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Abstract

A finite-volume method is applied to the numerical simulation of flows of viscoelastic fluids in the benchmark
confined-cylinder problem under creeping flow conditions. The fluids are modeled using the Oldroyd-B
constitutive equation, the calculation of the polymer stress contribution is carried out using the log-
conformation methodology [1] and the results are compared with data using the standard method for
calculating the polymer stress, as well as data from the literature. The log-conformation methodology allowed
converged solutions at higher Deborah numbers flows than the standard method and was seen to be more stable.
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1 Introduction

A Finite Volume method (FVM) is applied to the numerical simulation of laminar viscoelastic flow around a
confined cylinder. The Oldroyd-B fluid [2] was selected for this study, in order to allow direct comparison with
previous works by Alves et al [3], and also to analyze the applicability of the matrix logarithm transformation [1]
for Maxwell type models in a flow without geometric singularities.

The flow around a confined cylinder is a usual benchmark test-case in computational rheology. It is
representative of fundamental flow dynamics of viscoelastic fluids around solid bodies and it can be encountered
in many engineering processes. This flow has been studied experimentally by McKinley et al [4], Baaijens et al
[5] and Shiang at al [6,7]. Owens and Phillips [8] documented and summarized the main numerical results,
focusing primarily on the Oldroyd-B model. Although the flow around a confined cylinder is classified as a
smooth flow, since it is free of geometric singularities, its numerical calculation presents some difficulties
associated with the development of thin stress layers on the cylinder sidewall and along the centreline in the
cylinder rear wake, imposing a limiting value to the Deborah number for which steady solutions can be obtained.
In fact, the simulations for the cylinder flow with the Upper Convected Maxwell (UCM) or Oldroyd-B fluids are
somehow limited by the so called High-Weissenberg Number Problem (HWNP; like the Deborah number, the
Weissenberg number measures the flow elasticity). A breakdown in the calculations is found at a limiting
Deborah number below 1 for the UCM fluid whereas for the Oldroyd-B fluid the breakdown occurs at higher
Deborah numbers depending on the solvent viscosity ratio.

In order to get further insights into the HWNP, this work implements the methodology recently proposed by
Fattal and Kupferman [1], the so called matrix-logarithm or log-conformation formulation (denomination used
heretoforth) of the viscoelastic constitutive equations. This is based on a reformulation of the constitutive law in
terms of the matrix logarithm of the conformation tensor. According to Fattal and Kupferman [1], this new
formulation introduces a better polynomial interpolation of the logarithm of the variables that exhibit an
exponential growth near stagnation points and also preserves the positive definiteness of the conformation tensor
[1,9-15]. A similar logarithm transformation was used previously for scalar quantities in mass transfer problems
by Miranda and Campos [16], who applied a simple logarithmic variable transformation to the solute transport to
solve laminar flow and solute transport equations in a parallel plate device with permeable walls, improving their
finite difference method and allowing the use of a larger grid spacing without loss of accuracy.

Fattal and Kupferman [1] reported a breakthrough in the HWNP in their numerical simulations with the Finitely-
Extensible Nonlinear Elastic model using the Chilcott—Rallison approximation (FENE-CR) in a two-dimensional
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lid-driven cavity flow. Later, Fattal and Kupferman [9] applied the log-conformation scheme to the flow of an
Oldroyd-B fluid in the same geometry, using a multigrid solver and reported the possibility to perform stable
simulations at very large values of the Weissenberg number. They included a stability criterion and stated that
this condition may be very restrictive when convection is weak, as in creeping flows, and in the presence of large
deformation rates, as in the flow around sharp corners. Recently, Pan and Hao [10] performed numerical
simulations of the lid-driven cavity creeping flow for an Oldroyd-B fluid, using the finite element method
(FEM). They also relied on the log-conformation technique, and found that this methodology is stable at high
Weissenberg numbers, obtaining stable solutions up to De= 3.

