the residuals of the u-
momentum equation are plotted against the “simulation” time (defined as TIME=n. t,
where “n" is the time-step counter). The remarkable feature from Fig. 5.2 is the
constancy of convergence rate for different meshes, which have a four fold increase in
the number of cells. That is, the computations on the three meshes converge
approximately in the same number of time steps; usually, this characteristic is
attributed to multigrid methods.

Fig. 5.4-a shows the iterative history of u-momentum residuals using the same mesh
but different time steps. The time step was systematically halved, starting from t=0.1
sec; ath t=3.12% 1¢ s the number of time steps to convergence is minimum, and so
is the overall CPU time as shown in Fig. 5.4-b. It may happen that these two quantities
do not attain a minimum simultaneously because the number of inner iterations needed
to solve the sets of linear equations (for u, v, p,...) is not fixed dhdevtainly vary

with the size o6 t, having an effect on the overall CPU time. All the presented runs
were made with a tolerance of 0.05 for the solution of the inner sets of equations.
Typically, a 2-D run will require 1 to 3 inner iterations for the momentum and scalar (k
& €) equations using the biconjugate gradient solver, and 10 iterations for the pressure
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with the CGS. The number of inner iterations required by the pressure correction
equation increases sharply for 3-D runs, becoming around 30.

The table below summarises the results of the runs illustrated in Fig. 5.4-a:

ot N TIME CPU inner iterations/time step
[10-3s] [sec.] [sec.] u-velocity pressure

50 1000 50 5364 4.5 6.7

25 934 23.4 4764 4.2 5.5

12.5 559 7 2766 3.9 5.5

6.25 285 1.8 1356 3.3 5.3

3.125 157 49 731 2.6 6.7

1.5625 204 .32 927 1.4 11.9
0.78125 368 .29 1634 1.1 11.6

In these table, N is the number of time steps for convergence, which is assumed to be
reached when all normalised residuals fall below!10 . The computer used here and in
most calculations throughout this work is an APOLLO DN10000.

The upper x-scale in Fig. 5.4-b is the smallest of the local Courant numbers, calculated

from individual cell lengths and velocities pertaining to the converged solution, that is,

C:6t/|\/_lin<6x/U, 6y/V>. It can be seen that the optimum time-siep, t=3.125 ms.,
c

corresponds to a Courant number of around 10.

The other graphs composing Fig. 5.4 serve to illustrate that residuals for different
variables follow approximately the same slope (Fig. 5.4-c, for the optimum time-step,
6t=3.125 ms), and that the scalar quantities have a rathélatosg convergence
except for small enough time steps (Fig. 5.4-d, where the residuals of the turbulence
kinetic energy equation are shown for four different time-step sizes).

5-4-2 FLOW PATTERN

Before presenting the mesh refinement results it is appropriate to examine the
predicted flow pattern. This is done in Fig. 5.3, where streamlines for extraction ratios
of Q;3/Q; =0, 0.3, 0.7, 0.9, and 1.0, covering the range of completely closed to fully
open side-branch, are presented. The maximum value of the stream-function in Fig. 5.3
is4.1x 102 [ /s], and the inlet values  =3.8340 2 [m /s], which equals the inlet
volumetric flow-rate. From these values it can be deduced that the strength of the
recirculation in the side-branch is around 7% of the inlet flow-rate.

Fig. 5.3 clarifies the main features of a two-dimensional T-junction flow; for
extraction ratios smaller than around 0.8 there is only one recirculation zone, at the
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entrance to the side-branch where the flow separates owing to the abrupt 90 degree
turn; for higher Q /Q the adverse pressure gradient along the run is sufficient to
provoke another separation zone, close to the side-wall opposite to the branch, with
the fluid rotating counter-clockwise. An early observation of such separation was
sketched by Leonardo da Vinci, as reported by Popp & Sallet. The proportion of flow
in this run-vortex is 2.8 % of the inlet flow rate fog Q./Q =0.9, therefore being weaker
than the side-branch vortex (previous paragraph).

The length of the recirculation zone in the branch, measured from the leading
corner at the junction to the downstream reattachment pot=(X ..wecn W)/W )
was calculated and is compared with observed values (Popp & Sallet) in Fig. 5.25. The
figure also shows predictions using the three-dimensional model. The 3-D predictions
lie below the 2-D ones and closer to the data, therefore demonstrating some three-
dimensional effect which will be later discussed in this chapter (section 5-4-7).

5-4-3 MESHREFINEMENT

The merits of the different meshes on resolving the details of the flow are
assessed by comparing axial and transverse profiles of pressure, velocity and
turbulence kinetic energy. The profiles are chosen such that areas of strong gradients,
where discrepancies amongst the different calculations may arise, are included.
Furthermore, the profiles give physical information on the flow.

Fig. 5.5 shows profiles of pressure and axial velocity along the midline of the
main duct (Fig. 5.5-a, Y/W=0.5) and the branch (Fig. 5.5-b, X/W=0.0) for the Popp &
Sallet case of § /Q =0.38, vV =1.53 m/s. The three meshes used for the computations
have been specified before (GRID3, 1, and 2, section 5-3), being coarse, medium and
fine meshes respectively. The two finer meshes are seen to give almost identical
results. The coarser mesh also gives fairly similar results in the run, except immediately
downstream of the Tee where the local pressure is 3% higher and the velocity is 3.6%
lower than the corresponding values for the other two meshes. In the branch the
differences are more noticeable bull small: the minimum pressure is overpredicted
by 7.6% with the coarse mesh, whereas the outlet pressure is underpredicted by 13%
(medium mesh) and 49% (coarse mesh) in local terms. However, this turns out to be
just 1.5% and 5.5% in global terms, i.e. relative to the overall pressure variation within
the branch. As for the branch axial velocity the maximum discrepancy occurs for the
minimum values, at about 1 width from the junction, the local relative errors being 8%
for the medium mesh (GRID1) and 5.3% for the coarse mesh (GRID3).

The fineness of GRID2 in the x-direction can be judged from Fig. 5.5-a(i),
where the marks denote mesh points, which are concentrated in the area of the
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junction, i.e. — 0.5 X/MWMK + 0.5. The density of mesh nodes appears to be
adequate to capture the steep velocity reduction across the Tee.

From Fig. 5.5 it is apparent that along the run, pressure first decreases because
of wall friction and then increases sharply across the Tee because the imposed flow-
split forces the bulk velocity to decrease by a factor of 0.72 (Bernoulli effect). In the
branch the initial pressure drop is due to the acceleration caused by the recirculation
zone and, after the vena-contracta, there is a pressure recovery until wall friction
becomes predominant and a fully-developed constant-pressure-drop state is
established. The pressure-loss factors across the Tee, K ;and K , are obtained from
graphs like Fig. 5.5-a(i) and 5.5-b(i), where the pressure at the T-section is
extrapolated from the constant-pressure-drop lines along the run and branch, as
indicated in the figure.

Axial profiles of pressure and v-velocity along the row of cells close to the
lower wall in the branch (X/\W= — 0.5) are shown in Fig. 5.6 for the 3 meshes. The
latter profiles give an indication of the recirculating-zone length (X ), which is limited
by the point where the axial velocity component changes sign. For this extraction ratio
(0.38), Xx /W equals 3.15, 3.44 and 3.59 for the coarse, medium and fine meshes,
respectively. The value visualised by Popp & Sallet was around 3.1 (see Fig. 5.6)
which is closer to the coarse mesh result; this agreement is just a coincidgnce. X is
well predicted if the 3-D model is used, as commented at the end of the previous
section (cf. Fig. 5.25).

The turbulence kinetic energy is a quantity more susceptible to mesh effects
since it is proportional to the square of velocity gradients and any error in these will be
accordingly magnified. Indeed Fig. 5.7 reveals greater discrepancies between the
values of k predicted on the coarser mesh and those given by the other two meshes, for
an axial profile along the branch midline. The turbulence kinetic energy reaches a
maximum some 1.5 widths from the entrance to the branch, which is a region of high
shear at the top of the recirculating zone; the coarse mesh underpredicts this maximum
by 27%. The figure also shows similar profiles close to the lower wall where the
magnitude of k is smaller and the differences among the three meshes are less
accentuated.

Figs. 5.14 to 5.16 show the effect of mesh refinement on cross-stream velocity
profiles. The coarse mesh is seen to do a fairly good job in resolving the flow along the
run for @ /Q =0.38 (Figs. 5.14 and 5.15), whereas for a higher extraction ratio of 0.81
some differences are visible between velocities predicted with GRID2 and GRID3, Fig.
5.16. A strong three-dimensional effect occurring in the run at high extraction ratios is
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believed to be responsible for those differences and is discussed later, when comparing
two and three dimensional predictions.

5-4-4 UPSTREAMEFFECT OF TEE

The purpose of this sub-section is to show that the presence of the T-junction
affects the incoming flow well upstream of its entrance plane, and to quantify the
extent of such effect. Early numerical studies of flow split in impacting T-junctions
were done by placing the numerical inlet right into the main duct; that such a
procedure is incorrect is demonstrated below.

The inlet conditions imposed at the plane- x— 5.5 (see Fig. 5.1 for geometry)
correspond to a fully developed channel flow. If the Tee would not affect the upstream
flow, the incoming pressure profiles should remain flat across the main-duct with a
progressive reduction of its level, and the velocity profiles should keep a characteristic
1/7-power shape. Fig. 5.8 presents pressure and velocity profiles at several stations
along the main-duct and it can be seen that for both quantities the profiles start to
deviate from their fully developed form some distance before the entrance to the T-
section. The distortion is more accentuated for pressure, starting 1.5 widths upstream
of the Tee, while the velocity profile noticeably deviates from its fully developed shape

1 width upstream. The results shown in Fig. 5.8 are for Q /Q =0.38. It is expected that
the extent of the upstream area-of-influence of the Tee increases with the extraction
ratio.

It can be concluded that the inlet branch in a numerical model of a T-junction flow
should have a length greater than 2 widths.

5-4-5 PRESSUREDROP THROUGH T-JUNCTION

Figs. 5.5-a(i) and 5.5-b(i) are typical of the pressure variations through a T-
junction, both along the main and side branches. It is also of interest to know whether
the pressure exhibits strong variation in the cross-stream direction, since measured
pressure profiles are usually obtained from pressure-taps placed on either sides of the
duct, whereas the figures above show centreline profiles. Deviation between pressure
profiles at the centreline and side walls of the branch is illustrated in Fig. 5.9-a, at
Q;/Q,=0.38. It is seen that the pressure across the branch becomes approximately
constant some 1.5 widths downstream of the branch entrance, a station still within the
recirculating zone. It is worth noting that although the pressure across the duct is
constant, the flow is far from being fully developed, which is readily apparent from the
slope of the pressure profile at YW 3 in Fig. 5.9-a. In fact a branch length of 10
widths is not enough to enable a fully developed state to be achieved at outlet-3.
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Pressure drop coefficients for the flow along the maip (K ) and the branch
(Ky3) were calculated from pressures extrapolated to the T-section as in Fig. 5.5, and
from the expressions given below, which are readily derived from Bernoulli's equation,

o= (1= +(n-p)/(0/20V1),
ko= (1-7) + (n-n)/(20V}).

The computed coefficients are plotted against extraction ratios in Fig. 5.9-b, which

was taken from Popp & Sallet (1983) and contains experimental data from different

sources, both for square and round-pipe cross-section T-junctions. If the broad range
of flow conditions and geometry is taken into account, the agreement between
predictions and experiments shown in Fig. 5.9-b is encouraging.

