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ABSTRACT

The paper presents the validation of an existing two-
fluid modei in the limiting case of dispersion of scalar
concentration in a turbulent shear-free mixing-Iayer. The
two phases in this case have identical physical properties
and represent differently marked particles of the same
fluido The model (incorporated in a finite-volume
numerical solution procedure) is applied to predict the
dispersion rate of the scalar concentration, which has an
initial step-profile and is then convected by grid-
generated turbulence. The computations are compared
with the exact solution to the scalar diffusion equation
and with the measurements of Huq and Britter (1995).
Very good agreement is obtained. The paper highlights

. which of the modelled terms in the equations are
responsible for the dispersion effects and verify the
correctness of the modelling assumptions.

1. INTRODUCTION

The two-fluid model provides a basis for the
numerical prediction of two-phase flows in general. The
derivation of the governing equations for such models
involves an averaging process of some sort which results
in terms requiring elosure. These terms represent the
interfacial forces as well as additional effects due to
turbulence. Closure for these terms is provided by
recourse to either empiricism or to approximate analysis
of the local flow fields. Thus, the governing equations
embody several assumptions the validity of which need
verification.

Because the two-fluid model equations embody
several complex effects arising in two-phase flows, it is

.

difficult to validate the different modelling assumptions
individually against experimento One flow case which can
be used for such validation is that of the dispersion of
scalar concentration in shear-free flow with nearly
homogeneous turbulence; for this case, an analytic
solution as well as experimental data existo This is a
simpler case than the shearfmixing-Iayer situation where
variations in both concentration and velocity existo
There are a number of experimental studies for this
latter case (see e.g. Fiedler et ai. 1993) in contrast to the
simpler case considered here which has received much
less attention. Yet, it is the shear-free flow which enables
the isolation of turbulence effects on phase dispersion.
Even for the case of simple near-isotropic decaying
turbulence behind a mesh, it is more common to find
works where the imposed scalar profile at inlet has a
constant gradient value (e.g. Sirivat and Warhaft, 1983,
or .Chasnov, 1993) as compared to the more complex
stepwise scalar profile which is the interest of the present
work. Data for this latter case were recently publighed by
Huq and Britter (1995) and serve as a basis for
comparison and assessment in the present study.

The paper presents the validation of an existing two-
fluid modei (Issa and Oliveira, 1993 and 1995) in the
limiting case of dispersion of scalar concentration in a
turbulent mixing-Iayer. The two phases in this case have
identical physical properties and represent differently
marked partieles of the same fluido The flow is planar in
the mean and the velocity is uniform; two streams
carrying different scalar concentrations are allowed to
mix together in a field of grid-generated decaying
turbulence. The model (incorporated in a finite-volume
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numerical solution procedure) is applied to predict the
dispersion rate of the scalar concentration due to
turbulence. The computations are compared with the
exact solution to the scalar diffusion equation and with
the measurements of Huq and Britter (1995); very good
agreement is obtained. The paper highlights which of the
modelled terms in the equations are responsible for the
dispersion effects and will verify the correctness of the
modelling assumptions. In section 2, the equations are
given and modelling assumptions outlined; departures
from previous work are de:cribed in more detail. Section
3 summarises the numerical method. In section 4, the
results of calculations are analysed and compared with
both the analytical solution and the experimental data
provided by Huq and Britter.

2. EQUA TIONS AND TURBULENCE MODELLlNG

The transport equations comprising the two-fluid
model utilised here are similar to those given in Issa and
Oliveira (1995) which were derived following a
volume - time averaging procedure. The continuity
equation is:

(1)

and the momentum equation:

(2)

In these equations the main dependent variables are the
phase averaged velocity 11, pressure p , and the time
averaged volume-fraction ãTe' where the index k is a
phase indicator (k =c or d for the continuous or
dispersed phase). The above equations are derived by an
averaging process in which instantaneous variables such
as velocity are decomposed into a phase-averaged mean
(11) plus phase fluctuation (u"); these components are
related to the unweighted mean velocity (u) and its
fluctuation (u') by:

u = 11+ u' = 11+ u" (3)

The phase average velocity is defined in a similar way as
density average of Favre (1965) :

11 = emã (implying em" =O). (4)

A similar definition holds for the turbulent stress of each
phase:

