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DEVELOPMENT AND APPLICATION OF A FINITE VOLUME
METHOD FOR STATIC AND TRANSIENT STRESS ANALYSIS

P.J.Oliveira®, C.J.Renté

SUMMARY

A wide variety of physical problems in continuum mechanics are commonly treated by
numerical methods and, among these, the Finite Element Method (FEM) has found
widespread scope for application.

On the other hand, Finite Volume Methods (FVM) were initially developed in
connection with computational fluid dynamics applications but can, in principle, be extended
for the solution of solid stress analysis problems.

In this paper, a finite volume method is presented for the solution of static and
transient problems in the field of structural mechanics. This paper is thus aimed at introducing
finite volume techniques, with their possible advantages, in a field traditionally dominated by
finite element methods.

A detailed description of the FV method developed will be given in the paper, with
emphasis on the treatment of the general discretisation procedure, both in space and in time.
The method is valid for curvilinear computational meshes that may be fitted to complex
geometries such as those likely to be found in stress analysis. The possibilities of this method
will then be assessed from results of application to some test problems, both in static and in
dynamic structural situations. Particular attention will be paid to discretisation in time with
view to accurately model transient dynamic situations.

1. INTRODUCTION

Numerical simulations in the field of structural mechanics have
traditionally been performed with the Finite Element Method (FEM) while
Finite Volume Methods (FVM) have enjoyed an undivided popularity as a
very efficient way of solving problems in the area of fluid flow. In the past
few years some effort has been made to introduce FEM in fluid flow
calculations, but the dissemination in the opposite direction has not occurred
in similar proportion and the international scientific community seems
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unaware of the potential of FVM to solve structural problems. As far as we
know there have been only a few works trying to invert this state of things and
we emphasise that by Demirdzet al [2-5] which showed promising
perspectives as a viable alternative solver in the field of solid stress analysis.
The FVM is usually second-order accurate in space, is based on integral forms
of the governing equations and uses a segregated solution procedure for
solving iteratively a set of algebraic equations associated with diagonally
dominant matrices. The main advantage of FVM in fluid flow is related to its
efficiency to treat complex mathematical models with both coupled and non-
linear differential equations of large matrices. This advantage can be exploited
in the treatment of other problems in continuum mechanics and in particular
in structural analysis. In this paper we examine the performance of a FV
method, originally developed for fluid flow calculations, and here adapted to
the treatment of linear elastic-solid behaviour in general three-dimensional
domains with complex geometry. Many of the questions arising in the
extension of FVM to steady-state stress analysis have received attention in the
work of Demirdzicet al[2-5] and also in [8]. And so emphasis is here on the
treatment of transient problems. FVM procedures often utilise explicit or
fully-implicit discretisation schemes to deal with time-dependent problems,
namely the Euler-based methods or multipoint methods, like the Cranck-
Nicolson scheme. Here, we examine other type of methods that are common
in FEM so as their merits can be assessed. Two test cases are considered:
stress concentration around circular and elliptic holes, and the transient
response of a beam clamped at both ends.

2. GOVERNING EQUATIONS

The equations to be solved are those governing the behaviour of three-
dimensional elastic solids. Tensorial notation with implied summation for
repeated indices will apply to either Cartesian (i,j,...) or curvilinear ¢,

(I,m,..) directions, as shown in Fig.1.
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Fig.1. Schematic representation of the transformation of a rectangular Cartesian system to a
non-orthogonal co-ordinate system that follows the mesh lines.

The momentum conservation equation, expressing Newton’s second law
for an arbitrary portion of solid with volumé , is written in differential form,
referred to a rectangular Cartesian system, as:
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In (1), p is the solid densityy; are the displacement vector componeats,

are the stress tensor components gna@re body force components, typically

the gravity acceleration. The constitutive equation for a linear elastic body
relates the stress tensor to the displacement vector and follows Hook's law:
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where 9; is the Kronecker symbol and and A are Lame's coefficients.