<I<

5-4-6 COMPARISON OF 2-D PREDICTIONS WITH DATA

A number of axial velocity profiles, both along the run and the branch,
predicted with the present procedure are compared with Popp & Sallet's measurements
in Figs. 5.10 through 5.13. The experimental results shown in Fig. 5.10 are for profiles
in the run and in Fig. 5.11 for profiles in the branch, at an extraction ratig of Q /Q =
0.38; Figs. 5.12 and 5.13 show profiles in the run and branch, respectively, for the
higher extraction ratio case, of Q/Q =0.81. The discrepancies between prediction and
data found in the latter case can only be explained by three-dimensional effects which
led to the additional study tackled in the next sub-section.

The purpose of the comparisons in Figs. 5:10 5.14 is two fold:

1- validate the method thus enhancing confidence in predictions for cases
where there are no available laboratory data; and

2- assess to what extent the two-dimensional calculations can resolve the actual
flow in the T-junction (which, in reality, is three-dimensional).

The figures show that the agreement between experiments and predictions ranges from
very good for velocities in the run and branch fgr Q /Q =0.38 (Figs. 5.10 and 5.11),
and in the branch for Q /Q =0.81 (Fig. 5.12 and 5.13), to satisfactory in some regions
of the branch recirculating zone (e.g. profile at Y/W=1.1, Fig. 5.13). For the high
deflection ratio, the predicted velocity profiles start to lag behind the data downstream
of the Tee, along the run (after X/W=0.0). Since the numerical results are known to
conserve mass to a tight tolerance (10 ) and if it is assumed that the measurements do
so as well, then the cause of the discrepancy in Fig. 5.12 for X/W>0 must be attributed
to three-dimensional effects. Indeed, this has been observed and reported by Popp &
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Sallet: “the flow in Branch 2 is characterised by large vortices and a three-dimensional
turbulent motion increasing with increasing Q,/Q ratios".

Hence, the conclusion drawn from the computations is that the flow is almost
two-dimensional at low to average deflection ratios, as supported by the good
agreement with the 2-D predictions exhibited in Figs. 5.10 and 5.11. However, strong
three-dimensional effects in the run become prominent at high deflections, as depicted
by the lack of agreement between the 2-D predictions and actual observations. The
flow in the side-branch seems to keep a predominantly two-dimensional behaviour
even at high @ /Q ratios, as the good agreement in Fig. 5.13 suggests. The only
difference is that the experimental profiles close to outlet-3 appear to recover faster
than the predictions (this sort of behaviour has been imputed to ¢he k- turbulence
model by Rodi, see Launder, Reynolds & Rodi (1984).

All predictions presented above were made with GRIDZ2, i.e. the fine mesh. The
maximum inlet velocity used to normalise the predicted profiles in Figs. 5.10 to 5.13 is
constant (Y = 1.71 m/s) since the boundary conditions at inlet are the same for all
cases. However the experimental value @f U varies slightly: it is 1.75 m/s for
Q3/Q; = 0.38, and 1.72 m/s for3Q {& 0.81. The good agreement between the
measured and predicted velocity profiles close to inlety(u/U for X/\W 4.65, in
Fig. 5.10 at @ /Q= 0.38, and for X/ — 4.5, in Fig. 5.12 at Q #) 0.81)
shows that the adjustment in the measurgd U used for normalisation does not bring
any bias. The only noteworthy point in those figures is that the experimental profiles
deviate from the fully developed symmetrical shape; this was attributed by Popp &
Sallet to a flow obstruction 21 channel widths upstream.

5-4-7 THREE-DIMENSIONAL EFFECTS

Emerging from the comparisons of the previous section is the conclusion that
three-dimensional effects are present, at least at high deflection ratios. Here, further
evidence is provided by comparing three-dimensional calculations with two-
dimensional ones and data. A description of the 3-D flow patterns is left to the next
section.

In the previous section it was mentioned that for low deflection ratios 3-D
effects are small. Fig. 5.14, where 3-D predictions using GRID4 are compared with 2-
D predictions for @ /Q =0.38, using both the corresponding coarse mesh (GRID3)
and the fine mesh (GRID2), supports this claim. The figure shows velocity profiles
along the run, at stations X/W=0.0, 0.25, 0.5, 2.0, 4.0 and 4.45, and along the branch,
at its entrance (Y/W=1) and 3 other stations downstream; the experimental data are
also plotted. The differences between the results from the various meshes and from 2-
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D and 3-D computations are small. There is however a systematic overprediction by
the 3-D formulation along the run and underprediction in the branch. This may be
caused by difficulties in establishing consistent inlet conditions for the 2-D and 3-D
runs. For the latter, values of u, k and at the inlet plane were obtained from the
numerical solution of a fully developed flow in a 3-D channel. The total in-flow was
identical to the 2-D case, but the maximum velocity at inlet turned out to be slightly
higher for the 3-D run, beinggU =1.82 m/s; this value is used in normalising the profiles
in Fig. 5.14.

The discrepancies between measured and predicted normalised velocity profiles
along the run led to a check on the effect of the velocity normalisation (as done at end
of previous sub-section). For this, Fig. 5.15 shows, side by side, two sets of velocity
profiles at three locations along the run: the left hand-side profiles are not normalised
whereas the rhs ones are divided by the corresponding maximum inlet velocity
(Up=1.71m/s in 2-D and 1.82m/s in 3-D). It can be seen that the normalisation reduces
differences between 2-D and 3-D results, as wanted,; this is quite clear for the profile at
X/W = — 0.5 (entrance to the junction zone). Some of the remaining difference seems
to be due to inlet profile shape. This difference, however, is small when compared with
the major discrepancies occurring further downstream, for high deflection ratios.
Hence it may be concluded that the normalisation is not responsible for those
discrepancies.

The case of high deflection ratiog Q./Q =0.81, is presented in Fig. 5.16 which
shows remarkable results. The 3-D velocity predictions using GRID4 lie significantly
above the 2-D profiles, with the experimental points lying between predictions (cf. Fig.
5.12). The agreement between the coarse and fine 2-D meshes is much worse than for
the case @ /Q =0.38. While part of this can be attributed to the inadequacy of GRID3
to solve the complexity of the flow arising in the run (viz. a new recirculating zone is
present), the discrepancies with the 3-D results are certainly due to a new and strong
secondary flow in the y-z plane. The structure of such flow is discussed in the next
subsection.

Since the three-dimensional calculations with GRID4 shown in Fig. 5.16 do not
seem to follow the data much better than the 2-D ones, the fine 3-D mesh was
subsequently used. Computations with such fine meshes (52000 and 64000 cells)
stretch the computing capabilities to the limit, both in terms of memory and CPU time
(taking several days of CPU).

Fig. 5.17 presents velocity profiles along the run with the fine and coarse 3-D
meshes, together with the data. Now, unlike the 2-D computations, the fine 3-D mesh
clearly is able to resolve the details of the flow. Some differences between predictions
and data are still present, namely at the stations in and immediately downstream of the
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junction. But, further downstream, the recirculation in the run is well captured (profiles

at X/\W=2.5, 3.5 and 4.45), a feature not possible with two-dimensional computations.
Velocity profiles in the branch are compared with the data in Fig. 5.18, where it can be
seen that there is little difference between the results of the coarse and fine meshes.

5-4-8 THREE-DIMENSIONAL FLOW STRUCTURE

For the low deflection ratio, Q /Q =0.38, Fig. 5.19 depicts the velocity field in
three x-y planes: two consecutive planes close to the end wall (z=47.5 and 42.5 mm,
i.e. Z/IW=1.9 and 1.7), and the symmetry plane (z=0). As expected from the previous
section, the differences among the fields in these 3 planes are small. Nevertheless an
extra recirculating zone appears close to the end wall, just downstream of the junction
along the run; this is not present in the 2-D results. The extent of this zone in the z-
direction is small, spanning no more than 0.5 W in depth.

The appearance of recirculating flow close to the enclosing walls, which brings
fluid from the run back to the side-branch, is typical of T-junctions and can be
explained by the pressure field setup by the splitting flow. The cause for this
recirculation zone is similar to the preferential segregation of a light phase when a two-
phase flow passes through a T-junction: in both cases the low inertia fluid is pushed
into the branch by the pressure increase along the run. Bernoulli's equation dictates
that the back-pressure setup in the run, as shown in Fig. 5.5-a(i), increases with
increasing deflection ratio because the average run-velocity decreases. The pressure
field may exhibit variation in the cross-sectional planes, but this variation is small
compared with the pressure jump across the Tee. Now, because the flow close to the
walls has smaller velocities and consequently smaller inertia, it is more strongly
affected by the adverse pressure gradient. Hence, reverse flow appear in regions close
to walls where the inertia of the fluid is small.

Additional information on the 3-D structure of the low Q,/Q flow-case is
given in Fig. 5.20, where the branch flow is considered. Three y-z planes are shown,
which correspond to a top view across the main duct and along the branch; the first
plane is situated close to the lower branch wall, at X/W- 0.45, showing the extent
of the recirculating zone, where a secondary motion from the symmetry-plane to the
end-wall is generated. Because of this motion, the length of the recirculating zone (X ,
along vy) is slightly greater close to the wall. The rotation of the secondary motion is
clearly seen in the next plane, at XAN — 0.25; closer to the branch centreline (next
to the plane X/W= — 0.05) the flow straightens along the branch without any
reverse-flow. The velocities are higher close to the end-wall but some distance
downstream of the branch-entrance the flow is almost two-dimensional.
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At the bottom of the figure, two cross-sectional planes in the branch are
shown: one at Y/W=1 and the other more downstream, at Y/W=2. A secondary
motion with positive rotation along the branch (y-direction) is seen, with flow from the
symmetry-plane to the end-wall, sweeping close to the lower wall. The highest
velocities are restricted to the top corner between the upper and end walls.

Vector plots obtained with the coarse 3-D mesh (GRID4) for the high
deflection ratio (Q /Q =0.81) are given in Fig. 5.21, with three x-y planes and two y-z
planes located as in the previous case, plus two y-z planes across the run (cross-
sections of the main duct, viewed from outlet-2). The main flow, seen in the x-y
planes, is completely three-dimensional; in the two x-y planes closer to the end-wall
the flow is totally reversed, sucked from the run into the side-branch. In fact, some u-
velocity components are negative at outlet-3 (albeit the solution shown did converge
well). To make sure that the accuracy of the results was not hindered by the presence
of an outlet with in-coming flow, the same case was re-computed with a longer run
(length equal to 15 channel widths, GRIDG6). Little change in the fields was observed
(in detailed comparisons) and for the sake of completeness some resulting vector-plots
are shown in Fig. 5.22 where three new detailed plots of x-y planes at the branch-
entrance are also shown. It is clear from there that the major proportion of the
deflected flow rate enters the branch close to the end wall (Z/W=2), and not near the
symmetry plane (Z/W=0) as expected. This is emphasised in Fig. 5.23, where
crosswise profiles of the axial velocity into the branch are shown at all the 10 equally-
spaced z-planes (Z/W= 0.1, 0.3 1.9). Deflected flow enters the side-branch
preferentially close to the end (Z/W 2) and lower (XAN— 0.5) walls. This
behaviour is known to experienced civil engineers who have observed that the
sediment at the bottom of channels or rivers are preferentially diverted into branching
arms with attendant problems of blockages or excessive concentration of impurities.

