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Abstract. Viscoelastic flow in a square cavity is studied in detail for the FENE-CR model with
a given value of extensibility. A finite volume method was employed to predict both the steady
flows resulting from movement of the top cavity wall and also the recoil flows that follow the
cessation of that lid-wall motion, when the fluid possesses viscoelastic properties. It is shown
that this recoil flow can be captured by simple elastic models based on finite extensibility and
that the steady flow in the cavity can be predicted for relatively high elasticity values,

provided the lid-driven wall velocity is regularised.
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1. INTRODUCTION

Cavity flows driven by the tangentid movement of one of the wals are prototypica recirculating
flowsin computationd fluid dynamics studies and have been the focus of interest for dmost 40 years,
darting with the pioneering paper by Burggraff in 1966. Most of the interest has been purely
theoreticd and has resded on the posshility of having a complex flow pattern in a very smple
geometry, with the levd of complexity augmenting as the Reynolds number is increased, for
Newtonian fluids. However, the cavity geometry serves dso practica purposes as it mimics, for
example, the processes occurring in coating devices.

Lid-driven cavity flows with non-Newtonian viscodadtic fluids have received less attention, but Hill
some experimentd [1] and theoreticd [2] works can be found in the literature. Again, the smple
geometry offers the promise of using the cavity as a convenient benchmark test-flow in computationd
rheology. The main problem associated with this kind of numerica amulations is related to the leve
of stress growth near the corners between the lid and the sde walls. Due to those sngularities (see
[2]), the attainable Deborah numbers (De) are very low for the origind un-regularized cavity (De
around 0.20, see [3]), afeature that may explain the lack of interest for this flow. In the present work
the cavity is regularized by prescribing a polynomid velocity profile which goes to zero a the
corners, hence avoiding discontinuous velocities on the cavity boundary. We present resultsfor De
up to 10, under conditions of negligible inertia (cregping flow more typicad of non-Newtonian high-
viscosty liquids, Re=0). In addition, we consider the recoil process that follows the cessation of
the lid movement, which was visudized with PIV in the experimentd work of Pakdd et d. [1]. We
employ the FENE-CR mode to represent the rheology of a viscodastic Boger fluid, and show that
the recoil is captured by the time dependent smulations, garting with De = 4. Where possible, the
results are compared with the data of Ref. [1].

2. EQUATIONS

We are concerned with the flow of polymer solutions, formed by a Newtonian solvent (subscript s)
and an dadic polymer solute (subscript p ), in a square two-dimensond cavity. Usng sandard

notation, the mass and momentum equations are;
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to be solved for he pressure p and the velocity vector u. The rheologica equation for the
Newtonian solvent is

(Nu +NuT) (©)

and for the elagtic part of the stress we employ aform of the FENE-CR model (Chilcott and Ralison
[4]):

t+Ieqéaé%+l§lx(ut)g=hp(ﬂlu+NUT)+leq(t>4§|u+NuT><t) 4

This last equation is solved for the polymeric component of the stress tensort , while the solvent
component is subgtituted directly into the momentum equation and dedlt with implicitly. Both viscosity
coefficients are assumed congtant, giving a totd fluid viscosity of h, =h  +h  with solvent
proportion fixed byb =h _/h,, and dengty r isaso congtant (incompressible flow). An equivalent
rlaxationtime (1 ) isdefined as

l o =1/71() (5)
and varies with the trace of the eastic stress according to the expression

L® +|—tr(t)

f(t):LZ—fB (6)

where L? is a parameter of the FENE-CR modd related to its extensiona properties. If a polymer
molecule can be extended by a large margin in rdation to its equilibrium vaue, then L® is large;
typica values lie in between 100 and 1000. When L? goesto infinity, the above mode tendsto the
wedl-known Oldroyd-B modd, which has the problem of unbounded extensond viscogties & finite
rates of extenson.

3. NUMERICAL METHOD

A finite volume formulation already presented and discussed in a number of previous publications
[5;6] isemployed to solve the set of differentid equations given in Section 2. Basically, the equations
are integrated over atime step and over a spatia control volume, with the main variables stored at
the centre of these cdls forming the compuationa mesh, interpolation formulae are used to
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approximate derivatives and caculate variables in positions where they are not stored, and sets of
goparently linear, dgebraic equations are obtained. These are solved with sandard methods of linear
agebra, namely conjugate-gradient type of solvers. All thisis quite well-known and there is no need
to repeat the detalls here. We just give the equations in discretised form so that the inter-relaions
among them become clear.