These can be expressed in terms of the usual values for Young's modulus E
and the Poisson's ratio, through the following generic expressions:
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For a plane stress problem, the particular case to be considered in the
present work, the equations will retain the same form as the general equations
given above, if the Lame coefficieit is defined in a different way as:

VE
T @) v) “

After introducing the constitutive Eqg. (2) into the momentum balance

Eq. (1), this can be rewritten as
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thus representing a set of three partial differential equations of elliptic type, to

be solved for the 3 displacement components aligned with the Cartesian co-
ordinates. Once the, are known, the components of the stress tensor can

then be obtained from Eq. (2) and a generic traction véGtaelated to a
surface with a normal unit vector is given by:
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To complete the mathematical model, initial and boundary conditions
must be given. As initial conditions, at=t,, we take given displacement
vector over the entire solution domain. Boundary conditions must be specified
at all times, due to the elliptic nature of the mathematical model, and can be of
the following three types:
» Dirichlet boundary conditions, where prescribed displacements are
given at the boundarly,
* Neumann boundary conditions, where prescribed tractions are given
at the boundary




* Symmetry planes, where the tangencigl and the normalu,
displacement vector components at the boundigrydefined by the
normal direction n, must obey to the relationsi, = @nd
our _
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The last condition is a mathematical condition resulting from division of
the original domain based on symmetry. The purpose is to reduce the size of
the solution domain. The total boundary of the solution doraimust equal
the sum of the different boundary typ@® = + Iy +Tg.

3. NUMERICAL METHOD
3.1. Introduction

In the finite volume method the computational domain is divided into
contiguous hexahedral cells with arbitrary orientation, and the differential
equations are then integrated over each cell. The various terms in the
equations are discretised by means of central differences in the mesh formed
by all those cells, with the variables stored at the centre of the cells. The end
result of the discretisation is a set of algebraic equations relating centre of cell
values of the unknown variables to their values at near-by cells. After being
linearised, if the need arises, that system is solved by a conjugate-gradient
method as explained in [6]. In order to deal with arbitrary geometries there is
the need to transform the equations from Cartesian co-ordinates to the general
non-orthogonal co-ordinates, and this can be performed easily by applying the
transformation rule [7;8]:
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where Jis the Jacobian of the transformatien= x (¢,) and B, are metric
coefficients defined as the cofactor@§ /9§, .

The integration of the governing equations written in generalised co-
ordinates is straightforward after an acquaintance with the nomenclature
introduced in Fig.2.

B, has component8;

Fig.2. Some nomenclature: a) generic and neighbouring cells; b) area vectors and components



In fact, it suffices to replace: thg|; coefficients by the Cartesian i-
components of the surface along direcliodenoted;; ; the Jacobiad by the
cell volume V; and the derivativesd/d¢, by differences between values
along directiori.

3.2. Discretisation of the equations

Application of the transformation rule (7) to Eq. (1) leads to the final
form of the governing equations:
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Integration over a cell Vp of each term in this equation is now
discussed.

* Inertia term
62
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can have different forms depending on the time discretisation. To simplify
the explanation of the discretisation schemes, we re-write (8) as:
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The left-hand side can be integrated exactly over a given timedstep
from t, to t,,, =t, +0dt, while the right hand side requires an
approximation for the mean value of the functibfu,t) prevailing over
that time step. Thémplicit-Euler method utilises the value at the end of
the time stepF (ut+6t o+ 6t) but is only first-order in time; to improve
accuracy one can use the second-oftfank-Nicolsonscheme, in which
case the approximation fét is the average of the old and the new value

of the function%[F(u”a‘,t + 6t)+ F(u‘,t)]. In both cases, the time-

derivative (inertia) term is discretised as:
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A different second-order scheme is obtained if the integration involves
three time levels over an interval centered around the new timet|eyel

e., fromt,,, —ot/2 to t,,, + /2. This is the populaiThree-Time

Levelin which the functionF of Eq. (9) is evaluated at the new time level
as in the Implicit Euler and the inertia term is now given by
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The schemes just described are rooted on FVM for computational fluid
dynamics. Instead, time integration can follow methods well known to
FEM practitioners. We present two of them: the Houbolt method, which
has some similarity with the differencing scheme of the FVM approach;
and the Newmark method, which is a classic and efficient method to deal
with time-dependent structural analysis problems. In both, the function

F(u,t) in Eq. (9) is evaluated at the new time IeFe(ut+6t t+ 6t). The
Houbolt integration [1] uses standard difference expressions to
approximate the velocity and acceleration components in terms of
displacement components based on backward-difference formulae. After
some manipulation, the resulting inertia term,at is:
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showing a stronger contribution on the implicit teagt+ &), compared
with the previous schemes. As in the Three Time Level scheme, however,
there is the need to store variable values at the three previous time levels.