Velocity-vector plots obtained with the fine 3-D mesh for the high deflection
ratio are shown in Fig. 5.24. These may be compared with Figs. 5.21 and 5.22,
emphasising the different flow structure resolved by the finer mesh. These differences
were already clear from the velocity profiles in Fig. 5.17 and it is interesting to notice
that for this flow case a fine 3-D mesh predicts quite a different flow in the run from
the one obtained with the coarse 3-D mesh. Fig. 5.24 shows the velocity vectors on 2
x-y planes, the symmetry plane (Z=0) and the near-wall plane (Z=2W), together with a
y-z plane close to the bottom wall of the branch (X= 0.5 W), and 3 x-z planes
(longitudinal cross-sections along the run=Y 0, 0.5 and 1.0 W). The recirculation
zone in the run now extends to the symmetry plane, contrary to the coarse-mesh flow
in Fig. 5.21. It can also be seen from the x-z planes that the fluid enters the side-branch
with a rotational motion having positive vorticity along the y-axis.
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Fig. 5.25 presents 2-D and 3-D predictions of the recirculation length in the
side branch X , which are compared with data from Popp & Sallet. The values
obtained with 3-D computations are below the 2-D ones and almost coincide with the
data. The difference between 2-D and 3-D is nevertheless small, which shows that the
flow in the side branch was not too much affected by 3-D effects.

5-5 RESULTS FOR TWO-PHASE FLOW

The two-phase mixture of water and air enters as a low void-fraction bubbly
flow with the following flow-rates at inlet:

Q.=1.88510° rh /s,
Qc=4.13510° rh /s.

Boundary conditions at inlet were obtained from a previous solution for a fully-
developed flow in a long channel, having approximately a 1/7-power profile for the
velocities and 1/4-power profile for void-fraction. Other inlet parameters are:

maximum liquid velocity (at centre-line)=1.72 m/s;
maximum gas velocity =1.73 m/s;

average liquid velocity< u>; =1.53 m/s;
average gas velocity: cu>1 =1.60 m/s;
average void-fraction< a > ; =2.08 %;

For the base case, bubble diameter was taken as 1 mm and the drag force is given by
Eq. (2.29) with f& )= (1le ). Sensitivity of the results to different bubble diameters
and different forms of & ) are investigated and the results are also presented. In most
cases gravity was not considered to avoid stratification in the horizontal side-branch.
The effect of gravity is included in a separate study case.

First presented are two-dimensional results using GRID3 defined in section 5-3,
followed by three-dimensional results with GRID4. Analysis of the results is presented
in the context of the effects of several relevant parameters on the solution: flow spilit,
drag factor, bubble diameter, presence of gravity, type of fluids and inlet void-fraction.

5-5-1 PHASESEPARATION AS A FEUNCTION OF FLOW SPLIT

The most important parameter influencing phase separation is the extraction
ratio @ /Q , which can vary between 0 (no flow in the branch) and 1 (whole flow
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through the branch). The few experimental data which can be used to assess
guantitatively the predictions consist of separation ratios (given by x /x ;0r{@ /Q ) )
as a function of these extraction ratios. Since the present case deals with low quality
mixtures (low or medium average void-fractions, 1 to 10 %, and a density ratio of
1000 to 1), the liquid extraction ratio {Q /Q ) is almost equal to the overall
extraction ratio @ /Q , and so both can be used as the varying parameter.

Figs. 5.26 and 5.27 show predicted and experimental values for quality ratios
(x3/x;) as a function of extraction ratio, and branch-to-inlet gas volumetric ratio as a
function of the liquid branch-to-inlet ratio. Experimental values fgr ;x /x were
obtained from Seegeet al . (1985), for flow regimes close to the transition line
between slug and bubbly flows, and the gas take-off ratios are taken from Azzopardi &
Whalley (1982) who compiled sets of data originating from a number of investigators.
Each predicted point corresponds to a computer run for a particular extraction ratio,
which was varied from 0.1 to 0.9. The agreement between prediction and experiment
is good, without having to make any adjustment of parameters to match the data. This
leads to the belief that the preferential separation of the gas phase in a T-junction is
mainly controlled by the pressure field, which is set up by the heavier liquid phase.
Other factors, such as drag formulation, presence of gravity and more sophisticated
turbulence modelling, seem to have less influence as will be seen later; on the other
hand, the bubble diameter will be shown to have an important effect.

Convergence behaviour of the two-phase calculations is shown in Figs. 5.28
and 5.29, where mass and void-fraction residuals are represented along the “iterative
time". Since the time-step was kept constarét at t=3.125 10 sec., the number of time
steps can be deduced from those figures. The initial run starting from zero-velocity
field is for  /Q =0.38, an extraction ratio studied by Popp and Sallet; all other runs
were re-started from those results as an initial field. The first run took 2785 time steps
to bring the residuals below a relative level of 10 , and for the other runs the number
of time steps varied between 600 and 1000 (for comparison, the corresponding single-
phase case takes 240 time steps).

For the two-phase flow predictions the study of mesh refinement was made using only
two-dimensional configurations, with GRID2 and GRID3. The results pertaining to
phase separation are given below.
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Mesh QIQ, (X/Q1)a <a>3[%
coarse 0.70 0.92 3.4
fine 0.70 0.93 4.2
coarse 0.38 0.60 4.2
fine 0.38 0.61 4.8

The table shows that the coarse mesh (GRID3) gives approximately the same value of
(Q3/Q ) as the fine one. Furthermore, it is reasonable to assume that the coarse mesh
calculations used for the 3-D multiphase computations are as accurate as their 2-D

counterpart in determining the overall separation ratios. This assumption is supported

by the results to be presented in section 5-5-8, where it is shown that 2-D and 3-D

computations give almost identical gas separation ratigs (@ /Q ) .

5-5-2 INFLUENCE OF DRAG-FORCE MULTIPLIER AND FLOW
STRUCTURE

In this sub-section the effect of two drag formulations is first studied, both on
numerical and physical aspects. Then the structure of the flow is presented and
discussed using contours of volume-fraction and streamlines; the effect of the drag
formulation on these is also considered.

From Eq. (2.29) it can be seen that the drag force is the product of a term
independent of the void-fraction by a functionef alone, f( ). The most common
formulation is fer )= (le ) (formulation a) giving the proper limit of zero drag at both
limits =0 and 1; on the other hand, Wall&969) and Ellul (1989) recommend
f(a)=al(1-a)* (formulation b). This last expression can be valid onlyofor <1, and was
implemented as & )= (b )/[(23)~+ ], wherg is a big number (3210 ) used to
recover f@x )=0 fora =1. The flow case with an extraction ratio of 0.38 has been used
to assess these two formulations.

The influence of ¢ ) on the convergence rate can be seen in Fig. 5.30, where
the iterative history of the mass residuals is shown. Formulation b) is seen to converge
in less than half the number of time steps as required by formulation a):

formulation  fl@) time steps CPU time [s]
a) a(le) 2785 3850
b) al(lay 1065 1496

This can be explained by the higher drag provided by b) in areas of the flowavhere is
high (saya >20 %), leading to better coupling between the two phases. The full
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elimination algorithm (section 3-2) is here used to usefully exploit these high drag
forces to enhance convergence rate.

The magnitude and distribution of the drag-parametgr (F ) is shown in Fig.
5.31 a) and b) for the two formulations; F is defined by Eq. (2.29) having units of
[Kg/m?s]. It can be seen from the figures that the maximum valug of F is higher for
formulation b) (338 1® Kg/f s) than for a) (58°10 Kg/m s); these maxima occur in
regions of the flow where the void-fraction is also high (Fig. 5.32; Issa & Oliveira
1990), viz. at the leading-edge side of the entrance to the side-branch. At those
positions there is accumulation of the gas phase, creating large gas pockets. The cause
of such gas accumulation can be understood from the discussion about the flow
structure that follows.

The forces responsible for creating slip and separating the phases at the
junction are gradients of pressure. Fig. 5.32 d) shows pressure contours for the present
flow case, where it is seen that high pressure occurs at the downstream corner of the
branch entrance and low pressure at the leading edge corner. Gas, being the lighter
phase, is preferentially pushed by this localised pressure gradient, and tends to
accumulate in the low pressure corner. This phase separation effect caused by the
pressure forces is distinctly seen in Fig. 5.32 e), where the gas velocity vectors in red
are pushed away from the high pressure corner, and thus deviate from the liquid
velocity vectors creating slip. The contour plots of void-fraction shown in Fig. 5.32 a)
and b) clearly reveal such gas pockets, which are present in photographs of the flow
taken by Popp & Sallet. There is a remarkable similarity among the predicted
accumulation of gas and the bubbles in the photographs. A compariaon of -fields for
the two drag formulations, in Figs. 5.37 a) and b), shows that withd( )a (1- ) the
gas pocket is much longer along the branch, and that higher levels of void-fraction
occur. The following table quantifies these trends.

formulation  fi) QO'max [%0] <a>j3 [%] (QR/Q L
a) a(la) 96.6 4.2 0.604
b) al(lwY 71.8 3.9 0.597

(Note: (Q /Q) =0.38)

These effects can again be explained to be due to the lower drag for formulation a),
leading to higher separation between the phases and thus to an increased concentration
of gas in the branch. The overall separation ratip (QdQ ) is almost the same for both
formulations because phase separation is controlled by events right at the entrance to
the branch, where: s still low and therefore the valuescof f( ) are still very similar.
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Fig. 5.31 supports this pointpF for both formulations can be seen to bemitay at
the entry to the junction.

The effect of the drag force on the gas and liquid streamlines of the flow can be
examined in Figs. 5.33 and 5.34. These figures also illustrate the structure of the flow:
distortion of the streamlines along the run due to the lateral pressure gradient;
recirculation of both phases on the side-branch; differential paths followed by fluid-
particles of both phases (gas turns sharply into the branch and tends to flow along its
lower side; whereas the liquid turns more smoothly and flows faster along the top side
of the branch). From the figures it can also be concluded that the gas pocket is situated
in the gas recirculation zone, which is both longer and stronger for the case where
f(a)=a(1-a) due to less coupling between the phases. The quantity of fluid in the
recirculation zone is equal to the difference between the maximum value of the stream
function and its inlet value (see Figs. 5.33 and 5.34), and is given in the table below.

formulation f(a ) ¢G max ¢ L max ¢ G rec. ¢ L rec.
a) a(le) 27.8 10! 3.92 19 1.9520 1.530
b) al(lwy 19.1 10* 3.94 18 1.08 10 1.710

(inlet valuesyg =8.27 10 ¢, =3.77 10 ;all values ifl [m /s])

From this table and Fig. 5.33 it can be concluded that in spite of the quantity of
recirculating liquid being almost the same for the two cases the recirculating zone is
different, the shape of this zone being determined by the gas pocket (Fig. 5.33), and is
much longer for case a) (Fig. 5.34). For the latter case there is more gas recirculating
than liquid. Streamlines for the mixture are similar to the liquid ones, since the liquid
flow rate is much higher than the gas rate.

5-5-3 EFFECT OF BUBBLES' DIAMETER

The drag force is inversely proportional to the square of the bubble diameter
(dg) when the flow around the bubble is laminar; for turbulent regimes the power will
be somewhat less than 2 but still retaining a strong dependencg on d . In the
calculations already presented the bubble diameter has been taken as 1 mm (base case)
in the absence of data regarding its value. Here, the effect of vagying d within a
reasonable range is analysed. The extraction ratio is fixed; atj Q /Q =0.5, which is
approximately equal to the liquid ratio{Q/Q ) .

Void-fraction fields for runs with gl =1 and 2 mm are shown in Fig. 5.35,
where the drag multiplier isd( } (&- ) andbCix +0.15ré%") . It can be seen that the

accumulation of gas in the branch is much higher in the case of larger bubble diameter,
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for which the gas pocket extends along almost the whole branch length. Values giving
a quantitative picture of the effect of varying d are:

f(e) dg [mm] Ol <a>; Ve QQy
a(l-a) 0.5 90 3.07 1.95 19 0.65
a(la) 1.0 98.2 4.02 1.95 10 0.76
a(l-a) 2.0 99.7 6.16 1.95 10 0.88
al(l-a) 1.0 73. 3.72 18.6 10 0.74
al(l-ay 3.0 88. 5.03 27.8 16 0.94
al(l-a) 5.0 90. 5.67 30.2 16 0.99

(inlet valuexpg =8.27 10" ; unitssg  infm /sl  in [%)])
Note: range of experimental data for(Q, /8 > 081 0.93.