Integration of the time derivative terms is made through the gpproximetion [5]:

T @K - @+2K)F " kE

P - (1)

where f refers to any of the unknown varigbles, Dt isthe time step and k is equd to 2 for a
second-order scheme.

Congdering that dengity is constant, the mass equation after integration becomes a balance of mass
fluxes entering and leaving any of the contral volumes forming the mesh through their faces (denoted

by f):

aF =0 ©®
f

where the summation is over the 4 faces (2D application). We note that a fully-implicit procedure is
adopted, so dl variables without a superscript are assumed to be evaluated at the next time leve,
denoted n+1, whilethe present timeis n. The discretised momentum equation is written as

apUp = & a:Up + S(Rp) + S,ps(U) +S(t) + S(U?) ©)

where a. are convection/diffuson coefficients, a, is the centra coefficient made up by the sum of
adjacent coefficients and an inertid term, and the other terms S on the rhs are treated as “source”

terms. These are the Smilar to the “congtant” termsin alinear system of equations, Ax =b, evaluated
with exigting varigble values, i.e. those from a previous iteration.
Smilarly, the condtitutive equation of the FENE-CR modd is discretized as
abtp = Q akty +Sirs(t) +S (t,Nu) + S (t}) (10)
F

and an importart difference with the momentum equation is that the coefficients have only convective
contributions. A further requirement for the method to be second-order accurate is that the
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convective scheme needs to have higher order accuracy. For this, the CUBISTA scheme devel oped
by Alves et d [6] was employed which essentidly relies on the use of the following approximation for
aconvected variable:

~ I~ ., 6é~3 3~ 3 1~W

f, =Maxjf ,,Mingf ,,=+=f ,,—+=f . 11
f ,:\P 84P84P44P% (11)
where f  represents any variable (velocity or stress component), f denotesits face vdueand f a
nor-dimensiondl value for f (' =(f -f,)/(f.-f,)where P and F denote consecutive cells

dong the flow direction; see [6]).

4. PROBLEM DESCRIPTION AND MESHES

Figure 1 shows a sketch of the flow geometry for the lid-driven cavity problem. The top wal moves
to the right either with a congtant speed U, (asin the experiments of [1]) or with avariable velocity

profile given by:
U (x) = U,16x2(1- x)° (12)

This profile was previoudy used by [7/] and dlows a regularisation of the two sngular corners
marked with black dots in Fig. 1. The cavity has awidth of L and height H ; for asquare cavity, L
=H , and the Wel ssenberg and Deborah numbers coincide (see[1]):

U
De= L 13
m (3

U(x)=16x¥1-x)?

downstream
cormer

Lid

upstream
corner H
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De=l U/H

Figure 1. Sketch of the flow georretry.
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To obtain non-dimensond variables which will be used throughout from now on, distances will be
scaed with the cavity heght H , velodties with the maximum cavity speed U, time with a

convective time scale H /U, and pressure and stresses with hU,,/H . The rdevant non

dimensond groups ae the Deborah number, defined above, the Reynolds number,
Re=rU_H /h,, which will be taken as zero in most smulations (Re=0) sinceinertid effects are

very smdl in most experiments involving polymer mets or solutions in cavities, and an dadicity
number defined as

h,|

E=
rH?

(14)

It isnoted that E is the ratio of the relaxation time, characterising the eadtic properties of the fluid,
and adiffusion time scde t, =H?/(h,/r ). In addition, there are two non-dimensional parameters

reated to the rheology modd: the extensibility parameter L* and the solvent viscosity ratio b .
Following the recommendations of [L] who have aso tried to fit the properties of the polymer
solution of their experiments with the FENE-CR model, we have used:

L*=100 and b =0.79 (15)
Various meshes have been employed in the smulations with increasing levels of resolution so thet a
measure of the discretisation error involved could be extracted. Table 2 provides the man
characterigtics of the meshes used in the study. Most smulations were based on mesh 160 NU (non+

uniform) shown in Fg. 2, together with mesh 100 NU; notice that in the former mesh the centra core
of the cavity, 0.1£ x,y £ 0.9, is covered with a 100x100 uniform sub-mesh. Some cases, basicaly

for the purpose of peforming accuracy tests, were based on meshes with 50x50 and 200x200
uniform spacing, composed after Grid 2 of Table 1. Furthermore meshes 50x50 NU and 200x200
NU non-uniform spacing were patterned after Grid 3.