Hulsen et al [11] were the first to implement the log-conformation methodology within the FEM framework and
applied it to the benchmark flow of Oldroyd-B and Giesekus fluids past a confined cylinder. They reported an
almost unbounded convergence limit for the Giesekus model, whereas for the Oldroyd-B fluid the solution
became unsteady at high Deborah numbers, while exhibiting symptoms of strong mesh dependency particularly
in the stress fields near the cylinder. Kwon [12] investigated numerically the planar 4:1 contraction flow with the
Leonov constitutive equation and found stabler computations when using the log-conformation method than with
the conventional approach. Kwon [12] also concluded that this new method may only work for constitutive
equations that are proven globally stable and that the stability constraint has to be taken into serious
consideration. In a sequel, Yoon and Kwon [13] obtained solutions for Deborah numbers in excess of 100 using
finer meshes. These authors also presented solutions for the 4:1:4 contraction/expansion flow and obtained
converged solutions for Deborah numbers above 10. However, in both geometries the convergence limits
decreased with mesh refinement. More recently, Kwon [14] extended the log conformation formulation to the
calculations of flows of Newtonian, non-Newtonian (Carreau model) and viscoelastic fluids in a channel
obstructed by an asymmetric array of cylindrical obstacles. To express the viscoelastic nature of the liquid, a
Leonov model was employed, obtaining stable solutions with an apparent unbounded convergence limit when
the retardation parameter that specifies the solvent viscosity contribution was 0.5. In contrast, in the absence of a
solvent contribution to the Leonov model, the limiting Deborah number becomes finite, between 4.5 and 20.
Coronado et al [15] used an alternative implementation of the log-conformation formulation in their simulations
of the planar Couette flow and flow past a cylinder in a channel of several viscoelastic fluids. These were
modeled by a generalized constitutive equation formulated in terms of the conformation tensor. Their results
demonstrated that this alternative method works well for the generalized constitutive model improving the
numerical stability at high De, especially in the flow past a confined cylinder, where the maximum De limit was
extended to 1.0 as compared to 0.7 obtained with the standard DEVSS-TG/SUPG method. The results are also in
good agreement with those presented by Hulsen et al [11].

The remainder of this paper is organised as follows: after presenting the governing equations the log-
conformation modified constitutive equation is described. Then, we introduce the parameter used in this work to
assess the loss of evolution phenomenon. Prior to the presentation of results the numerical method is briefly
described and the geometry and computational meshes used for this flow problem are presented.

2 Governing equations

To simulate the steady incompressible flow of viscoelastic fluids, the following set of governing equations needs
to be solved: conservation of mass,

Ou=0, 1)
conservation of momentum,

p%:—Dp+/3qamEﬁDu+DuT)+’ZTo(1—ﬂ)Dm, 2

and a constitutive equation describing the evolution of the conformation tensor, A,
O
A+AA=1 (3-a)

o
where A represents the Oldroyd’s upper-convected derivative of A given by equation 3-b, I is the unit tensor, u is
the velocity vector, p is the pressure and A is the relaxation time of the polymer.

A :%—(AEQDu)T +(Ou) A (3-b)

The solvent viscosity ratio, [, is defined in equation (4) as the ratio between the Newtonian solvent viscosity, /7,
and the total zero shear rate viscosity, /7,

/A (4)
7, 1%

where 77,, is the contribution of the polymer to the zero-shear-rate viscosity.




1I Conferéncia Nacional de Métodos Numéricos em Mecdnica de Fluidos e Termodindmica
Universidade de Aveiro, 8-9 de Maio de 2008

For the Oldroyd-B model 0</<1 while for /=0 we recover the Newtonian constitutive equation. The constitutive
law written in terms of the conformation tensor A, can be explicitly formulated as a function of the polymer
contribution to the extra-stress tensor, T, with the following relation valid for both models,

=l (A-1) (%)
A
and thus, the system of the governing equations can be written explicitly in terms of the extra stress tensor. Such
formulation was followed in previous works [3,17-18], where the numerical methodology was extensively
validated. Such approach, known as the standard method, is not used here except in some comparisons to assess
the performance of the new log-conformation method.

2.1 The log-conformation representation

As mentioned above, Fattal and Kupferman [1] suggested a simple tensor-logarithmic transformation of the
conformation tensor for differential viscoelastic constitutive equations, which can be applied to a wide variety of
constitutive laws. The core feature of the transformation is the decomposition of the velocity gradient, (u , into a
traceless extensional component, E, and a pure rotational component, R. With this decomposition, the
constitutive law in equation (3), can be re-written as [1]

%—A+(u.D)A—(RA—AR)—2EA :%(I—A)a (6)

t

In the log-conformation representation, equation (6) is replaced by an equivalent equation for the logarithm of
the conformation tensor,® =log A, benefiting from the fact that A is a symmetric positive definite (SPD)

matrix, and thus can always be diagonalized into the form [1]:
A=0DQ" =Q'DQ, (7)
where Q1is an orthogonal matrix made with the eigenvectors of matrix A and D is a diagonal matrix made with

the corresponding three distinct eigenvalues of matrix A. The change from equation (6) to an equation for
® =log A is described in [1], and leads to
00 e®

E+(u.D)®—(RG)—G)R)—2E:7(1—60)=%(e‘®—I)’ ®)

3 Numerical methods

In the past, our group adapted a Newtonian FVM to calculate viscoelastic flows where the polymer contribution
to the extra-stress tensor was described by one of various differential rheological constitutive equations
[3,17,18,21]. This fully-implicit FVM is based on a time-marching pressure-correction algorithm, formulated
with the collocated variable arrangement, which is explained in detail in Oliveira et al [17] and Alves et al [18].
Here, the methodology is extended to the log-conformation procedure and the corresponding modifications are
explained below.