The table also includes the case of drag formulation b). It is seen that as the bubble
diameter increases, more gas is drawn into the side arm with consequential increase of
both the maximum void-fraction at the centre of the gas pocket and the quantity of gas
recirculating in it. The effect of increasing d is therefore akin of replacingd( )= /(1-
a)? by f(a)=a(1«), and so can be explained by the same causes: a diminution of the
drag force which couples the two phases.

Fig. 5.36 shows contours of void-fraction for the three cases of the table above
with f(a)=a/(1-a)?. For the highest diameter (5 mm, Fig. 5.36 c) there is incipient
stratification in the side arm, with the gas flowing predominantly at the bottom; also
apparent from the figure is the increase in average void-fraction at outlet 3 (side
branch) asgl is increased (seea > 3 in table above).

It is important to notice thatgd has a strong influence on the degree of phase
separation, as measured by (Q £ ) (see above table), in contrast with the drag factor
f(a) analysed in the previous section. This happens because the flow is affected even
before the junction due to the lower drag, as the progressive curvaturecof the =2 %
contours in Figs. 5.36 a), b) and ck(d =1, 3 and 5 mm) illustrate. Inspection of Figs.
5.32 a) and b) reveals that for the two drag formulations the same =2 % contour is
not affected before the entrance to the side-branch by the drag model.

It is worth noting that the full elimination method, described in section 3-3, was
necessary to achieve convergence (normalised residuals beldw 10 ) for some of the
cases presented in this section.
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5-5-4 EFFECT OF GRAVITY ON THE FLOW STRUCTURE

In Popp & Sallet's experiments gravity is of course present and acts upwards in
Fig. 5.1 (the positive x-direction). Gravity induces stratification in the side-branch,
which is horizontal. Now since the drag model used herein is for interspersed flow
regimes and does not readily apply to stratified flow, stratification was prevented in the
calculations presented above by suppressing gravity. The purpose of this sub-section is
to demonstrate that results can be obtained for cases with gravity, without
modification of the procedure, and that the effects of gravity on phase separation are
small for the present application.

Gas streamlines/; ) are presented in Fig. 5.37 a) for a case with Q /Q =0.38
and downward gravity (g = 9.8 ri/s ), and in Fig. 5.37 b) for upward gravity
(9,=+ 9.8 m/$) and slightly different extraction ratio (0.36). Both cases have
fla)=al/(1-«), and so Fig. 5.37 a) can be compared with Fig. 5.33 b), the
corresponding case without gravity.

When gravity acts downward, gas tends to concentrate on the upper part of
the side arm as Fig. 5.37 a) shows; this effect is opposed to the inertial one, which
tends to concentrate gas on the low pressure side of the junction, creating the gas
pockets seen in previous figures. Moreover, downward gravity in the vertical inlet arm
induces slip between the two phases (gas travelling faster upwards than liquid),
provoking an increased drag and therefore less phase separation at the junction.
Progressive stratification at the side arm is also illustrated by the void-fraction profiles
given in Fig. 5.37 c). These profiles correspond to several stations along the branch,
and the peaking ok near the upper wall (X'=1, where=X' X+0.5 varies between O
and 1 across the branch cross-section), together with the absence of gas for X' 0.6,
becomes more noticeable as the stations are further away from the junction (ascending
order of numbers marking the profiles). The profile closer to the junction (number 1)
still exhibits a peak ofr at X+ 0.6, which corresponds to the gas pocket created by
inertial effects.

On the contrary, when gravity acts upwards, inertial and gravitational forces
at the branch entrance have the same direction and the gas pocket is promoted (Fig.
5.37 b). Gas now accumulates on the lower part of the side arm, as in the experiments
of Popp & Sallet. Relevant results of these cases are tabulated below.

QA g Viar  Cmax Q/Q¢

0.38 0 19.1 72 0.60
0.38 -9.8 8.8 45 0.57
0.36 +9.8 29.4 74 0.58

(¥: 10 *[mP/s];a [%]; g [M/8 ])
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The table shows that although the quantity of gas in the pocket is quite different
(denoting changed flow structure), the degree of gas separation is almost the same for
all three cases.

5-5-5 CASEWITH HIGH INLET VOID-FRACTION

For this case the inlet void-fractions of the base runs were multiplied by 10, so
that the average inlet void-fraction becamex > | =20.7 %. The purpose here is to
see how the results are affected by an high gas content.

In numerical terms, this run took many more time-steps to converge (over 4000) as
compared with the low void-fraction case; moreover, the convergence history became
oscillatory. This lower convergence rate may be caused by fluid re-entering the domain
at the side-branch outlet, as the figures below will show, which could have possibly
been avoided by using a longer side arm.

The structure of the flow is clarified in Fig. 5.40 a), which shows the void-fraction
field, and Fig. 40 b), which shows the gas phase streamlines. The gas pocket now
occupies a great portiona(> 90%) in the lower part of the branch and the
recirculation zone extends to the outlet. The maximum void-fraction is 99.7 % and the
a-profiles shown in Fig. 5.41 b), at different y-positions along the branch,
demonstrate that most of the gas is at the bottom while the liquid flows at the top of
the branch. Fig. 5.41 a) shows the liquid velocity profiles at the same stations, and for
the last one close to the branch outlet, some in-coming axial velocities are present.
Separation ratios for this case are; (Q & ) =0.70 and (Q./Q ) =0.44. It is seen that
the liquid extraction ratio is now less than the overall ratio (0.50), reflecting the
increased influence of gas on the mixture flow, and that the gas extraction ratio is less
than for low void-fraction (which was 0.76). Hence, there is less gas separating into
the side branch, when the gas content is increased (keeping the same inlet profiles).

The next two sub-sections, presented before the three-dimensional results, are
related to numerical aspects of the procedure. The first shows that inclusion of in the
derivative of the stress term (cf. section 2-8) gives rise to a small artificial phase
separation. The second shows that the liquid volume-fraction must be upwinded
accordingly to the liquid flux (cf. section 3-1). These matters are discussed here
because both use the same T-junction flow as before, as a demonstrating example.
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5-5-6 TWO-PHASE FLOW WITH EQUAL FLUIDS

Both fluids are here assumed to have the same physical properties, those of
water i.e.p, Bg =1000 Kg/in and, ug =10 Kg/ms. No slip is imposed at inlet,
and the purpose is to check whether any artificial phase separation arises. The flow is
still turbulent and possible causes of artificial separation are treatment of stress terms
and near wall region (see section 2-8).

Fig. 5.38 presents a) contours of void-fraction, b) gas phase streamlines and c) liquid
phase streamlines, at3;Q/Q =0.5. Inspection of these figures reveals that the
streamlines follow the same shape for both phases, with identical recirculation zone,
and that thex -field has also the same pattern as the gas streamlines. This means that
the volumetric-concentration field is just being convected by the gas velocity as it
would be expected, without accumulation of gas in the recirculation zone characteristic
of the previous results. Phase separation ratios for this case are almost identical,
(Q3/Q1)s=0.496 and (Q /Q.) =0.500, revealing absence of gas segregation (compare
with (Q/Q; )s=0.76, when the second phase is air). Drag factors are small
everywhere, with a maximum ofgF /V=1778 Kg/m s much smaller than the value
obtained with air, 60 0 Kgfin s. The maximum void-fraction is 3.3%, and occurs
near the upper wall at the branch outlet (Fig. 5.38 a); this constitutes the only possible
inconsistency of the stress terms' treatment, being confined to a near-wall region. The
effect is rather small, nevertheless.

Hence one can conclude that the two-phase model is consistent in the sense of not
provoking artificial phase separation when the two phases are identical.

5-5-7 STABILISING EFFECT OF UPWINDED LIQUID VOLUME-
FRACTION

In the non-staggered mesh the void-fraction is calculated at the cell centre, as
all other variables. But for the determination of phase fluxes a value for the volume-
fractions of liquid and gas has to be assigned at cell faces. In an earlier version of the
procedure the liquid volume fraction at a cell fagé, ( ) was determined from
a_=1-—a, wherea is the gas volume-fraction previously obtained by upwinding
accordingly with the direction of the gas flux. It was later found dhat has to be
based directly on thex -field, by upwinding accordingly with the liquid flux (i.e.

o =upwind (1— «), and notv |, =%+ upwiada( ) ). B, is not computed this
way, a converged solution may not be attainable, as the results below prove.

Fig. 5.39 represents the convergence history for two runs wjthQ /Q =0.7: one
(denoted UP LIQ, for upwind liquid) uses the latter method above to detefinine ,
whereas the other (denoted NO) uses the earlier method. Normalised residuals of the
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liquid momentum equation and of the mixture continuity equation are shown as
function of the “iterative" time advancemeit ( t=3.125 ms). A converged solution is
assumed when these residuals fall below!10 ; this happens for the latter method but
not for the former. Whelor | = 4@ , the residuals start oscillating after a certain
time, and eventually the procedure diverges.

All results in this work are based on the second method above of detef#éhining

5-5-8 THREE-DIMENSIONAL PREDICTIONS

Some of the results of the three-dimensional two-phase flow computations are
presented here. Effects of the same parameters considered before for the 2-D
calculations on these results are studied. Since these effects and some of the results
are often similar to their 2-D counterpart, the following will only highlight the
differences between the 2-D and 3-D predictions.

5-5-8-1_Velocitycomparisons

Most of the LDA velocity measurements by Popp & Sallet were for single-
phase water flow, as explained in sections 5-4-6 and 5-4-7. For the two-phase flow
case Popp & Sallet provide only a few profiles for the water velocity which hardly
differ from their single-phase counterpart. The measurement stations are situated at the
outlet of the branch (Y=17 W) and outlet of the run (X=4.45 W); the data are
compared with the present predictions in Fig. 5.42. For these predictions the
computational branch length was extended 4o L =20 W, in order to obtain the profile
at Y=17 W. It can be seen, for the case gf @ /Q =0.70, that the measured velocity
profile at the branch outlet is almost developed, whereas the predicted one is still
recovering (although differences are small). This situation would in fact also happen in
single-phase predictions, and is a known fault of tlee k- turbulence model (La&inder
al. 1984).

5-5-8-2_Structuref the two-phasdlow

One of the conclusions of the single-phase flow study was that 3-D effects are
important only at high extraction ratios. For this reason the structure of the flow is
here examined for Q /Q= 0.8.

Fig. 5.43 shows contours of gas volume-fraction at three planes of the 3-dimensional
field: the mid-plane (Z=0), the near-wall plane (Z=2W), and a plane in-between
(Z=W). At this high extraction ratio, pressure forces at the junction are strong enough
to provide almost complete separation of the gas (i.£. (/Q ) 1), forming pockets
at the entrance to the side-branch as observed in photographs of the flow (see Popp &
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Sallet 1983). These air pockets at the lower-pressure side of the entrance to the side-
branch are predicted by the model (Fig. 5.43) with the void-fraction attaining
maximum values of 97.8 % for the plane Z=0, and 89.1 % for the near-wall plane.
Such high values mean that the pockets contain gas almost exclusively. Some
concentration of gas can also be noticed at the entrance to the run close to the end-
wall, and in the middle plane close to the wall at Y=0; this results from the trapping of
low momentum gas, flowing close to the walls, by the strong adverse pressure-field.
Part of the gas will also be trapped in the recirculation zone existing downstream in the
run, opposite to the side arm.