Grid Type Numb. Cells Min/Max cdl | Cel expansion | Dt
spacing, DX | factor, f,
1 40x40 U 1,600 0.025 10 0.0025
2 100x100U 10,000 0.01 10 0.001
3 100x100 NU 10,000 0.001/0.036 1.0761 0.001/0.0005
4 160x160 NU 25,600 0.001/0.008 1.0732 0.001

Table 1. Main characteristics of computational meshes (U- uniform; NU- non-uniform).
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5. NEWTONIAN CALCULATIONS (ACCURACY)

Table 2 gives the vortex srength data obtained on consecutively refined uniform meshes for the
Newtonian case withRe=0. The order of convergence of the method obtained from the main
recirculation intengty (counter clockwise vortex, thus the minimum streamfunction vauey ., IS

negative) is p = 2.07 in good agreement with the forma second-order accuracy of the differencing
schemes employed. The vertica pogtion of the main vortex, v, iSaso given and is seen not to be
affected by mesh refinement. For creeping flow (Re=0) the mid, verticd line is a symmetry line,
and the postion of the main vortex centreisthus x;,, = 0.5. Two additional secondary recirculations

are formed close to the two bottom corners of the cavity, see Fig. 5 below; these have a much
smdler intengty compared to the main vortex, and itsvalueisdso givenin Teble2 asy . .

Figure2. Example of two meshes:left, 160NU; right, 100 NU.

Mesh DX y min (’ 10 2) ymin y max (’ 10 6)
50U 0.02 -8.3494 0.780 31070
100U 0.01 -8.3624 0.780 1.9431
200U 0.005 -8.3655 0.780 1.7378

Table2. Main and secondary vortex intensities for the Newtonian case (Re =0)
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Figure 3 showsthe locd variation near the singular corner (x =1, y =1) of the verticd normd dress
t , aspredicted by the method (rounded symbols) and the expected variation based on atheoretical

solution by Taylor [8] (green line). Grid 3 having a non-uniform grid spacing with a Dy, =0.001

alows better resolution close to the walls compared with a uniform grid with the double of cellsdong
each direction (but Dy, =0.005).

min

2 sedete ok |\

Figure 3. Asymptotic variation of the normal stress near the corner

The theoreticd dopeis - 1 and the numerica data are fitted by a Sraight line with dope - 0.99 thus
demondtrating the qudity of the predictions.

Theoreticd vaues of tangentid and norma velocity components at a line making an angle of 45°
degreesto that corner are shown in Fig. 4 and compared with Taylor’s solution [8]. This gives 0.216
for the tangential component and 0.266 for the norma component and as seen in Fg. 4 good
agreement is achieved except for the last couple of points where, due to localised errors resulting
from boundary conditions, the last predicted vaues deviate from the theoretica lines.
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Figure 4. Asymptotic variation of the tangential (a) and radial (b) velocity components near the corner; lines show
theory [8]: 0.216 and 0.266.

6. STEADY VISCOELASTIC CALCULATIONS

Streamlines based on creeping flow conditions for Newtonian (De =0) and FENE-MCR (De =1)
viscodadtic cases are shown in Fig. 5. The former case is shown with solid lines and the latter by
dashed lines, making it clear the upstream deviation of the main cavity vortex centre due to dadticity.
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Experiments by Pakdel et a [1] illudrate in a practical Stuation this effect with photographic
visudizations and in ref. [3] this upstream didocation of the cdosed recirculating lines was
demondtrated but only by a very smal margin. This limitation occurred because the cavity in ref. [3]
was not regularised in terms of the gpplied velocity variaion, as we have done here, but rather by
introducing a small leskage between the moving top wal and the two vertica side walls. With that
method, the Deborah number could not be raise above around 0.25 .

Figure 5. Comparison of streamlines for steady Newtonian (solid) and Viscoelastic (De=1, dashed) flows.

The amount of recirculating flow in the cavity, messured by the minimum stream function vauey ., ,

is shown in Fig. 6 as afunction of the Deborah number. This flow rate was made dimensionless by
dividing by the top-wal velocity value U, and the cavity heght H , and, as seenin Fig. 6, the vortex

strength is about 8.4%. In order to demonsirate mesh independence, results are shown for two
meshes, with 100x100 and 160x160 CVs (Grids 3 and 4 of Tablel).
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Figure 6. Variation of the main vortex strength with elasticity

To serve as benchmark data, the vaues of the main vortex intensity and the postion of its centre are
aso given under tabulated form in Table 3. Recdl tha these vaues are for the FENE-CR model
(Eq. 4) with an extensibility parameter of L =100 and asolvent viscosity ratioof b =0.79.