P (CltU"u") :~
T - Te Te ,

Te- - .
CIt/ç

~-~t

.- Turbulence modelling required for elosure foi(i~
from an extension of the two-equation k-E model to ~~
phase flow (Gosman et ai., 1992, and Issa and Oliv~
1993, 1995), which results in transport equations for1he

turbulence kinetic energy of the continuous phase (kJ
and its dissipation rate (fe): ;.

t'

V.(~e ~~ vke) +Pe(gt ã){'e + V. ãel1eke)=
+ ãe(G - Pele) + S~

~-

(6)

t

(ô - "" V - """,,
)- V (

- J.le.'rl":'
) +Pc ôt CIteEe + .ClteUeEe - . CIte ue VEe

+ ãe4<CIG - C2Pele) + Sd. (7)k .
c ~

The continuous phase eddy viscosity is obtained as usUá!

from v~ = Cp.~j lc. The generation of k in Eq., (6) ia
given by G = J.l~Vuc=(V l1e + V u~) and the ~~el
constants are assigned standard values (C1=1.44,
C2=1.92, Cp.=0.09, u/ç=1.0, ue= 1.22). 'I}"

Closure is now required for the interphase
momentum term (here assumed to result from drag o;Uy'
FD)' for the phase turbulent stresses Tk' and for jbe
additional terms in the k and E equations, S~ and S~
respectively. Oliveira (1992) proposed the approximation
CIt'U'U'jã ~ u"u" which leads to CIt(u"u") = ã (u'u');
thus 11 = 11 and ke = iCe,and the Boussin~

assumption can then be invoked: 'o~
.~ .

05(8)

I
It should be noticed that this assumption departs from
the common practice of setting rt proportional to the
rate of strain based on phase averaged velocities (i.e. ~
cx: Vii' ). For the presentproblemthere are advantages

in the form given above as it will be made elear further
down. In general, since the main dependent variable in
the momentum equation (2) is the 11 velocity, this must
appear explicitly in the stress model above. With help of
the relationship 11 =11 + u", Eq. (8) can be written in
terms of the rate of strain oí 11plus additional terms (see
Issa and Oliveira, 1995) and that is used to compute the
continuous phase turbulent stress. -

In order to compute the turbulent stress of the
dispersed phase it is necessary to relate its turbulence
kinetic energy and eddy viscosity to the respective
continuous phase values by means oí response functions:

-,-,
ud.ud
u' .u'c c

(9)
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(10)

In Issa and Oliveira (1995) the following forms have
been proposed:

3 + /3
(

. h R te ( 2Pd
) )Ck = 1 + /3+ 2 / wlt fJ= t 1+ PPd Pc p c

and, based on Csanady (1963) work, but accounting for
both inertia and crossing-trajectories effects,

-2 r 1/2

Cv= ( 1 + 0.45 ur 2 ).Ck ~

where ur is the mean relative velocity (Ur = ud - uc'
ur = J(ur' ur)) and v is the root-mean square of u'. In
the present application these functions relating the
response of particles to continuous phase turbulence are
unity, becauseur = Oand Pd= Pc'

The drag force on the continuous phase resulting
from interaction with a cloud of spherical particles is
given by the expression:

(11)

(12)

(13)

which is valid at a given instant in time. ln Eq. (13),

Cf = (~PcÜrCD)/dp and the çirag coefficient depends on
the particle Reynolds number (Rep = ürdp/v) following
a standard empirical formula: CD=
(24/Rep)(1+0.15Re~.687). After time averagi!!K.-and
invoking the gradient diffusion hypothesis, QcU~ =
-TJcWc where the scalar eddy diffusivity is given by
TJc= V~/(jOl(here (j0l= 0.7), Eq. (13) results in:

FDc = Cf( ãdãc(Ud-uc) + (~17c+ãdTJd) Wd-

(14)

The second term on r.h.s. of the above equation is
referred to as the turbulent drag term and it is of great
importance in the present problem as is the sole term
that is responsible for dispersion. The full mean drag
given by Eq. (14) can be derived from:

(15)

by replacing u with equivalent expressions in terms of""u.
It is important at this point to discuss the

significance of the drag term in the context of the pseudo
two-phase flow case considered here. Since the two
phases are nothing but part of the same fluid, with
particles merely being marked differently, the drag term
should vanish. This is indeed satisfied by Eq. (15) as Uc