Pressure contours shown in Fig. 5.44 illustrate the mechanism responsible for creating
the slip between the two phases. Compared with the contours shown in Fig. 5.32 d) for
the 2-D case at lower extraction ratioz(Q, 4  0.38), here much steeper pressure
gradients are set up in the junction zone, having maxima,af p+ 1200 N/m and
P.. = — 2300 N/m . The pressure contours close to the wall are little different from
the ones at the symmetry plane; however, some difference is noticeable close to the
high-pressure corner, which in spite of being small is responsible for the secondary
flows in the run (cf. single-phase 3-D effects, section 5-4-7). Such secondary flows
provoke the three-dimensional structure of the void-fraction field, clearly seen in the 3
planes of Fig. 5.43.

One of the advantages of the present multidimensional approach is the ability to study
the detailed behaviour of the flow field in regions of interest. In this case, it is of
interest to examine the velocity field of both phases in the region of intersection of the
Tee. Fig. 5.45 shows gas and liquid velocity vectors in the planes X=0.9W
perpendicular to the main flow direction (illustrating the secondary flow referred to
above), and Z=W, which is the longitudinal middle plane, where gas pockets occur in
the branch and in the opposite side of the run. Departure in the direction of the
different phase velocity vectors is a manifestation of the three-dimensional slip set up
which is ultimately the cause behind phase segregation.

5-5-8-3_Phasseeparation

Fig. 5.46 shows three-dimensional predictions of phase separation ratios. The
three-dimensional computations give; (Q; /& ) which are almost identical to the 2-D
ones (Fig. 5.26) and therefore the same good agreement with the bubbly flow data
(hatched area) is obtained.

Further quantitative results are provided by the table below, where computed average
values of gas and liquid volumetric flow-rates and void-fraction at outlets 2 and 3 (run
and side-branch) are given.
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B Q@ @ @) (@) o [%] as[%]

0.20 2776 1.357 1513 0372 1.75 4.35
0.38 1.626 2.507 1.178 0.707 1.35 4.22
0.50 1.010 3.126 0.953 0.932 1.06 4.02
0.80 0.175 3.960 0.384 1.502 0.42 3.05

(Qg:10° [t /s]; Q : 103 [m /s])

Notice how the average void-fraction in the side arm outlet is always greater than the
corresponding one in the straight arm the phase separation effect.

The agreement between the separation ratios obtained from 2-D and 3-D
computations deserves a comment. The single-phase results showed that three-
dimensional effects are unimportant at low extraction ratios, but become dominant at
high extraction ratios when complex secondary-flow arise (section 5-4-7). Good
predictions of local velocities could be obtained only with fine, three-dimensional
meshes (cf. Fig. 5.17). Therefore it would be reasonable to expect adequate
predictions of phase separation at low extraction ratios, with agreement among 2-D
and 3-D results and the data, but this agreement would deteriorate at high extraction
ratios. However comparison of Fig. 5.46 with Fig. 5.26 shows that the predictions are
still good for high Q /Q in spite of the increased complexity of the flow. Fig. 5.46
helps to understand this apparent contradiction: for Q>/Q-~ 0.8 almost all the gas
is diverted into the side-branch, i.e. 3(Q:/@~) 1. Therefore any error in the
resolution of the flow field will have small effect upon the separation ratio, which must
stay close to unity.

5-5-8-4 Performancef theturbulencemodels

The extended two-phase turbulence model described in Chap. 2 is based on the
premise that the void-fraction fluctuates like all other quantities (Gostmain . 1989).
The model leads to the introduction of many additional terms, in both the momentum
and the k and equations. These terms need modelling and have proved to be
troublesome numerically. Here a study in which the additional terms are omitted
(which would amount to ignoring the fluctuations in void fraction due to turbulence) is
presented.

For a deflection ratio of § /Q =0.38, Fig. 5.47 a) and b) shows contours of the void-
fraction in the symmetry plane (Z=0) when the extra turbulence-model terms are
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omitted and included respectively. The effect of the terms is to smooth the gradients of
a close to the walls and at the edge of the gas pocket, in the side arm entrance. In
terms of the phase separation ratio, the effect is almost negligible, with (@ /Q )
decreasing by only 3 % as the following table shows.

Parameter (8 Q) <a>;3 < P3
base case (simple model) 0.61 4.2 -185
extended model 0.59 3.3 -164

(p: [N/nt J; a0 [%] )

Unfortunately it is not possible to deduce from the available experimental results for T-
junction flows whether the more complex model gives better predictions. Proper
assessment of the improved model has to be left to the predictions of simpler flows, for
example flows in vertical channels and pipes, for which there exist local measurements
of velocities and void-fraction.

5-5-8-5_Effectof the dragforce expression

The effect on the flow structure of changing the drag coefficient correction
factor f@) froma (1— a ) (base case) to Hla ? ) is similar the one observed in the
two-dimensional results, which was discussed in section 5-5-2. The table below
together with Fig. 5.47 c) provide an indication of these effects. Figs. 5.47 a) and b),
compared with the corresponding figures for the 2-D calculations (Figs. 5.32 a) and
b)), serve as well to demonstrate that the results from 2-D calculations (e.g.
(Q3/Q ) = 0.60) are practically equal to the ones at the symmetry plane of the 3-D
calculations, at this low extraction ratio3(Q/Q =0.38).

Parameter (8 Q) <a>;3 < P3
base case 0.61 4.2 -185
with f(a)=a/(1-«)’ 0.60 3.9 -175

(p: [N/nt J; a0 [%] )

Resuming the conclusions already taken in 5-5-2, the new factor does not affect the
phase separation ratio, but the gas pocket in the side arm becomes noticeable smaller
with lower maximum void-fraction (in the symmetry plane Za@ax drops from 70 %
(base case) to 97 % with the new f( )).
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Since the coupling between the phases increases with theanew f( ), the length
of the recirculation zone X should therefore decrease. This is confirmed by the
results, Xk = 4.8 W for the base case ang=X 3.6 W for the case with aew f( ), on
the symmetry plane. Whether inclusion of the factor improves the predictions could be
based on a comparison of the predicteggd X with measurements; unfortunately such
measurement is not provided by Popp & Sallet for two-phase flows. It is interesting to
notice that the recirculation length for single-phase flow £X 2.7, 3-D calculations)
is lower than for the two-phase case; this is probably caused by the gas pocket at the
side arm entrance. Another difference with single-phase flow, is thatghe X for two-
phase flow is protocol the same for a 2-D and 3-D calculation (the 2-D case
corresponding to the 3-D base case, gives=X 4.9W).

5-5-8-6_Effectof bubblediameter

Fig. 5.47 d) shows the void-fraction contours when the bubble diameter is
taken as 3 mm, instead of the 1 mm. The effect of increasing the assumed bubble
diameter is similar to the one observed with the two-dimensional calculations (section
5-5-3): the extension of the gas pocket in the side arm is greatly increased and this
corresponds to a higher separation of gas (see Table below, for the case of

Q;/Q, =0.38).

Parameter (Q Q) <a>s3 < Ps3
base case 0.61 4.2 -185
bubble diam.=3 mm 0.84 6.1 -225

(p: [N/t J; 2 [%])

The experimental data for this extraction ratio (from Fig. 5.46) ranges from
(Q3/Q ) = 0.62 to 0.84, hence encompassing the predicted values.

The table above also shows that the pressure drop in the branch is higher for the case
with large bubble diameter, which is a consequence of the extended recirculation zone
(Xgr=5.1 W).

5-6 CONCLUSIONS

In this chapter, results of the application of the methodology developed to the
T-junction flow of Popp & Sallet are presented. Detailed comparison of measured and
predicted single-phase velocity profiles show good agreement, both for two and three
dimensional computations. For high deflection ratios there is a strong three-
dimensional flow in the run which can only be resolved by a fine 3-D mesh. Pressure
drop coefficients and extension of the recirculation zone in the branch were well
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predicted with the model. The T-junction was shown to affect the flow (by perturbing
the pressure field) a distance of 2 widths upstream of the junction section. The
structure of the flow was revealed, with streamlines in 2-D and vector plots in 3-D; the
fluid enters the side branch with a positive rotational motion and, in the run, there is a
strong reverse flow close to the end wall.

Quantitative assessment of the two-phase flow calculations was made by
comparing a few water velocity profiles and the separation ratios, {@ /Q ) vs.
(Q3/Qq ). The latter show good agreement when compared with the range of data for
bubbly flow. Separation is strongly affected by the assumed bubble diameter and is
insensitive to the extended turbulence model used, corrective factor for drag, 2-D or 3-
D computations, and the effect of gravity. These parameters do however affect the
structure of the flow within the branch, namely by extending the recirculation zone and
gas pocket situated in the entrance to the branch whenever drag is diminished. Pressure
and drag force contours were shown in order to identify the forces responsible for
phase separation, which was demonstrated with velocity vectors for each individual
phase. For high extraction ratios, phase separation was almost complete, with air going
almost entirely into the side arm while water would continue straight. For this reason
the predictions of phase separation ratios at high extraction ratios are not affected by
the use of 2-D computations instead of 3-D ones (although, as mentioned above, the
detailed flow in the run was strongly three-dimensional). High local void-fractions
(almost unity) and stratification, resulting from presence of gravity, could both be
handled and the numerical procedure did converge albeit with difficulty. Predicted
contours of void-fraction revealed concentration of gas in the branch recirculation
zone which is confirmed by photographs of the flow taken by Popp & Sallet.
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Fig. 5.23 Velocity profiles at the entrance to the

side branch (3-D computations),
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Fig. 5.25 Comparison of observed and predicted (2-D and 3-D) length

of the recirculation zone.
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¢) Photograph of the flow by
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Contours of void-fraction for 2 drag formulations (Q3/Q,=0.38)

and visual comparison with photograph.
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Fig. 5.34 Streamlines of the liquid phase for two drag formulations.
(Qs/Q, = 0.38)
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Fig. 5.36 Effect of varying the bubble diameter: contours of
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Fig. 5.38 Two-phase flow with equal fluids (water); Qa/Q,=0.50.
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Fig. 5.47 Effect of some parameters on the contours of
void-fraction (3-D predictions, Q3/Q,=0.38).
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A b) with extended turbulence model;

¢) drag corrective function f(a)=a/ (1-a)%

c) with bubble diameter, dg=3 mm.
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CHAPTER 6
RESULTS FOR PARTICLE-LADEN JET

6-1 INTRODUCTION

The objective of this chapter is to assess the extended turbulence model
explained in section 2-11. For this, the numerical methodology of chapter 3 is applied
to the problem of a two-phase particulate jet formed by an air stream laden with solid
particles. The numerical results obtained after the systematic inclusion of each term of
the extended turbulence model are compared with experimental measurements, and
also with expected trends, enabling an assessment of the turbulence model
performance.

This assessment shows that some of the extra terms of the turbulence model
are required in order to predict dispersion of the dispersed phase (the solid particles)
although additional refinement of the model is still neededdourate predictions of
this dispersion.

Testing and development of the extended k- turbulence model was undertaken
at a later stage of the present work, therefore refinement of the model, involving some
of the theoretical work of chapter 2 has to be left for future work, as discussed in
chapter 7.

6-2 GEOMETRY AND NUMERICAL PARAMETERS

The geometry consists of two co-axial pipes (Fig. 6.1): the inner pipe carries
the mixture of particles and air; the outer pipe is used to confine the jet and carries a
lower velocity air-stream. An additional function of the outer air-stream is to avoid the
formation of recirculating zones. The experimental set-up is vertical and the confined
particle-laden jet flows downwards. The inner pipe diameter4s D 13 mm (radius of
R=D/2= 6.5 mm) and the diameter of the outer pipe is=D 60 mm. For the
numerical simulation the length of the domain (along x) was taken as 45 times the
inner diameter (D).