Grid 4, 160x160 NU Grid 3, 100x100 NU

De | .y (107 | x, Yoo | Y (207) | X, Yoo
0 8.364 0.500 0.780 8.366 0.500 0.784
1 7.564 0476 0.796 7.556 0.464 0.800
2 7.370 0.468 0.804 7.380 0464 0.800
3 7.290 0.460 0.804 7.303 0464 0.800
4 7.240 0.460 0.804 7.254 0464 0.800
5 7.207 0452 0.804

10 7.189 0452 0.804

Table 3. Main vortex intensities and centre position for the viscoelastic cases (Re =0)

11
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7. UNSTEADY VISCOELASTIC CALCULATIONS (RECOIL)

Pakdd et d. [1] have shown in their experiments that a polymer solution suffers recoil after cessation
of the top wal movement. Recoil is seen by a counter rotating recirculating motion, relative to the
main vortex motion generated by the steady lid dragging prior to cessation, and may be explained by
the dadic dretching and compression of the polymer molecules. In Fg. 7 this is illusrated by
velocity vectors of the flow after stopping the lid of a steady viscoelagtic case with De=4. The
numbers (should be multiplied by10?) a the top of these figures refer to the time after flow
cessation, which was assumed to occur a t =0. A time step of Dt =0.5" 10* was employed for
these smulations which were done on Grid 3.
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Figure 7. Velocity vector fields after cessation (at t = 0) of thelid movement (case De=4; t” 107).

The next figure (Fig. 8) shows the decay of the maximum velocity in the cavity for inertidess flow
(Re=0), as predicted on Mesh 160x160 NU, for three Deborah numbers. De=0 (Newtonian
case); De=1 and De= 2. The period of decay for the Newtonian case is 0.018 in terms of a non
dimensond time, while for the two viscodagtic cases the periods obtained from the smulations are
0.75 (De=1) and 1.48 (De = 2). It can be observed from Fig. 8 that Pakdd et d’s data follow a
time decay in between the above vaues. When the periods of decay are scaled with the relaxation
times, the experimenta data of [1] give T/l »0.71 (for the case with | =1.6 s) while our
predictions yield values of 0.75 (for De=1) and 0.74 (De = 2).

MecKinley (EXP. du’cc)

0.001+
a.

Figure 8. Time decay of the maximum velocity in thefield for several flow cases.
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In order to illudtrate the parameters controlling the recoil process, Fig. 9 showsin alog-log scdethe
vaiation of the maximum velocity vaue in the cavity for three flow cases: Newtonian (De=0),
De=1 and De=2 (with FENE-CR). Clearly, a smdl times the process is controlled by the
diffuson time scae, but for later times the relaxation time takes over and controls the rate of decay of
the flow field in the cavity after cessation of the lid motion.
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Figure 9. Log-scale variation of the maximum velocity decay: Newtonian and two viscoel astic cases.

8. CONCLUSIONS

The paper has presented results of the gpplication of a finite volume method to the smulation of

viscoeladtic flows in a square cavity with amoving lid. The lid velocity was regularised by assuming a
polynomid variaion with vanishing vaues for velocity and its firg derivative at the two corners. This
regularisation alowed numerical solutions to be obtained a high Deborah numbers, in contrast to
previous studies where De was typicaly below 0.3, without sgnificantly dtering the structure of the
flow insde the cavity. Eladticity was found to influence the flow asin the experiments of Ref. [1]: the
centre of the large cavity vortex is displaced upstream as De is raised; and the amount of
recirculating fluid decreases when De isincreased. The recoil phenomenon reported in Ref. [1] was

15



P.J Oliverra

aso well reproduced by the time dependent smulations: while for a Newtonian fluid the vortex
decreases steadily and rdativey quickly when the top wal is stopped, for the viscodadtic fluid the
elagtic energy stored during the initid period of steady lid motion is later reeased, leading to a
counter-rotating vortex that eventudly occupies the whole cavity. This time dependent phenomenon
isillustrated with a sequence of velocity vector plots that clarify the origin of the new “recoil” vortex
in the right top corner of the cavity, a zone where the polymer molecules were subject to high levels
of compression during the preceding steady motion.

The results obtained can be usefully employed as benchmark data by other researchers that wish to
consder this cavity flow as atest case in viscoe agtic code devel opment.
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