--

/'

becomes identical to fid:-'However,' ,the individual terins
in Eq. (14), which is actually used to model FD , are

.. . _.'.'. c
finite. ln particular, the turbulent drag term represents
the mechanism of dispersion and results in the ud field
being different from that of uC' But, these individual
finite terms balance each other leading to the net effect

of zero FD' ln this event, the magnitude of Cf is
immaterial ãs it is multiplied by zero. Thus, the model is
independent of the values used for the particle diameter
or the drag coefficient CD' as it should indeed be. This
has been verified by carrying out computations with

different values of dp alI of which yielded identical
results.

The last terms to be considered are those appearing
in the k and f equations. ln previous work (Issa and
Oliveira, 1993), the dispersed-phase related turbulence
energy source term S~ was approximated as:

(16)

where Cá represents an interaction response function
analogous to Ck defined as:

.~
C. = Uc,ud

, u' .u'c c

which, from Tchen's work (cited by Hinze, 1975), is
taken as Cá = Ck. In the present case, the precise form of
Cá is not relevant since Ck =1. However, the first term
in the rhs of (16) requires attention. An important
finding of this study was that the relative velocity in Eq.
(16) could not be taken as the phase averaged value
(Ur = ud-uc)' but should instead be given by the relative
mean value (ur =ud-uc)' This modification is justified
in the following analysis, where the S~ term is re-
derived. As done by Favre. (1965), the instantaneous
source term in the momentum Eq. (2) is multiplied by
the phase velocity-fluctuation and then averaged:

(17)

Here the only approximations were to assume linear drag

(Cf fluctuations are a second order effect) and to
consider the dilute case (ãc::::::1). lntroducing the phase
averaged decomposition of the relative velocity
(ur =ur + u~) into the last term above, leads to:

Q U .u" = u".U + u". u" - QU".u"dr c c r c r cc r

which, by using the general relation u" = u' + u", can
be developed to: .'
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a u .u" = u".udr c c r + u' .u' + u".u" -c r c r

At this stage, the triple mean correlation a~u~.:u~ is
neglected, the term u~. u~ is written explici~ inJcc with
help of the Ci definition (17) (noting that k =k ), and
all the other terms are easfu: modelled by means of
gradien.Ldiffusion (because u" ==-au' /7i :::::TJV 7i /7i ;
hence u~ = - TJc(V 7id)/iic and u~ =TJd(V 7id)/7id ).
The mean relative velocity can be made to appear
explicitly, since

- + --" "" + (7icTJd + 7idTJc) V -
ur = ur ur = ur '" ad"'cad

(18)

and the final modeUed form for the drag - turbulence
interaction term is:

S~ = - C/.. TJcV 7id .ur + 2 7ic7idkc(1- Ci)

- TJc(TJc - TJd)V 7id' V 7id ) (19)

Comparison of Eq. (16) with (19) shows that the mean
relative velocity is now used instead of the phase
averaged one. lu previous applications the precise form
for this term was notimportant since it tended to be
very small (see Oliveira, 1992); this happened because
the gradient of 7id was small along the direction of the
main slip, thus yielding a negligible product ur. V7id' ln
the present application, since the two fluids are identical,
the source term S~ should vanish. This does result from
Eq. (19) since the relative velocity ur is zero, Ci is unity
and TJc= TJd'

The source term in the k equation induces a
dissipation equal to that term divided by the turbulence
time scale (k/l). Hence the additional source in the l-
equation is modelled as:

""
l '"

Sd =-C3 ""c 2Cf 7ic7idkc(1-Ci)'
kc

where the model constant C3 is taken as unity in the
absence of any knowledge of its actual magnitude.