The carrier phase was air and the dispersed phase was made up of glass
spheres. The physical properties are: =1.18 Kgim , =1.810 Kg/pp.s), =2590
Kg/m® (subscript & " for continuous phase ant “ " for dispersed). The viscosity of the
dispersed phase was set arbitrarily to a value close.to ; it does not affect the
calculations since the eddy-viscosity is several orders of magnitude higher. The
average particle diameter is 6414 m. The standard drag curve was used in the
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computations, i.e. £ =24/Re.(1+0.15Re ). For this low volume-fraction case
(aq ~ 10°*) no corrective function is required, sa f(c)= (cf. section 2-10).

The inlet profiles of axial and radial velocity, and of turbulence kinetic energy
are given by the experimenters (reported by Sommerfeld & Wennerberg 1991). The
centre-line values at inlet are, U= 29 m/s, & 23 m/s, @ane: 2510 . The
air velocity in the outer pipe at inlet {U in Fig. 6.1) is almost constant as could be
observed from the measured velocity profile, and it,is U =15.6 m/s.

The numerical mesh overlaying the 2-D (axial radial) physical domain
consists of 50 x 48 non-uniformly internal cells. The overall dimensions of the solution
domain are 600 mm x 30 mm (axial and radial directions) and is bounded by an inlet
(x=0), outlet (x=0.6 m), axis of symmetry (y=0) and wall (y=0.03 m). The mesh is
more concentrated in the region between the axis and the line y=6.5 mm (y=R), which
is the outer limit of the inside-pipe jet at inlet, and then expands in the direction of the
outer wall, where it concentrates again. A sketch of the mesh is given in Fig. 6.2.

The time-step used in all computations Was t=5'10 sec, corresponding to a
maximum Courant number of 7.1 and a maximum diffusion number of
D=6t/ (6x*/v)=71. The maximum Peclet number in the solution field was 45. The first
two-phase runs started from a previous single-phase solution, after imposing the
dispersed-phase velocity and volume-fraction profiles at the inlet plane. The initial
condition for the dispersed phase volume-fractiop ( ) was however of a zero field
everywhere. The convergence criterion was set for the maximum normalised residuals
to be smaller than 16 . No convergence problems were experienced as long as the
proper boundary condition at the wall far was impos#d/f n=6, n normal to
the wall). The single-phase case (starting from zero conditions for all variables)
converged in 288 iterations (time-steps) and the two-phase cases required around 210
more iterations. All computations were made in an Apollo DN10000 machine.

In what follows some of the numerical results obtained after inclusion of extra

terms in the turbulence model (introduced one by one) are presented (section 6-3).
These results are then compared with the data (section 6-4), as presented by
Sommerfeld & Wennerberg (1991). Underprediction of the particles’ dispersion led to
the additional study presented in section 6-5, where the response function C is varied
in some of the terms of the model. Results from this study enable identification of
factors affecting the dispersion, and possible ways to improve the predictions are
pointed out.
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6-3 EFFECTS OF INCLUSION OF ADDITIONAL TWO-PHASE TURBULENCE

MODEL TERMS

For an easy identification of each of the extra terms in the turbulence model,
these are denoted as follows (see chapter 2, section 2-11, for further explanations):

» The continuous-phase momentum equation:

SUCL = — 2V p.a. k) (part of normal turbulent stress),

SUC2 = (ApypV' Y bacep, Nag (turbulent drag).

 The dispersed-phase momentum equation:

SUDL = — 2V (Gpyaq k) (part of normal turbulent stress),

SUD2 = — (Apyp V') Gucep, Nag (turbulent drag).

 The k-equation:

SPK1 = 2A (1- G p,as (drag- turbulence interaction),

SUK2 = — ((A;)pd Y Gocte )) (Us — U.)- Vag (turbulent drag-
turbulence interaction).

» Thee -equation:

SUel = 2A (1- G pya4e (dissipation from drag turbulence
interaction).

The nomenclature chosen above is the standard one for linearised source-terms
(Patankar 1980), i.,e.S SU SB  where SP is treated implicitly and shifted to the
left-hand side of the relevant transport equation.

The computational runs presented in this section are identified as follows:
* run 11; base case, no extra terms in the equations;
« run 16; effect of SUC1 and SUD1, but SUD1 is not multiplied by C ;

« run 17; effect of € in the previous term, i.e. full SUD1 dispersed
phase momentum-source;

* run 18; effect of fluctuating drag term (SUC2 and SUD2 above) in both
phases momentum-equations;

e run 19; effect of drag termin k aad equations (SPkl ard SU 1);
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e run 20; fluctuating drag term in the k-equation (SUK2 above);

In section 6-5 the following runs are also considered:
« run 23; eddy-viscosity of the dispersed phase is multiplied' by C ;

* run 27; same as run 23, but inlet radial velocity for both phases is set
to zero (the experimental values of v and v at inlet are small
but not zero).

These and other runs referred to later in the chapter are fully specified in Table 6.1. In
order to avoid confusion in the discussion that follows, and since,the C -function may
take different expressions in the different terms which involve it, the following notation
is adopted:

v, = Gl (from Eq. 2.68, with,C= :C ),
ki = Gk (from Eq. 2.64, with,C= *C ).

Hence the term SUD1 becomes (from Eq. 2.66):
SUDL = — 5V (Gpgaa K).

Note that each new run maintains the same conditions as the previous one
except for the inclusion of the additional new term. Hence the effect of each additional
term can be discerned from a comparison between successive results. This is done in
the following sub-sections, where the results presented consist of axial (along the
centre-line, y=0) and radial (stations x/D= 5, 10, 20 and 40) profiles of dispersed
phase volume-fractiom( ), axial velocities.(U 4 U ), turbulence energy (k) and eddy-
diffusivities ¢/, v/, ). These variables are chosen because the main interest here is the
prediction of the dispersion of particles, which can be directly observed from the
variation ofa, and is indirectly related to terms involving gradients of k and effective
viscosities. Comparison with the data is left for the next section.

Axial variation ofa , kv, and, , and .U and;U are presented in Figs. 6.3 to
6.8 for runs 11 to 20. Each run corresponds to the inclusion of one of the terms
mentioned above and therefore by comparing those figures, the effect of each
individual term can be established.

6-3-1 EFFECT OF INCLUDING THE TERM

SUD1
From Fig. 6.3 and 6.4 it can be seen that by introducing the {eénW ra C Kk
with C, set to unity, large amount of solid dispersion is brought in: the centre-line

2VCiak (SUCI and
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value ofa does not decrease at all in run 11, but for run 16, it drops quickly with axial
distance, x. For values of X/D less than 5, there is an oversheot of above its inlet
value; this is caused by the radial component of this term in the dispersed phase
momentum equation, i.e.— %8 a( @ y. The dispersed phase volume-fraction
decreases from the centre-line along the radial distancepda,&® < y 0, but the
turbulent energy k increases sharply due to the shear layer between the inner jet and
the entraining stream (see radial profiles in Fig. 6.9). Ovedall, /0 k) y becomes
positive close to both the inlet (X/D<5) and the centre-line, promoting a negative
dispersed-phase radial velocity; (v points to the symmetry axis) and thus an increase of

«.

When the SUD1 term is multiplied by,& 7C (& -1 exp(/} t)) as

in the expression derived in Chap. 2, the dispersian of is very much reduced as Fig.
6.5 shows (compared with Fig. 6.4). Axial variation of effective viscosities, turbulent
energy and axial velocities is the same for runs 11 and 17 (compare Fig. 6.3 and 6.5),
revealing that the term- %V §1®z k) does not affect these quantities. On the other
hand,« is reduced when compared with run 11, mainly for high X/D. This can be
understood from the variation of, C presented later (Fig. 6.18), where it is seen that
C, is below 0.1 for X/D<15, and attains a value of 0.3 close to the outlet. H&nce C
varies from 0.01 (the influence of the term is negligible) to 0.1 near the outlet,
influencing the radial momentum balance of the dispersed phase. It is important to
notice that in spite of%: being quite small, this extra term is able to generate positive
radial velocities of the dispersed phase and thus promote its dispersion. The
corresponding term in the continuous phase equation (SUC1) does not have any effect

(this has been checked from runs with and without such term). Response functions
giving higher values thanZC will be tested later.

6-3-2 EFFECT OF INCLUDING THE TURBULENT DRAG TERM
(SUC2AND SUD2)

Fig. 6.6 gives the axial variations@f , uadd when this term is included (run
18). Compared with the case without this term (run 17, Fig. 6.5), the particle
dispersion:is increasedyyer  drops from .6 40 (run 17) to<0.8* 10 (run 18).
The other quantities shown in Fig. 6.6 ¢k, and U) remain practically the same as in
Fig. 6.5, and are not therefore affected by this term. The dispersed phase flux
(fg = aqp,Ug [Kg/snt]) is thus reduced in the same proportioncas , that is by a
factor of ~ 2.

This increased dispersion is caused by positive radial velocities of the dispersed
phase generated by the component of the term proportional t9 da o ( y) (noting
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that 9a /0 y< 0). Such radial velocities take the particles away from the axis and lead
to a decrease @f along it (i.e. dispersion).

It should be noted that the present calculations were made assuming a modified
Schmidt number of unityg, =v!/n= 1. If a smaller value of was taken,
corresponding to an -diffusivity;( ) greater than the eddy-diffusivity, then even higher
dispersion would be obtained, probably with values closer to the data. This has not
been tested here, although other authorsoyse smaller than 1 with good results; for
example, for the present problem Simonin (1991) uses 0.67.

6-3-3 EFFECT OF INCLUDING THE DRAG TERM IN THE k & €
EQUATIONS (SPK1 and SUel)

This term is a sink-term in the k-equation ( p2F—1,) C k, always negative),
but (as reported by Politis 1989) becomes a source in ¢he -equation
(+ 2 (1— G) ke /k, always positive). Results from run 19 where it was included are
presented in Fig. 6.7, which should be compared with Fig. 6.6 (term not included). It
can be observed that the particle dispersion is unaffected by this term and, as expected,
the turbulence kinetic energy is reduced (from a maximum of 4 to22.9 m /s ). Since the
turbulent dissipation is increased, it results that the eddy-diffusivity (the same for the
two phases)y’ ~ *e/ , is reduced (the maximum drops from 17.5 to 11.54[x10
mt/s]). As a consequence of this reduced turbulent diffusion, the axial velocities of
both phases drop slightly less than before, along the centre-line from inlet to outlet .

As discussed in section 2-11 the term indhe -equation should have the same
sign as in the k-equation, i.e. it should also be a sink (given byp( 2F ;¢ C ) and
thus have the opposite sign of theeSU 1 considered above. This change of sign has
some effect which will be discussed later (section 6-5).

6-3-4 EFFECT OF INCLUDING THE TURBULENT DRAG TERM IN
THE K-EQUATION (SUK2)

Results from run 20 where the source SUK2 is included in the turbulence
kinetic energy equation are shown in Fig. 6.8. A comparison with Fig. 6.7 reveals no
differences at all, thus the effect of this term is negligible. This situation can be
understood from the form of the SUK2 term, which is proportional, toMd . Since
the main gradients af are in the radial direction which corresponds to a negligible
relative-velocity component, the scalar product is itself negligible.

6-3-5 CONCLUSIONS
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Figs. 6.3 to 6.8 depict the main flow features after the systematic inclusion of
each additional term of the turbulence model, from run 11 (base case, no new terms) to
run 20 (all terms included). In all these runs the eddy-diffusivity of the dispersed phase
was equal to the continuous phase one,ife= . C with C 1. The effect of
allowing for different eddy-diffusivities will be studied later (6-5), although it may be
concluded that the effect on the particle dispersion is small.

The results of run 20 are the ones presented in Sommerfeld & Wennerberg
(1991) and some of the comparisons with the data are given in the next section.