The governing equations are first transformed to a non-orthogonal system, but keeping the Cartesian velocity
and conformation/log-conformation components. The log-conformation tensor evolution equation (8) can thus be
written into a general non-orthogonal coordinate system (¢, ¢,,§; ) as,

0JO, 9 J( -e
ot -+ f (uk:b)lkeij): J(Rikekj - OucR/;/)"' 2JE4'/ + ;(e b= Ju) ©)
k

After integration over the control volumes forming the computational mesh, and in time over a time step (<), the
coefficients 3, are replaced by area components (index k) of the surface whose normal vector points towards

direction /, the Jacobian J is replaced by the cell volume V, and the derivativesd/0¢, become differences
between values along direction /. More details can be found in Oliveira et al [17].
Then, after the discretization the various terms are assembled, obtaining

AV
af@w - E a?@wr :S@” + Pd‘” @f_j’_’P, (10)
F

where @ = refers to the i/ component of the log-conformation tensor at the previous time level, 49 represents
B
the central coefficient, 4 represents the coefficients of the neighbouring cells (with F spanning the near-

neighbouring cells of cell P) and S is the total source term. The discretised momentum equations are solved
ij

sequentially after assembling all coefficients and source terms, to obtain the three Cartesian velocity components
u, v and w. As generally the velocity components do not satisfy the continuity equation a pressure-correction
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field, obtained from a Poisson pressure equation, is solved with a symmetric conjugate gradient method
preconditioned with an incomplete LU decomposition.

The advective term in equation (8) was discretized with the high resolution scheme CUBISTA (Convergent and
Universally Bounded Interpolation Scheme for the Treatment of Advection) of Alves et al [18], formally of
third-order accuracy and especially designed for differential constitutive relations.

Table 1. Main characteristics of the Cylinder computational meshes.

M30wr 22560 225600 30 260 0.008 0.0012
M60wr 45120 451200 60 520 0.004 0.0006

NC- total number of cells; DOF- n° of degrees of freedom; NR — n° of cells placed radially; NS - n° of cells around the cylinder surface.

3.1 Computational meshes

The geometry of the viscoelastic fluid flow past a confined cylinder in a channel is shown in Figure 1. The ratio
of channel half-height / to cylinder radius R is set equal to 2, which corresponds to the benchmark 50% blockage
case. The computational domain is 200R long, with 99R upstream and 99R downstream of the forward and rear
stagnation points of the cylinder, respectively. The downstream length is sufficient for the flow to become fully-
developed and to avoid any effect of the outflow Newmann boundary condition upon the flow in the vicinity of
the cylinder. Vanishing axial gradients are applied to all variables, including the pressure gradient, at the outlet
plane. No-slip conditions are imposed at both the cylinder surface (r=R: u=0, v=0) and the channel wall (y=+h:
u=0, v=0). The main characteristics of the meshes M30wgr and M60wg used in this work are given in Table 1,
including the total number of cells, (NC), the number of control volumes around the surface of the cylinder (NS),
the number of cells placed radially from the cylinder to the channel wall (VR), and the minimum cell spacing
normalized with the cylinder radius along the radial (4r) and the azimuthal (As=r460) directions. The complete
flow domain was mapped, in order to capture possible unsteady phenomena. The subscript WR (for wake-
refined) is added to the mesh designation to denote a highly refined mesh along the wake. For M30yyg the
minimum normalized cell spacing along the azimuthal direction is of 0.0012 compared with 0.0314 for the
equivalent mesh M30. Mesh M60ywr has twice the number of cells along both directions as mesh M30wg with
45120 cells. The number of cells along the cylinder sidewall with that mesh is 560 and the minimum normalized
cell spacing along the radial and azimuthal directions is 0.004 and 0.0006, respectively.
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>
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X=-1  X=1
Figure 1. Schematic representation of the flow past a cylinder geometry (X=x/R).