(20)

3. NUMERlCAL SOLUTlON OF THE MODEL
EQUATlONS

The averaged transport equations for momentum
and mass of each phase, and for the turbulence kinetic
energy and turbulence dissipation of the continuous
phase, are solved by a finite-volume numerical method.
The equations are discretised on a non-staggered mesh
and the sets of discretised equations are solved iteratively
in a sequential manner. The algorithm developed utilises

the pressure-correction technique extended to two-phâàé
flow and applied in a time-marching fashion whereby the
velocity, pressure and scalars at a new time leveI are
computed from their values at the previous time leveI. It
foUows exactly the methodology described in detail by
lssa and Oliveira (1993a). The computational meshes
will be defmed in section 5 and are non-uniform in both
the streamwise and lateral directions so as to capture the
sharp variation at the interface between the two different
concentration layers. A second-order scheme, the linear-
upwind differencing scheme (LUDS) has been adopted to
discretise the convective terms in the equations, whereas
the diffusive terms are discretised by the common
central-differencing scheme.

4. APPLlCA TlON AND RESULTS
The model is applied to the prediction of passive

scalar dispersion in a homogeneous flow behind a grid. A
theoretical solution for this problem is given below and
experimental data were obtained by Huq and Britter
(1995) who give a fuU description of the experimentalset
up, shown schematically in Fig. 1. It consists of two
homogeneous fluid layers of equal density separated by li
sharp interface (y=O) between different mean
concentrations of the passive scalar. Both layers flow
through a turbulence-generating grid (x=O) and the
molecular diffusivity was varied in the experiment by
using two different scalars, heat (molecular Schmidt
number u =7) and salt (u =700). The mean axial
velocityhas beenkept constant,U = 7.7 cm/s, yieldinga
Reynolds number based on the mesh spacing (M =3.2

cm) of ReM:::::2500. .

The analytic solution to the above described flow is
governed by the transport equation:

Uôa =TJ ô2a ( (21)
ôx ôy2 ~

where U is the uniform streamwise velocity, TJ is the
eddy-diffusivity (assumed to be much larger than the
molecular diffusivity) and a is the concentration. The
above equation is subject to the boundary conditions:
. x =O: a =aI for y > O and a =a2 for y ::; O
. x > O:a =aI for y 00 and a =a2 for Y"" - 00

The solution to this Cauchy problem is obtained by
Fourier transform and can be shown to be:

- 7id - aI 1 "f7f Y
a(x,y) = a - a = _2 erfc( _h )212

where li is the half-width of the concentration profile
and is obtained from:

(22)

li == 1/(2ôa) - ~1rTJXôyY=O- U.
(23)
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Fig. 1 Sketch of the flow configuration

This problem has been simulated numerically as a
two phase flow in the rectangular two-dimensional x-y
domain of Fig. 1, the two phases consisting of the same
fluid (with density Pc =Pd =P and viscosity
Jlc= JJd= JJ). The second (dispersed) phase is
distinguished from the other by marking its fluid
particles with a different volume concentration Qd~ ãc.
The following boundary conditions have been im,eosed:

. inlet at x=O, where Üc= üd = U, kc= ki '
f'c= fi andãd = a2 (fory :SO),ãd = aI (fory > ~
. oufiet at x=L, with the usual zero-gradient
conditions (ôjôx == O)
. symmetry planes at y=:i: Hj2 with no normal
fluxes for each phase and zero-gradient conditions
(ôjôy == O).
lnitial checks were done to assess the adequacy of

the computational mesh and the truncation error
associated with the differencing scheme. Most
calculations were done in a mesh with 50 x 40 control-
volumes along the streamwise and transverse directions,
respectively. This mesh has non-uniform spacing, with
points concentrated dose to the center-line (y=O), so as
to resolve properly the lateral profiles of concentration
which possess steeper gradients at y=O. Points were also
concentrated near the turbulence-generating grid (x = O),
where the imposed step profile of a tends to change very
rapidly to a smooth profile which then evolves with the
stream wise distance x.

To establish grid-independence of the solution,
calculations were made with the first order upwind
difference scheme (UDS), as well as the second order
linear upwind scheme (LUDS). A comparison of
predictions based on UDS and LUDS is shown in Fig. 2
for an a-profile not far from the inlet (at x =16 mm),
where the lateral gradients are still quite steep. The two
curves are almost indistinguishable in the figure, with

..- ----

0.8

x=16.1 mm

-UDS
- LUDSQ.2

0.0
0.000 0.01S 0.020O.oos 0.010

Y (m)

Fig. 2 Predic:ted profiles of concentration using 2
differencing schemes

LUDS giving a slightly sharper gradient. This verifies
that the mesh used is fine enough to give accurate
solutions.