To clarify some aspects already mentioned, Fig. 6.9 shows radial profiles (at
stations X/D=5, 10 and 20) of the same quantites (., U;, U, k) whose axial
distributions are shown in Fig. 6.8. In particular, the profiles in Fig. 6.9 demonstrate
the diffusion of U and |J , the dispersion @f , and the sharp peak of turbulence
energy at y» R (shear layer between the inner and outer air streams) for the stations
closer to the inlet (e.g. X/D=5). As a consequence, close to the axis the gradient
ok/dy is positive and quite steep, becoming negative away from it (fer y 1R).
Therefore the term- %8((1 )KO 'y may generate negative radial velocities leading to an
increase oty along the symmetry axis, an effect referred to above; that term may also
change sign, along the radial direction, promoting a maximwmn of  off the axis.

The effect of the turbulence model terms on the dispersian of is illustrated by
Fig. 6.10 where axial and radial (X/D=20) profilescof for different runs are plotted
together. Runs involving terms in the k aand equations (run 19 and 20) are not
included since they have almost no effectcon . It is clear from Fig. 6.10 that the
dispersion ofa: increases when the teFm%V( %10@ ), k is included, and increases
even more, approaching the data, with further inclusion of the turbulent drag term,
— (Fol(acay)) (Vo) Va. If the factor (Z is not present in the former term (i.e.
C, = 1, run 16), Fig. 6.10 shows an excessive drop: of along Xx; hence one may
conclude that the proper multiplicative factgr C should not be as smeilll asC (run1l17)

and not as large as unity (run 16).

Some comparisons between the two extreme cases are shown in Fig. 6.11. The
ability to predict phase dispersion is shown by comparing radial profikes of at several
consecutive stations without (run 11), and with (run 20), all the additional turbulence
model terms. Predictions by run 11 show no sign of dispersion: all profiles coincide
with the inlet one. On the other hand, run 20 shows a discernible sign of phase
dispersion. In Fig. 6.11 b) profiles of turbulence kinetic energy predicted by runs 11
and 20 are compared. They show that the introduction of the additional terms of the
model in the k and the equations brings about a reduction of the level of k. This will
produce a reduction of the eddy-diffusivity and, consequently, leads to a slight increase
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on the level of the axial velocities due to less diffusion (comgare vs. xand U vs. x
in Figs. 6.3 and 6.8).

The suppression of the continuous-phase turbulence energy by the particles
was observed by the experimenters (Hishida & Maeda 1991) and agrees with the
criterion of Gore & Crowe (1991) (d¢. < 0.1; herp = 64.4 m and 1 mm)
and also of Hetsroni (1989)N($& VS—p’) < 400; hereg, V- 5 m/s yielding a

Re,.. ~ 21).

Pmax ——

6-4 COMPARISON WITH DATA

The present predictions, together with calculations by others, were compared
with the experimental data obtained by Hishida & Maeda (1991) and are reported in
Sommerfeld & Wennerberg (1991) as Test Case 1. Figs. 6.12 to 6.14, taken from this
last reference, provide some of the comparisons which are relevant here. The points
marked “Oliveira/lssa” were obtained from the run 20 mentioned above.

Fig. 6.12 shows the radial profiles of the axial velocity component for the
continuous and dispersed phases. This is fairly well predicted and there is agreement
between the different predictive methods. For the dispersed phase mean velocity,
however, there is good agreement with the data only for the station closer to the inlet
(X/ID=5, X=65 mm). For stations further downstream the present predictions are
below the data, and below the other predictions. However, other predictions shown in
Sommerfeld & Wennerberg (1991) but not shown here, follow identical trend as the
present predictions and are also below the data for X/D=20 (X=260 mm). A point
common to all predictions is that all show similar spreading whereas the curve
followed by the data points is much narrower (especially for the last station, X/D=20).
Such behaviour is also apparent in the continuous phase profiles, U , although on a
smaller scale. The too-high predicted spreading of the predigted U means that the
used eddy-diffusivities are too high.

Fig. 6.13 shows a comparison of axial and radial continuous phase velocity
fluctuations. Since the turbulence model is based on the Boussinesq approximation for
the Reynolds stress, the predicted fluctuations (rms) are isotropic, given by
Uv=v= ¢§k. The turbulent structure of the actual flow is certainly not isotropic and
this explains some discrepancy between predictions and data, although the agreement
is generally fair. The axial componerit u is expected to be greater than the radial one,
so the predictions lie somewhat below the data. The other predictiohs of u shown in
Fig. 6.13 are closer to the data, which may be a consequence of different turbulence
models; predictions from other authors using standaed k- models agree with the
present ones (see figures in pages 48 and 50 in Sommerfeld & Wennerberg. These
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predictions of continuous phase fluctuations are not too much affected by the extended
turbulence model, except for the reduction in k.

Fig. 6.14 shows profiles of particle axial mass flux£fp;, sod , Kg/m s), a
qguantity of particular interest since it reflects the prediction of the dispersed phase
volume-fraction & ). The present predictions are too high compared with the data
(especially the profile at X/D=20), in spite of the inclusion of the terms referred to in
6-2. The dispersion promoted by the terms used in run 20 is clearly not enough and
this led to further studies which are presented in the next section.

6-5 EFFECT OF OTHER QUANTITIES

Other parameters have been identified as affecting the particle dispersion for
the present confined jet flow. The main ones which will be considered here are:

« the dispersed phase eddy-diffusivity,= ,.£ ;

* inlet radial velocity;

« drag term ire -equation with positive or negative sign;

- multiplicative factor ¢ in the term- 3V ,& k.

These parameters will be assessed from the behaviour of the axial variations of . The
meaning and reason for choosing the above parameters will be clarified as they are
introduced.

6-5-1 DISPERSEDPHASE EDDY-DIFFUSIVITY

In chapter 2 the eddy-diffusivity of the dispersed phase was derived as
v, = C V!, where

e

C,=1-exg—t/}) .

Fig. 6.15 shows some results whén is based on the above expression (run 23). The
results are compared with those from run 20, which differs from run 23 only by having
vl = v, In Fig. 6.15 a) it is shown that the eddy-diffusivity of the continuous-phase is
identical for the two runs, but the dispersed-phase diffusijity in run 23 is much
smaller (almost nil in the linear plot presented) than  of run 20 (which equals ).
This indicates that C is quite smalk( 0.1) so that its square becomes very small
( ~ 0.01). These values will be quantified later.

Consequences of such low particle phase eddy-diffusivity are visible in the
other graphs of Fig. 6.15. The centre-line distribution of (Fig. 6.45 b, vs. xX) has an
initial dip and then an overshoot which may be understood from the radial profiles in
Fig. 6.15 c). The dip is caused by the inlet radial velocity of the particle phase
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(positive, as given by data) which pushes the particles away from the axis, causing a
sharp maximum o& off-axis (profile at X/D=10). The very low particle eddy-viscosity

is unable to keep the particles clustered around the symmetry axis. Further downstream
(profile X/D=20), the radial turbulent drag force (generated by positive gradieats of
near the axis) brings the maximum particle concentration back to the axis. The overall
dispersion, measured by the centre-line levetl of at the outlet and the slopecof the (
vs. X)-curve there, is almost identical to the results for run 20. Thus the overall
dispersion ot s little affected by, , although important differences are visible closer
to the jet inlet. In Fig. 6.15 d) the radial profile of the dispersed phase axial velocity
predicted by run 23 is much narrower than the one predicted by run 20, a trend which
agrees with the greatly reduced particle eddy-diffusivity in run 23. It should be noted
that for Y/D> ~ 1.5 there are almost no particles (Fig. 6.15 c) and thus the precise
value of U, is irrelevant beyond that radial position.

In conclusion, it has been shown that the overall dispersian of is not affected
by a very low level of the particle eddy-diffusivity (after settijg= 7:£ ) although a
peculiar variation o& along the axis is produced. This is explained by the departure of
the maximum particle concentration from the centre-line axis, due to the positive radial
velocity imposed at inlet, followed by a return of the particles to the axis. Such effect
of the inlet velocity is only possible because the turbulent “diffusion” forces on the
particle jet are too small to keep it concentrated around the axis. This argument is
supported by results obtained when a zero radial velocity is imposed at inlet, which are
presented next.

6-5-2 INLET RADIAL VELOCITY

Phase velocities imposed at inlet are based on linear interpolation of the
measured data (reported by Sommerfeld & Wennerberg 1991). The measured radial
component for either phase is small, at mest 0.1 m/s compared with an axial

component of~ 25 m/s, but it may have some effect on the predictions. In order to
check this, the runs with high and low diffusivities (respectively run/2e: v and
23, v, = G v!) were repeated imposing zero radial velocities at inlet for both phases

(denoted, respectively run 38 and 27; see Table 6.1).

Fig. 6.16 shows an axial profile af along the centre-line and a radial profile of
the radial velocity component at X/D=5 for the two runs with high diffusivity. It can be
seen that the results are almost identical, the dispersed phase radial velocities are
positive indicating that the particles are dispersing away from the axis, and this
dispersion characterised by the curve  vs. x follows the same path independently of
the inlet v-profile (v 0O, run 20, or¥ 0, run 38). A closer inspection of the eurve
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vs. X shows that, near the inlet, run 38 gives a smoother curve, without the extrema of
run 20. This is much more noticeable for the low diffusivity case, as shown in Fig.
6.17.

The curvea vs. x in Fig. 6.17 corresponding to the run with zero inlet radial
velocity is much smoother than the one of run 23, discussed in the previous subsection
(cf. Fig. 6.15). The inflection behaviour is no longer present, proving the argument that
such behaviour was provoked by the inlet radial velocity coupled with the low eddy
diffusivity. A comparison between Figs. 6.17 and 6.16 (run 38 and run 27) shows that
the dispersion o&x when the inlet velocity is zero becomes very similar, independently
of the level ofv; . The other graphs in Fig. 6.17 show that when v 0 at inlet, the
radial velocity of the particles at X/D=5 is always positive thus inhibiting their
regrouping around the axis, contrary to the run witg v 0, which contains some
negative components. The radial profilenof  (X/D=5) for the case v=0 at inlet presents
the typical maximum at the axis, and not off-axis as described above for run 23.

It can be concluded from these comparisons tmaich1 C gives rise to a

dispersed phase eddy-diffusivity which is too low. For this reason other forms of the
multiplicative factor ¢ , and C , will be considered below. It should be noticed that
the results are little sensitive t§  if its value is “hight ¢¢ ).

6-5-3 MULTIPLICATIVE FACTOR IN THE TERM — %Vak

The multiplicative factors £ , used to determine the eddy diffusivity of the
dispersed phase, ang C , used in the terr%nv ra C K, can take different forms other
than C% . The following expressions have been used:

1= 1- expi— I/L)’
L= (1+ 6/t
.= G

1+ 0.45\/(3 19) o ;
1 4/(G )
1+ 045¢/(2k/ Q)

i

O 0 0 0 0 0O

[=N

&
I
N TN TN

C. and G, have been already used aboye; C can be derived in the same way as C
(see Politis 1989) if the integration of the particle motion equation is done numerically,
treating the drag term implicitly. It is used by several authors (e.g. Faeth 1987,
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Mostafa & Mongia 1987). For small values of t, t, C is veiryilar to G, (for

C, < ~ 0.3) and for higher values,C becomes smaller than C as shown in Fig. 6.18
a). These first 3 functions are related only to inertia effects, since they are based on the
particle equation of motion comprising no other force but drag. The two last
expressions above are related to the crossing-trajectories effect (e.g. Csanady 1963;
Peskin 1989); C is the one commonly used (e.g. Pateat. 1986; Simonin 1991),
correlating the particle response to the ratio between relative and typical turbulence
velocities. If the mean relative velocity (V ) is high compared with the turbulence
velocity scale (u ;c% k), meaning that the particles cross the fluid eddies quickly, then
their fluctuations will be uncorrelated to the continuous phase fluctuations yielding a
C, which tends to zero. ;C combines the two effects, crossing-trajectories
(characterised by £ ) and particle inertia (modelled Ry C ); it has been used by
Simonin (1991) in his prediction of the present laden-jet problem. C also takes into
account the two effects and is given by Mostafa & Mongia (1987).