4 Results

In order to analyze the performance of the log-conformation formalism in comparison with the standard
formulation of the extra stress tensor, some flows were calculated with both formulations (for conciseness
henceforth we denoted by StrT and LogT the results obtained with the standard and log-conformation,
respectively). In all cases the L, norm of the residuals of the equations was required to be less than a tolerance of
1075, in order to stop the time stepping procedure.

All calculations were carried out at a vanishing Reynolds number, Re=pRU/5,=0 (creeping flow) and we studied
the effect of the Deborah number, here defined as

De:ﬂ (11)
R

where A is the relaxation time of the fluid and U and R represent the average velocity and the cylinder radius,
respectively.
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Results of computations are presented in two ways: as a scalar integral quantity representative of the whole flow;
and as detailed profiles of velocity and stress components in the vicinity of the cylinder. The integral quantity is
the dimensionless drag coefficient, Cp, calculated as:

= fe - (12)
c, vy ! (t,, - pl) GdS
where I is the unit tensor, n is the unit vector normal to the cylinder surface and i is the unitary vector in the
streamwise direction. Stress profiles are shown along the cylinder wall and on downstream rear wake, in order to
ascertain the quality of the predictions. In this section we use the Oldroyd-B model with f=0.59. Normalization
of the data is done as follows: coordinates were normalized by the cylinder radius, R, the velocity components
using the characteristic velocity, U, and the total extra-stress tensor 7and the pressure p with ,U/R.

The positive definiteness of the conformation tensor is known to be crucial for well posedness of the evolution
equation, although some degree of loss of evolution may be found in constitutive equations that have been
proven to be stable under short and high frequency wave disturbances (Hadamard stability [19-20]).

One good criterion for judging the performance of the numerical discretization is to determine if the elastic
tensor,

T=r+ley="e 4, (13)
A A

is positive definite [19]. The matrix is said to be positive definite when all its eigenvalues are positive, and this
can also be assessed by the system condition number, S, used to indicate temporal loss of evolution [20] (for 2D
flow),

s=2-2h

_ - detT __ A detA (14)
2 2 =2 2 PN
AtA w(T) o, (A7)

where A; and A, are the non trivial eigenvalues of tensor T. Note that if one of the invariants of A (det A and
tr(A?)) is negative, the positive definiteness of tensor A is violated.

The simulations with the S#&rT formulation diverged at De=0.9 with mesh M60wr. The loss of positive
definiteness is most probably the main cause of this divergence, as observed in Figure 2, where the minimum
value of the system condition number and the absolute value of the determinant of the conformation tensor are
presented. After approximately two relaxation times, the simulation with the S#T formulation begins to present
negative values of S,,;,. As tr(A%) is a positive scalar, S,,;, can only become negative due to negative values of the
det(A)yin (c.f. equation (10)), i.e., at least one of the eigenvalues of A becomes negative. For the LogT
formulation the values of S,,;, and det(A);, are always positive, showing no signs of loss of evolution.
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Figure 2. Evolution of the minimum stability factor (S,,,,) and | det(A)min | for an Oldroyd-B fluid (£=0.59) in
the inertialess flow past a cylinder for both StrT and LogT formulations at De=0.9 with mesh M60yxg.
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The literature data for the dimensionless drag coefficient show some discrepancies, especially for Deborah
numbers above 0.7. Alves et al [3] used the standard method employing highly refined non-orthogonal meshes
which allowed a good comparison of the predicted drag force with values from other simulations in the literature
[11,15,21-22]. In particular, their predictions of Cp, were nearly identical to those of the FEM simulations of Fan
et al [21]. The predictions of drag force of Kim et al [22] also agreed well with the previous results up to De=0.9.

The predictions of Cp in this work are presented in Figure 3. Up to De= 0.9 the results agree well with the data
of Alves et al [3], Fan et al [21], Kim et al [22] and Hulsen et al [11]. For higher Deborah numbers, no steady
state could be attained, with the Cp values oscillating in time with the amplitude marked as error bars in Figure
3. Here, instead of using the value of Cp right after the onset of the transient behaviour, as used in the work of
Hulsen et al [11], the plotted quantity is the time-averaged Cp, value. Although the mean values for both meshes
are slightly higher than the predictions of Hulsen et al [11], the lower bound of the oscillations are in agreement
with the latter’s predictions.

In terms of stress convergence with mesh refinement, it is well known that for De>0.7 significant discrepancies
are found among the results from the literature [3,11,15,21-22], especially in the maximum peak values of the
normal stress component at the rear wake. Even the results of the extra stresses obtained with highly refined
meshes at the rear stagnation region using high order method [3,21,22] are not conclusive in this respect.