Since dispersion is brought about by fluid
turbulence, it is pertinent to assess how the model
predicts some of the turbulence characteristics. Huq and
Britter (1995) correlated their velocity fluctuation data
by the relations (u~jU)2=A(xjM - 4) -1.4, with
A = 0.07 for '/l' and 0.05 for ti. In Fig. 3 these
experimental curves are compared with the numerical
predictions. Since the k-f model is an isotropic model, it
cannot distinguish the longitudinal from the lateral
fluctuation, both are given by u' = v'ik. In the
predictions in Fig. 3 the inlet was taken at x~M - 4 =1
and the corresponding values of k and f ~ set
according to the data; it is seen that the predicted decay
of k follows dosely the data for '/l' having however a
somewhat different decay rate. This is not surprising,
since the k and f equations for homogeneous, isotropic,
decaying turbulence reduce to ôkj ôt = - f and

Ôf j ôt = - C2f2 jk, )Vjth solution-1 te -1
kjko = (1 + (C2-1)fotjko) I 2 ) where ko and fo
are the initial values. This solution, with t = xjU, is also
plotted in Fig. 3 as the analytical curve, and is almost
coincident with the numerical prediction (the difference
may be due to some diffusion of k not considered in the
analytic solution). In conclusion, the asymptotic
coefficientof decay is 1j(C2 -1) =1.09 for the k-f model
and 1.4 for the experimental data; this difference
explains the different rates seen in Fig. 3.

The main purpose of the paper is demonstrate that
the two-fluid model presented above can predict scalar
dispersion. This can be done by comparing predicted
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Fig. 3 Streamwise decay af mean-square turoulence
fluctuations. Experimental data af Huq & Britter. 1995.

lateral profiles of the mean scalar (here, the volume-
fraction a), at several axial locations, with the data of
Huq and Britter (1995). However, since the values of k
and f at the IQcation of the turbulence-generating grid
(where the step profile for a is valid) are not known
from the experiments, the comparison has to be done in
terms of non-dimensional values. In figure 5 of Huq and
Britter (1995) it ls shown that the experimental points
for their mean scalar follow an error function when the
distances x and y are non-dimensionalised by the layer
half-width, h, and that this self-similarity agreement
improves with increasing x. A check that the numerical

predictions follow the same curve (C/.1.C =! erfc(z/h)
in Huq and Britter), can be made by reference to Fig. 4
where prediction at several x stations are compared with
the analytic curve. As can be observed, the predicted
profiles collapse into a single curve (only a few points at
the first station are slightly off the trend, probably due
to inlet effects) but this curve does not follow closely the
error function. Explanation for this discrepancy follows
from the theoretical solution given above: the argument
of the error-function should be (YV7r)/(2h) and not
y/h. When the numerical results are re-plotted with
that scale, in Fig. 5, the agreement between numerical
predictions and theory is very good. The figure also
confirms that there is good agreement between
predictions and the experimental data of Huq and
Britter.

Additional confirmation of the appropriateness of
the modei for this problem is shown in Fig. 6, where the

./

1.0

,, 0.8

<::s

I
N

<::s 0.6
'--"
...........
,,--....

.-
<::s 0.4
I

<::s

'--"
0.2

4~ .

0.0 I ' I I I I I I I ~ r- .' -i -;'
-3.0 -2.0 -1.0 0.0 1.0 2.0 3.0.

/ h -d~~~!
. Y ~1
Fig. 4 Comparisonaf predicteJ profilesaf concentratia!l,At

.

~..

.several axial positians and the theoretical curve giv~

Huq &. Britter (Q =O.5erfc(yJh) ~1J;r
- ,. j.~11:

mean half-width, h, is plott~ against the stream~
distance, x. The evolution of h in this figure repr~~
the rate of dispersion of the scalar a by lateral turbUtent
fluxes av', and according to the analytical solution;i
should grow as xl/2 (see Eq. (23».The agreement ~
in Fig. 6 between the curve with slope 1/2 andJ.h~
numerical prediction of h (h =1/(2.1.ja/.1.jy»"J~.
remarkable. 4,dtnt~,