The function ¢ is plotted together with, C in Fig. 6.18 a) but it should be
noticed that the independent variable (denoted X in the graph) is defined differently. In
the curve ¢ vs. X, X is the ratio. t,/t . For, C vs. X, the definition is
X = ¢§k /V,. =t./t, where t is the time scale for a particle to cross an eddy, taking
into account the relative motion between particle and fluid; thus t./ L V . In fig.
6.18 b) the axial variation of these functions along the centre-line is shown for the
results of run 20. For other runs the variation pf C ,s is very similar to the one in Fig.
6.18 b). It can be seen that C is below 0.1 in the first half of the domain, and never
exceeds around 0.25 closer to the outlet. Its squaﬁ;e, C , is therefore very small
(< 0.01) confrming the comments above for the low eddy-diffusivity when
vh = Cl v, and for the term- 2V % k. Also from Fig. 6.18, for the range,of C [0,
0.3] the two functions C and,C are practically identical.

The effect on the dispersion of thg C -factor in the teifrév o C Kk has been
studied in section 6-3 where the two extreme cases were considgred: C =1 (run 19,
fast dispersion) and ;C= ZC (run 17, slow dispersion) see Figs. 6.4 and 6.5.
Clearly, factors between these two extremes are required in order to achieve better
predictions. Fig. 6.19 shows the variationcof  along the centre-line for a number of
runs where ¢ takes several forms. In Fig. 6.19 a) the results correspond to the high
diffusivity case ¢ = v ); it is seen that use of C oy C gives approximately the same
dispersion (more than run 20, but less than the data), and use of C provokes too
much dispersion which is reduced somewhat by 0.5C , although it is still higher than
the data. The factor 0.5 multiplying,C is used to assess the sensitivity of the results to
a constant increase of the term. This is similar to the use of a Schmidt number, and it
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should be noted that some authors use slightly different constants in the definition of
C,, (for the 0.45 and for the 1 assumed in the numerator).

Results for the case of low diffusivity(= ;@ ) are compared in Fig. 6.19
b): run 27 (with ¢ = @ ) and run 39 (with,G ,C ). Both these cases have zero
radial velocity at inlet. The overshoot of the cuave vs. x has been explained before as
resulting from the term-— %V & k coupled with low diffusivity; it is only present in
run 39 which corresponds to a highgr C for this term ¥C %1 C ). InFig. 6.19 a) the
curvea Vvs. x corresponding to the highegt C (run 44, witiav r,a C k) also shows a
slight overshoot at x/D- 3, in spite of the use/pft= v/}

Fig. 6.20 shows centre-line variationscof , k and U, and radial profiles of ,
for the two runs of Fig. 6.19 a) which were just above and below the data. The run
with higher G (run 46, with C= 0.5C ) exhibits much faster dispersiom of |,
especially visible in the radial -profiles. For the two last stations (X/D=20 and 40),
run 46 predicts almost complete dispersioaof along the radial direction, whereas the
profiles ofa from run 45 (using,C= ;C ) still show a clear maximum at the centre-
line. The other curves in Fig. 6.20 show that run 46 has slightly higher turbulence
Kinetic energy as a result of more pronounced gradieris of and U; as a consequence
the eddy-diffusivity for run 46 is also higher than run 45, and this results in the axial-
velocity variations shown in the figure.

The dispersion characteristics predicted by these runs (45, 46) are much closer
to the data than the predictions presented by Issa & Oliveira (1991) (Fig. 6.14), with
discrepancies similar to the other authors' predictions presented in Sommerfeld &
Wennerberg (1991). A comparison of radial profiles of particle fluxes is shown in Fig.
6.21; the centre-line value of f is still over-predicted by run 45, but the margin is now
much smaller than in Fig. 6.14. When the profiles are non-dimensionalised by the
corresponding centre-line value, the agreement with run 45 is better than with run 46.
This points towards use of,C (oy,C ) instead gf C (which seems too high) in the
term — %V G.a k. Alternatively a C -function giving higher values than C could be
used for ¢ , such as,C which varies as shown in Fig. 6.18 b). This has not been
tested.

6-5-4 DRAG TERM IN eEQUATION WITH POSITIVE OR
NEGATIVE SIGN

The term SW 1, resulting from interactions between drag and velocity
fluctuations, is written above as it is given by Politis (1989). In chapter 2, it is argued
that the sign for this term should be the same as the corresponding term in the k-
equation (SPk1), i.e. it should be SU=1- RAA1,; &Gdse . Most authors take
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this term with negative sign, e.g. Elghobashi & Abou-Arab (1983) and Simonin &
Viollet (1989). To check the possible effect of the sign ot S&E1( S ), predictions
obtained with both sign were compared.

Fig. 6.22 presents such predictions in 2 groups: in a) for the case of high eddy-
diffusivity (v, = C;,v!) and high %V Ga K)-term (C= [ ); and in b) for the case
of low eddy-diffusivity ¢, = G+, ) and low ¢ 2V ¢ k)-term (C= ,C ). The
former case presents very similar axial variations: of 4nd  along the centre-line for
the two runs:+ S (run 31) and .S (run 43). The effect of a negative sign in the
source term of the -equation is to lower the rate of dissipation, and therefore to
increase the eddy-diffusivity/{ ~ 2Ke ). Such effect is more accentuated in Fig. 6.22
b) when both ¢ and ,C are smaller. Here, the run with the negative sign (run 40)
gives higher particle dispersion resulting from the higier in the turbulence drag
term. However the centre-line value®f near the outlet (X/D  40) is practically the
same for the two runs.

Overall, the effect of using the negative sign for S , as compared with use of
+ S, is to increase the dispersion®f by increasing the eddy-diffusivity (since
diminishes). This effect is rather unimportant and it is nameentuated when,C and
Cy (invh = Gl andin— 2V Ga k) are small.

6-6 CONCLUSIONS

In this chapter a particle-laden jet flow is predicted by the present numerical
method incorporating the extendede k- two-phase turbulence model described in
section 2-11. This model leads to additional terms in the equations as compared with
the standard k- model applied to the continuous phase. Such terms were introduced
systematically in the equations and the resulting predictions were analysed and
compared with data. The main conclusions from this study are:

i- Without any additional term the predictions do not exhibit dispersion of the particle-
phase, which is present in the experimental data.

ii- After including the terms of the model, using the C function of section 2-11 (here
called G, ), the predictions show dispersion of the particle-phase; however the
dispersion is under-predicted, as revealed by a comparison with the data of particle-
flux profiles.

ii- The main terms promoting dispersion are the turbulence drag and @ﬁ o C k
term in the dispersed-phase radial momentum equation; in this last term, C should be
higher than the function mentioned in section 2-1;”_*1L (C ) and smaller than 1.

iv- The dispersed-phase eddy-diffusivity obtained by settjng: 7 ».C  (as in 2-11)
appears to be too small; with such sm@ll ~ ( 0) the results become very sensitive to
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the imposed radial velocity for both phases at inlet: a zero profile-(y = v 0),
instead of the data (@ ~ 0.1 m/s), yields a more plausible variatien of along the
centre-line. With higher!, (eithef, =v! of = €. ), the results are not sensitive
to the given inlet radial-velocities. Furthermore, the results are also not sensitive to the
precise formof ¢ in}, = O/

v- If the G -function used in the term- %V & ks too high (e.g.=C ,, C ), an
“unphysical" overshoot of the axial variation @f (along centre-line) occurs close to
inlet (x/D < 5). This overshoot is more accentuated,if  is small (see point iv). Use of
C. =G, or G = G, (related to inertia effects only) yields predictions of particle-flux
above the data; use of,& ,C (related with crossing-trajectories effect) yields
predictions below the data (over-dispersion). This suggests use; of a C -functign for C
which takes into account both effects (inertia and crossing-trajectories), for example
C,, (Fig. 6.18 b), although this was not tested.

vi- The predictions of particle-dispersion are much improved with the modifications to
the G -functions mentioned in point v; agreement with the particle-flux data (and also
with ) is still not perfect but it is similar to other authors (in Sommerfeld &
Wennerberg 1991). Further improvement could be obtained by using a Schmidt
numbers, smaller than 1 in the turbulence drag term (as Simonin 1991).
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TABLE 6.1 - Specification of the different computational runs.

run Vi Cy C, nVa 2kl -C,) nV, - Va
11 #0 no 1 no no no
16 =0 1 1 no no no
17 #0 G 1 no no no
18 # 0 G 1 1 no no
19 #0 G 1 1 + & no
20 £ 0 G 1 1 + G 1
23 #0 G G 1 + ¢ 1
24 # 0 G G 1 + ¢ 1
26 =0 G G 1 + ¢ 1
27 =0 ¢ ¢ 1 + € 1
29 £ 0 G, G 1 + G 1
30 =0 G, G 1 + & 1
31 =0 G, G, 1 + ¢ 1
33 =0 ¢ ~ G, ¢ + ¢ 1
38 =0 G 1 1 + € 1
39 =0 G, G 1 + & 1
40 =0 G, G 1 - ¢ 1
41 =0 G, 1 1 - G 1
42 7 0 G, G, G & - € £
43 £ 0 G, G 1 - ¢ 1
44 # 0 G, 1 1 - G 1
45 #0 G, 1 1 - G 1
46 #0 0.5G, 1 1 =C 1

Vinet: 7 0 given inlet radial velocity profiles= 0 zero radial velocity;
C;.: G -function in the term- %V £k of the dispersed-phase momentum equation;

C.: G -function used to obtain the dispersed phase eddy-diffusivityfrom % C

nVa: turbulent drag term in the momentum equations of either phase;

2k(1—- G):extrasource inthe k and equatiops; —or  refers to the sign of the term
in thee -equation (source or sinkeof , respectively);

1V, - Va: source in the k-equation resulting from the turbulent drag.
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applicability of the log-law to two-phase flow, boundary conditionsdor -weighted
guantities and the possible wall repulsive forces which may be important (e.getAntal
al. 1991).

7-2-4 TWO-PHASE ALGORITHM

As mentioned in section 1-3-3, it would be desirable to devise an algorithm for
solving the two-fluid discretised equations in which the phase fractions and velocities
were corrected simultaneously. To this aim, an algorithm was investigated where the
correction of each phase flux F is related to correctioas of and u as:

6F = AlWa + adu) (where Ais the face area).

The velocity correctiod u is related to the pressure correction as usual (e.g. equation
3.28); the phase fraction correction was obtained from the discretised continuity
equation of the other phase using the fact flagt= — 6 . In thisbway would
also be related t6 u and consequently to the pressure correction. Hence, the solution
of the pressure correction equation (based on the sum of the two continuity equations)
would lead to the simultaneous correctioncof , of u, and of F. No solution of a
transport equation far  would be required, and since each phase continuity equation is
used to derivéa , individual continuity is satisfied.

Unfortunately this scheme led to numerical instabilities which seem to be due to
the fact that the phase fraction corrections have opposite signs, and a flip-flop situation
may be reached with the fluxes changing sign forever. Remedies for this situation need
to be found.

A different route of investigation is to work with the fluxes£kx  u) as the
main dependent variables, instead of solving the equations for the velocity and phase
fraction separately. This is again similar to methods used in compressible flows, where
p has the role olr . Preliminary calculations based on this approach using one-
dimensional equations (with cross-section area varying) showed that gradients or sharp
discontinueties ofr  are better resolved than with the normal procedure. Extension to
more than 1-D is required.
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