The Newmark integration scheme [1] is an extension of the linear
acceleration method in which the following assumptions are made:
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Here v;p and @ , are the velocity and acceleration components,
respectively, andx and 3 are parameters chosen so that accuracy and
stability are ensured. In these work we use the constant average
acceleration method witth = 0.5 and3 = 0.25 initially proposed by
Newmark. Eqgs.(13-14) can be manipulated to express the velocity and

acceleration at the new time level in terms of the unknown displacements
only, and the inertia term is therefore given by
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Stress -divergence term
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wheref denotes the faces of the general cell P Bpds the scalar area of

the facef. Clearly, Eq. (16) represents the balance of the internal forces
applied to the surface of the cell. From Eq. (6) each term of Eq. (16)
transformed into curvilinear co- ordinates becomes
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where the derivative®/0¢, will be evaluated as differences between
values along directioh, for exampl%%% =[au ], =ur -y, for

|
I=f (Fig.2).

* Gravity or body-force term
Lp Jpg; dV = pVp0, (18)

The final form of the momentum balance is obtained after re-grouping

the various terms to give, in a compact form:
6
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which represents a set of three systems of algebraic equations to be solved for
the unknown displacements . The terms written on the left-hand side of

(19) are treated implicitly and the coefficierds and a. of the matrix are
given by

ap = z ar + Qpertia ag = (Uf + )\f)B?/Vf (20)
where g, represents the contribution of the inertia term and depends on
the time integration scheme. The source te3mis treated explicitly and

groups all the terms given by Eqgs.(10-12) and Egs.(15-18) not included in the
coefficients. The resulting system matrix Eq. (19) is symmetric positive-
definite and well-structured (with only seven nonzero diagonals in 3-D)
allowing the solution of the equations by some efficient solver which takes
into account these features. In this work, we use a symmetric conjugate
gradient solver pre-conditioned with incomplete Cholesky decomposition [6].
The boundary conditions are easily incorporated. For a Dirichlet boundary
with a prescribed displacement applied to a cell face of a generic control

volume, it suffices to add the contributi@n u"**° to the source term anal

to the central coefficient, (as in Eq. (20)), and set- = . &or a Neumann
boundary condition, we have to add the prescribed traction to the source term
and make the coefficierst = .0

4. TEST CASES

The capabilities, accuracy and geometrical fléikjoof the present
Finite Volume methodology are demonstrated in this section on two test
cases. The first is a steady-state problem aimed to validate its accuracy in the
field of stress concentration. The second one is a transient case suitable to
compare the accuracy of the time integration schemes described in section 3.



4.1. Stress concentration around elliptic and circular holes on a flat plate

A finite plate with a elliptic hole in its center is loaded by a
unidirectional uniform tension, cf. Figa3.
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Fig 3. Plate with a central elliptic hole subjected to unidirectional tensile load : (a) geometry
and dimensions , (b) numerical grid, € 10000 Pa, E = 10Pa,v = 0.3)

For a very long plate the stress-concentration fa&e¥,0,,../0,om» IS

given as a function of the tensile applied load and the geometric parameters a,
b and c by [10]:

Onom 2& and k = kl+kZE§E+ k35§g+k45§§
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where foro.5 < a/b < 100
ky =1+ 2—; k, = -0.351-0.024/(a/ b) - 2.483a/ b
kg =3.621-5.183/(a/ b) + 4.494a/ b k, = -2.270+5.204/(a/ b) - 4.011a/ b

By taking into account the symmetry of the problem, the analysis was
performed on only one quarter of the solution domain in a mesh with 2000
cells withc =5 mand b = 0.5 m, as shown in Fig.3 b). In order to reduce the
influence of the finite plate dimension in thelirection, a relation d/c = 2 was
imposed and mesh spacing was concentrated near the hole by use of suitable
mesh expansion factors. We are interested in the value of the maximum stress,
occurring at y = a, and the relative error between the numerical predictions
and the above solution when the a/b relation varies from 0.5 to 4 is plotted in
Fig.4. The accuracy of the results is excellent for a/b relations inferior to unity
(major ellipse axis through thedirection). When a/b equals unity the ellipse
becomes a circle and for this case the error is also insignificant (0.66%). As
we increase the a/b relation, the ellipse became more slender and the error is
seen to increase, possibly due to the greater effects of the imposed finite
geometry. For the situation corresponding to a = 4b the error in the maximum-
stress is 3.15%; for this case we give in Fig.4 dhe-stress distribution
around the ellipse, clearly revealing the concentration of stresses around the
top point in the ellipse.
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Fig. 4. Maximum stress error for various relations of a/b (left) and strgsdistribution
around the ellipse (right) for a/b=4 (contour levels from 5000 to 100000, step 5000 Pa).

For the case of a circular hole (a/b = 1) in an infinitely large plate there
exists an analytical solution that allows a more precise assessment of the
accuracy of our numerical method [2,8]:
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where r and 6 are the usual polar co-ordinates=x? +y? and

6 = tan*(y/x).