The perfect agreement between predictions Ad'
analytical solution in Fig. 5 means that the tw~fl~~
model of section 2 can accurately capture a convêc~ioJl:,

diffusion equation like (21). When the tw~fluid mo~ris
formulated in terms of time-averaged quantities, sucnn
equation arises naturally in the continuity equa~\S!J,
from the correlation au' (see e.g. EIghobashi and A'6i~
Arab 1983). In what follows it will be shown that win
the phase-averaged formulation, an equivalent diffUSl~p'
effect arises from the turbulent drag term in Eq. (~)~
The present problem could be solved with the si~e-
phase flow equations, which simply result in 11",7UI
(constant), Vc = °, and a positive pressure gradlynt

l

l

which compensates the decay of ,iÍa~
dp(x)/dx = -iPcdk/dx. When some of the truid
particles are marked with a passive scalar, the mean,H1dI

fluctuating .velocity fields remain unchanged, I~~I
11c= ud = Ui and u~= ud' This last conditioncould.~
be obtained from the Ck formulation g~en ~ Eq.))
which for Pc =Pd yields Ck =1; thus kd =kc' becaíJSC- - '~k
k =k . The interaction function Ci is equal to~hl
from its defmition (17). Since there is no mean ~J'
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form: comparison af predicted and measured (Huq &
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=O.5erfc("fiyj2h)

which implies no crossing-trajectories effect, the
Csanady-type Cv-function (12) becomes also unity, and
so the two eddy viscosities are identical, v~ = v~. From
these considerations, and because in the model for the
turbulent stresses given by Eq. (8) the strains are in
terms of time-mean velocities, it results that ~ =~ and
these are identically zero for the velocity field in
questiono The gravity term in the momentum Eqs. (2)
can be incorporated into the pressure gradient since the
two densities are identica!. Hence the momentum
equations reduce to the simple statement
\ir = Ur+ u~ = O, which means that there is no mean
drag between the 'phases'. It should be noted however

that the precise drag factoiCf used is unimportant, since
it appears as a multiplicative factor on the mean slip
velocity (this means that the results are independent on

the assumed particle diameter appearing in C~. From
(18), the statement ur = U becomes Cidud- Cid Uc ~ - TJ

V Qd, where the dilute flow approximation is used,
Qc ~ 1 ( ::} Uc~ uc)' After application of the nabla
operator to this relation and using the continuity
equations (1), it results in uc. Vãd = V. TJVãd. For the
present problem Uc is aligned with x, the eddy diffusivity
is known to be approximately constant, and the main
gradients of a: are in the lateral direction Yi thus, the
convection-diffusion equation (21) is recovered.

5. CONCLUSIONS

Predictions of scalar dispersion in a fictitious two-

"

100

--- 10
E
E--

..r::.

00000 predictions
- slope 1/2

0.1
10

X (
100

mm)
1000

Fig. 6 Predicted axial variatian af the layer half-width and
theoretica/ curve

phase homogeneous flow behind a turbulence-generating
mesh are made using the two-fluid mode!. At inlet, a
step profile of the dispersed phase volume fraction is
imposed thus marking the fictitious second phase. The
governing equations are expressed in terms of phase
averaged velocities and are solved by a finite-volume
procedure. Turbulence of the continuous and the
dispersed phases, which is the driving force for
dispersion, is accounted for by an extension of the k-€
mode!.

The continuous phase turbulent stresses are modelled
by the eddy viscosity assumption in terms of gradients of
the un-weighted velocities, while turbulence of the
dispersed phase is accounted for by appropriate response
functions. For this case, the particle response function
relating the turbulence kinetic energy of the dispersed
phase to that of the continuous phase is unity since the
two phases have identical physical properties. Similar1y,
the eddy viscosities of the dispersed and continuous
phases are equal to each other because there is no inertia
and crossing-trajectories effects. Profiles of predicted
volume-fraction using the full two-fluid model are
compared with a theoretical solution, which is here
given. There is perfect agreement, demonstrating that for
this case the two-fluid model reduces to a convection-
diffusion equation.

Comparisons are also made with the data of Huq
and Britter, demonstrating that the present model can
predict well the mean scalar dispersion. Since the
turbulence quantities at the grid, where the scalar profile
has the stepwise shape, are not known from the
experiment, it has not been possible to compare profiles
of a: in dimensional form and thus assess the values used
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for the scalar eddy diffusivity. This will be subject to
future research.
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