S o M30,,.
150 ® M60, %
Alves et al [3] %
J O Fanetal[21]
------ Hulsen et al [11] %
140
130 — i P
4 i ,El
120 ¥
110 : q : q : q : , : ,
0.0 0.5 1.0 1.5 2.0 2.5
De

Figure 3. Drag force coefficient for an Oldroyd-B fluid (5=0.59) in the inertialess flow past a cylinder. LogT
formulation with meshes M30y and M60wg and with data from literature.

Figure 4 shows normal stress profiles along the surface and the rear wake as obtained with different meshes at
De=0.6; the results are practically mesh independent, but in the rear wake they are slightly above those of Alves
et al [3] using the S#rT formulation (in this section, we use the results of Alves et al [3] in their refined mesh
M120 to represent the S#rT formulation). This difference is due to the refinement of the mesh in the wake
allowing the stresses to be better resolved in meshes M30ywr and M60wg than in mesh M120, thus showing the
advantage of wake refined meshes. Further increase in Deborah number to De=0.9 enhances the discrepancies in
the rear wake zone, as shown in Figure 5. Although on the cylinder surface the normal stress peaks obtained
with the LogT and mesh M60yy are in close agreement with the results of Alves et al [3] for mesh M120 and
StrT, in the rear wake the differences are large. There is also a well marked discrepancy in relation to the data of
Fan et al [21] and Coronado et al [15].

In this work, unsteady solutions were obtained for Deborah numbers from 1.0 up to 3.0 and 1.9, for meshes
M30wr and M60wg, respectively. This represents an increase of about 90% in the maximum attainable De as one
goes from the S#rT to the LogT formulation. Using the last approach, the stability requirements were always
attained, and no signs of loss of evolution were found, with the minimum values of S and det(A) being always
positive.
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Figure 4. Effect of mesh refinement: (a) stress profiles along cylinder wall and downstream centreplane for an
Oldroyd-B fluid at De=0.6. LogT formulation with meshes M30wy (dashed line) and M60wy (full line), and
comparison with literature data. (b) Closer view in the rear wake of the cylinder.

To obtain further insights into the time-dependent flow, calculations were carried out using a second-order time
discretization scheme [23] in order to increase the precision. Figure 6 (a) shows the time evolution of Cp using
different time steps for De=1.2 and mesh M30wgr. The solutions obtained with the smaller time steps,
(4t/A=4x10"and A/A=2x10") collapse and are independent of At/A, showing good time accuracy. The normal
stress profiles at four different moments of time are plotted in Figure 6 (b) and show a very sharp increase in 7,
near the rear stagnation point at some moments of time, thus breaking the smoothness of the stress profile in this
viscoelastic flow. This reveals the major importance of the minimum mesh size in the axial direction in the
stagnation point region. Although stable results were obtained up to De=1.8 by Hulsen et al [11] they also
presented symptoms of stress convergence problems for De>0.7, suggesting that a possible reason was that the
length scale associated with the changes of the velocity gradient near the stagnation point was much smaller than
the minimum mesh size in their most refined mesh. Hulsen et al [11] questioned the existence of a smooth
solution near the cylinder and recently Renardy [24] suggested that at high Deborah number flows the
smoothness of viscoelastic stresses could be expected to deteriorate.

5 Conclusions

A finite-volume method was adapted to the log-conformation formulation of Fattal and Kupferman [1] and
applied to the simulation of 2D laminar viscoelastic flow around a confined cylinder using the Oldroyd-B model.
In spite of the usual stress convergence problems in the confined cylinder geometry, the calculations with the
log-conformation were more stable than those using the standard stress formulation and exceeded the usual
critical Deborah number by a factor of 90% when using mesh M60wr and by a factor of 3 with mesh M30yx.
For higher Deborah numbers, sharp profiles are observed for 7, near the stagnation point, breaking the
smoothness of the stress profile and revealing the major importance of refinement in the axial direction at the
rear stagnation region of the cylinder.
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Figure 5. Effect of mesh refinement: (a) stress profiles along cylinder wall and downstream centreplane for an
Oldroyd-B fluid at De=0.9. LogT formulation with meshes M30ywy (dashed line) and M60wy (full line), and
comparison with literature data. (b) Closer view in the rear wake of the cylinder.
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Figure 6. (a) Time evolution of Cp for several Ai/A, (b) stress profiles along cylinder wall and downstream
centreplane at the four instants of time marked in (a). Oldroyd-B fluid (£=0.59) at De=1.2 in Mesh M30yx.
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