In this test case, the stress distribution given by the solution of Eqg. (21) is
prescribed at the external boundary of a finite solution domain
correspondingly to ¢ = d = 2.0 m; additionally, zero traction is specified at the
hole and symmetry conditions at the symmetry axis. This solution domain
was discretised with 1600 cells and the numerical results obtained were
generally in good agreement with the exact solution. As an example, in Fig. 5
the predictedo, stress distribution is compared with the exact solution and
the shapes of the stress iso-lines are seen to agree quite well.

Analytical Numerical

Fig. 5. Stress distributiony, (contour levels from 2000 to 30000, step 2000 Pa).



4.2. Transient response of a beam clamped at both ends

In the second example we consider a beam 20 cm long and 1 cm wide,
with a Young modulus of 100 GPa, a Poisson ratio of 0.3 and a density of
0.025 kg/cry This beam is clamped at both ends and it then subjected to a
suddenly applied transversal load of 3 MPa. The analysis is carried out under
plane stress and, by symmetry considerations, only half of the beam is
considered. In order to investigate the dependence of the numerical results on
the grid and time-steps adopted, four meshes (Mesh 1 - 20x2 CVs; Mesh 2 -
40x4 CVs; Mesh 3 - 80x8 CVs and Mesh 4 - 200x20 CVs) and three time
steps (10s, 10°s and 10s) are considered. The calculations were initially
performed on the finest grid and with the smallest time step. For these
conditions, the results with the Crank-Nicolson scheme were identical to the
solution obtained by modal superposition, where the first five modes of
vibration were considered, which we take as representatives of the exact
solution.

The central displacement error and the amplitude decay (due to
numerical dissipation), for the different time-marching schemes of Section 3,
are shown in Fig.6 as a function&fAx. This figure allows the simultaneous
perception of the effects of grid or time-step changes. Each block of curves
corresponds, from left to right, to an increasing value of the time-step. For a
given block, at constant time-step, increased grid refinement (Ax)ahas
the effect of reducing the displacement error (Fig. 6 a).

Overall, the results show that fine meshes are crucial to obtain accurate
predictions (both in terms of displacement and numerical dissipation) and this
particularly true for the smallest time-step. The artificial damping was
negligible for all the schemes with the smallest time step and thus it is not
represented in Fig.6 b). For the medium time step’sl@he different
behaviour of the schemes is accentuated, with reduction in the error with
mesh refinement and the Crank-Nicolson scheme giving the best results
followed by the Newmark and Houbolt schemes. These give better central
displacements results than the Implicit Euler or the Implicit 3 Times Level
due to the strongest contribution of the central coefficient, as mentioned in
section 3.

In terms of the fictitious amplitude decay, due to numerical dissipation,
it clearly increases for the medium time-step, and even more so for the largest
time-step. Thus, the time-step has to be kept low for this type of errors to be
within reasonable levels. The Newmark and Houbolt schemes are seen to be
the best in this respect (cf. Fig 6 b at the meditnThe disturbance seen in
the displacement error for the largest time step is associated with increased
artificial damping due to numerical dissipation when a laxgeis coupled
with a smallAx .
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Fig.6. Variation of (a) Central displacement error and (b) amplitude decay with the ratio of
the time step to the mesh spacing.

The effect of numerical dissipation in a transient calculation is further
illustrated by Fig. 7 a) where the evolution of the central displacement is
shown, for the finest mesh and the medium time-step. Even for this fine mesh
and relative small time-step, the implicit Euler scheme is seen to introduce too
much dissipation and the Newmark again gives the best results.

For an higher value of the timat = 10%s, the truncation error becomes
non-negligible for all schemes (cf. Fig. 7 b), and even the Newmark then
shows some numerical dissipation in time. For the Implicit Euler scheme that
dissipation is to such a degree that the expected oscillating results completely
dies out after a single oscillation.
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5. CONCLUSIONS

The equations for solid elasticity have been discretised and
implemented in a finite-volume method. Details of the method are given with
focus on the time-differencing scheme used to handle dynamic situations. The
method was applied to two test problems, stress concentration around an
elliptic hole in a plate and transient response of a beam clamped at both ends.
Comparison with available analytical results showed that the method is able to
provide predictions with good accuracy. The Crank-Nicolson scheme showed
the best behaviour in terms of error reduction with both mesh and time-step
refinement; the Newmark scheme is the one which introduces less numerical
dissipation.



Compared with standard FEM, the memory requirements are much

smaller and thus larger problems may be considered. In terms of solution
efficiency, no conclusions could be drawn because no attempt has been made
to include required acceleration techniques. This is left for future work.
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